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2. Linear Ordinary Differential Equations of Second 
and Higher Order 

3. Application of Ordinary Differential Equations 


1 


Ordinary Differential 
Equations of First Order 


1.1. DEFINITIONS 


(i) A differential equation is an equation involving differentials or differential coefficients. Thus 


2 
dy 2 а?у ау 
— =x" -l1 .. (1 — +2] — | +у=0 .2 
E х 0) PE dx y (2) 
2 2 dy с 
(x+y – Зу) dx (х + 3x + y) dy SQ) y=x—+—— (4) 
dx dy 
dx 
3 
3 2 3 212 2 
Е =0 ...6) (8) p HN 6) 
dx ах? dx dx dx ах? 
ди ди Oz əz 
— cape I z= 447 — += + ...(8 
“ас Ж oe ap" 2 


are all differential equations. 

(ii) Differential equations which involve only one independent variable and the differential coefficients 
with respect to it are called ordinary differential equations. 

Thus equations (1) to (6) are all ordinary differential equations. 

(iii) Differential equations which involve two or more independent variables and partial derivatives with 
respect to them are called partial differential equations. 

Thus equations (7) and (8) are partial differential equations. 

(iv) The order of a differential equation is the order of the highest order derivative occurring in the 
differential equation. (P.T.U., Jan. 2009) 

Thus equations (1), (3) and (4) are of first order ; equations (2) and (6) are of the second order while 
equation (5) 18 of the third order. 

(v) The degree of a differential equation is the degree of the highest order derivative which occurs in the 
differential equation provided the equation has been made free of the radicals and fractions as far as the 
derivatives are concerned. (P.T.U., Jan. 2009) 


Thus, equations (1), (2), (3) and (5) are of the first degree. 
d 2 

Equation (4) is y шин (2 +с 

It is of the second degree. 


2 2 2 
Equation (6) 15 | 1+] — = k^ | —— 
quation (6) | eyl Е 


It is of the second degree. 
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(vi) Solution of a Differential Equation. A solution (or integral) of a differential equation is a relation, free 
from derivatives, between the variables which satisfies the given equation. 

Thus if y = f(x) be the solution, then by replacing y and its derivatives with respect to x, the given 
differential equation will reduce to an identity. 

For example, y-c,cosx- c; sinx 


2 
is the solution of the differential equation £y +у=0 
ах? 


: d : 
Since - = -с5шх tc, cosx 
X 
Фу T 
p Cc cosx—c,smnx--—y 
d? y 
ae ° 


The general (or complete) solution of a differential equation is that in which the number of independent 
arbitrary constants is equal to the order of the differential equation. (P. T.U., Dec. 2005) 


Thus, y = c, cos x + с) sin x (involving two arbitrary constants сү, сз) is the general solution of the 


а?у 


differential equation dé +y=0 of second order. 
x 


A particular solution of a differential equation is that which is obtained from its general solution by 

giving particular values to the arbitrary constants. 
2 20 . | . | а? у 

For example, у= суе +c,e ` isthe general solution of the differential equation ps — y = 0, whereas 
у=е'—е * or y-e' are its particular solutions. 

The solution of a differential equation of nth order is its particular solution if it contains less than n 
arbitrary constants. 

A singular solution of a differential equation is that solution which satisfies the equation but cannot be 


derived from its general solution. 


1.2. GEOMETRICAL MEANING OF A DIFFERENTIAL EQUATION OF THE FIRST 
ORDER AND FIRST DEGREE 


Let (s у, 2 -0 ..41) 


be a differential equation of the first order and first degree. 


We know that the direction of a curve at a particular point is determined by drawing a tangent line at that 


point, i.e., its slope is given by - at that particular point. 


d 
Let Ау (x9, Yo) be any point in the plane. Let ту = T be the slope of the curve at A, derived from (1). 
Хо 


а 
Take a neighbouring point A, (x, , у) such that Фе slope of Ag A, is mọ. Let m, = - be the slope of the 
* 
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curve at A, derived from (1). Take a neighbouring point А, (x5, y2) such Y 
that the slope of A, A, is m,. Continuing like this, we get a succession 
of points. If the points are taken sufficiently close to each other, they 
approximate a smooth curve C: у = ф(х) which is a solution of (1) 
corresponding to the initial point Ap (хо, yo). Any point on C and the 
slope of the tangent at that point satisfy (1). If the moving point starts at 
any other point, not on C and moves as before, it will describe another 
curve. The equation of each such curve is a particular solution of the 
differential equation (1). The equation of the system of all such curves is 


the general solution of (1). 


1.3. FORMATION OF A DIFFERENTIAL EQUATION 


Differential equations are formed by elimination of arbitrary constants. To eliminate two arbitrary constants, 
we require two more equations besides the given relation, leading us to second order derivatives and hence 
a differential equation of the second order. Elimination of п arbitrary constants leads us to nth order derivatives 


and hence a differential equation of the nth order. 
Let Р(х, у, бз Со... C,) = 0 .. (1) 
be an equation containing n arbitrary constants Сү, c», ..., c, (sometimes called parameters) 


Differentiating (1) w.r.t. x successively n times, we get 


Ji OGY, Cis Cas s 6, % = 0 
ах 


ау ау 
POW Cy ly 4 Oy Foo Fa =0 2442) 
dy d?y d" y 
and (X,Y, с, € С» —, 222 )=0 
Í; y [52 n dx dx? ах" 
Eliminating Ci C5, S C, from (1) and (2), we get 
d d? d" 
CT LAE Уу-0 
dx ах ах 


which is required nth order differential equation. 


Hence nth order differential equation has exactly n arbitrary constants in its general solution. 


ILLUSTRATIVE EXAMPLES 


Example 1. Eliminate the constants from the following equations: 


(i) y-e'(Acosx- B sinx) ...(1) (P. T.U., June 2003) 
(ii) у=сх+ c? (P.T.U., Dec. 2003) 
(iii) y= Ае + Be* + С (P.T.U., May 2004) 


and obtain the differential equation. 
Sol. (i) There are two arbitrary constants A and B in equation (1). 
Differentiating (1) w.r.t. x, we have 


йу 


di =e*(Acosx+B sin x) + e* (— A sin x + B cos x) 2 y + e” (C Asin x + B cos x) .. (2) 
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Differentiating again w.r.t. x, we have 


2 
а d z +e” (- Asin х+ Bcosx)- e" (— А соз x- Bsinx) dy Ч dy 2 у 
ах ах dx ах 
[Using (1) and (2)] 
а? у „аду T : : : : 
ог ———2——+2у = 0, which is the required differential equation. 
dx dx 
(i) у= сх+ с2 (1) 
Equation has only one parameter “с” 
dy 
——=с ...(2 
dx Q) 
Eliminate c from (1) and (2), we get 
d 
jon apo 
dx (ах 
2 
d d 
Or I| age ссе y = 0; required differential equation. 
dx dx 
(iii) y= Ае + Be* +C 41) 
Equation has three arbitrary constants so differentiate (1) thrice 
Ф = Аеї – Ве* 442) 
а 2 
Pa = Ae*+ Ве 
d d 
20 = дех Ве = 27 [From (2)] 
dx dx 
Required differential equation is 
d'y _ dy 
3 жа Ide 
dx dx Y 


Example 2. Find the differential equation of all circles passing through 
the origin and having centres on the axis of x. 
Sol. The equation of such a circle is (x — hy. + у? = 2 


ог xy -2hx-20 ail) o 


where Л is the only arbitrary constant. 


d 
Differentiating (1) w.r.t. x, we have 2x + 2y - -2hz0 
x 


or h=x+y а 
ах 
Substituting the value of л in (1), we have x? +y” – 2х (= у 2 -0 
x 
ог 2 2 +2 у? =0 
ах 


which is the required differential equation. 
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Example 3. Form the differential equation of all circles of radius a. 
Sol. The equation of any circle of radius a is (x — hy +(y- ky’ =a .. (1) 


where (h, k), the coordinates of the centre are arbitrary. 


d 
Differentiating (1) w.r.t. x, we have 2 (x—h) +2 (y-k) = =0 


ог (xay ci) =0 -40) 
ах 
d'y (аў 
Differentiating again, we have 1 + (у – А) d (2) =0 2448) 
ах ах 
2 
(2) 
Егот (3), y-k ын 
d'y 
ах? 


and from (2), x-h=-(y юэ = 
ах 


Substituting the values of (x — ^) and (y-— k) in (1), we get 


GP] P] | 


i 201 24) E] 


which is the required differential equation. 
Example 4. Find the differential equations of all parabolas whose axes are parallel to y-axis. 
(P.T.U., Мау 2002) 
Sol. Equations of the parabolas whose axes are parallel to y-axis is (x — hy. = 4a (у= А) .441) 
where а, h, К are three parameters. 


Differentiating (1) w.r.t. x three times, we get 


2 Л) =4 dy 

(х- ) = а ах 
а 

ог х-һ= 2а 
а?у 


Differentiate again ] 22a tW 
dx 
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Differentiate third time, we get 


d? y a y 
0- и or 13 -0 Ce а + 0) 
Hence differential equation of given parabolas is 
Фу 
— 20 or уз= 0 
ах” | 


TEST YOUR KNOWLEDGE 


Eliminate the arbitrary constants and obtain the differential equations : 


1. у=сх+с” 2. у= А+ Вх+ Сх? 3. у= А cos 21+ B sin 27 

4. у= Ае? + Ве?” 5. у= Ае+ Ве *+С 6. у= ах « bx? 

7. ху- Ае + Ве * «x 8. х= А соѕ (nt + а) 9. у= ае" + Бе? + ce 
10. Ax + B) = 1 ll. y 2ау+х? = а? 12. e” -2ахе” «a? 20 

Find the differential equations of: 

13. АП straight lines in a plane. [Hint: Equation of the lines are y = mx + c] 
14. Allcircles of radius r whose centres lie on the x-axis. [Hint: (x — ay + y = р? only а is parameter] 
15. АП parabolas with x-axis as the axis and (a, 0) as focus. [Hint: y = 4ax] 
16. All conics whose axes coincide with the axes of co-ordinates. [Hint: ax + by? = 1] 
17. Allcircle in a plane. 
18. All circles in the first quadrant which touch the co-ordinate axes [Hint: (x — ay. +0- а)? = a 
19. Allcircles touching the axis of y at the origin and having centres on the x-axis. 


20. 


10. 


12. 


15. 


17. 


19. 


[Hint: Same as solved example 2] 


All parabolas with latus rectum ‘4a’ and axis parallel to the x-axis. 


[Hint: (у – ky = 4a (x — 4) two parameters Л and K] 


ANSWERS 
43, 2 

2.2) = 2. —5 =0 3, 27 +4у=0 

ах ах ах t 
d?y dy d?y dy 2 d^y y 
2527 +бу=0 5, — -= 6 4х--46у-0 
dx? а? ах dx? 

2 2 
xL 459 +2 ху-2-0 8. = +п2х=0 9 E. ФУ rays 
d? х dt? dé 

dy | (dyY ау 20321(ФҮ | Фу 

+x =0 П. |x" -2 4xy x” =0 
"ad (2) d dx | 4 (2) " dx 
2 
2 2 dy 2 

_2\ [D = dy. y? (2) =r 
(-х (8) +1=0 13. 73 14. 2 

d 2 Ч 
y 2 =2а 16. ЭН =y È 

dx dx? dx dx 


LI 


2] з 2. 2 2 

dyY |d'y ,dy|d^y 2 (2) | 3 
1+ 3 = „ (x-y i+] =l x+y 
| (2) | d? dx e 8 (x y) Ay X У ох 


а 2 З 
22у? + 2xy 2 =0 20. 2a eH = 0. 
X 
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1.4. SOLUTION OF DIFFERENTIAL EQUATIONS OF THE FIRST ORDER AND 
FIRST DEGREE 


АП differential equations of the first order and first degree cannot be solved. Only those among them 
which belong to (or can be reduced to) one of the following categories can be solved by the standard 
methods. 


(i) Equations in which variables are separable. 


(ii) Differential equation of the form И =} (ах + by +c). 
x 


(iii) Homogeneous equations. (iv) Linear equations. (v) Exactequations. 


1.4(a). VARIABLES SEPARABLE FORM 


If a differential equation of the first order and first degree can be put in the form where dx and all terms 
containing x are at one place, also dy and all terms containing y are at one place, then the variables are said to 
be separable. 

Thus the general form of such an equation is f(x) dx + ф (y) 4у= 0 

Integrating, we get f f (x) dx + f ф (у) ду = c which is the general solution, c being an arbitrary constant. 

Note. Any equation of the form / (x) 0, (y) dx +f, (x) 6, (y) dy = 0 can be expressed in the above form by dividing 
throughout by р (x) ф, (у). 


1163) ФО) 


Thus 5G ar dy 20 or f(x) dx+ 0 (y) dy=0. 
1.4(b). DIFFERENTIAL EQUATIONS OF THE FORM дү = f(ax + by + c) 
Itis а differential equation of the form 
dy = Ках+Бу+с) 440) 
dx 


It can be reduced to a form in which the variables are separable by the substitution ax + by + c =t. 
dy _ dt dy 1 | й | 
а 


so that а+ьЬ = or —= 


ах ах ах Бах 
Equation (1) becomes Се) = f(t) or l зөв 
b\ dx dx ` 
dt 
or 2 
a t b f(t) 


After integrating both sides, f is to be replaced by its value. 


ILLUSTRATIVE EXAMPLES 


Example 1. Solve: y х — =a +— |. 
р y-x di y dis 


d 
Sol. The given equation can be written as y (1 — ay) — (x + a) Tx =0 
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dx dy 
xta _ y(d- ay) 


d. 1 
Integrating both sides, we have | LE ll pct | ау +с [Partial fractions] 
хаа y l-ay 
log(1— 
- log (x +a) = суга =O |, 
—а 
> log (x + a) -log y + log (1-ау) = log C, where c=logC 


> pp OO) pt ates тн 


which is the general solution of the given equation. 


Note. Here c is replaced by log C to get a neat form of the solution. 
T 
Example 2. Solve : 3 e" tan y ах + (1+ ех) se? y dy 20, given у= 4 when х= 0. 


2 


x 
Sol. The given equation can be written as 3e dx + ЗЕЕ: 0 
1+е* тап у 
Integrating, we have 3 log (1 + e”) + log tan y = log с 
> 106 (1 + е") tany=logc 
> (1+е°у?їапу=с .41) 
which is the general solution of the given equation. 
Since у= 2 when х=0, we have from (1) 
(1+1) х1=с ә с=8 
The required particular solution is (1+ е) tan y=8. 
Example 3. Solve x cos x cos y + siny z = 0: (P.T.U., Dec. 2002) 
x 
Sol. X COS X COS y + sin y e =0 
x 
. dy 
ог X COS x cos у = – sin y — 
dx 
ог x cos x dx 2 — tan y dy 


Integrating both sides, 


Јоха =- ftan ydy +c 


xsinx- [1. x dx =logcosy+c 


or x sin x + cos x = log cos y +c. 
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Example 4. Solve xy n =1+х+у+ху. (P.T.U., Dec. 2003) 
x 
dy 
Sol. xy — =(1+х)+у(1+х) 
dx 
(L3) 0+5) 
ydy х 1+х dx 
l+y x 


Integrating both sides, 


J У = [aene 


1+ у 
1 
1-5) НИ22 
l+y х 
ог y-log (1 +y)=logx+x+c 
or x-y+logx(1+y) =-c=c’. 


2 dy 
Example 5. Solve (x+y + 1) qo l. 


Sol. Putting x - y - 12 t, we get 1+— = ог = 1 


1+? 
The given equation becomes t? god =1 or Е = = 
dx dx t 
2 
> 54 = dx 
1-1 
Integrating, we have [\- | 1 Е Ja = [axes or f-tan !t2x«4c 
+t 
or (x+y+1)-tan!(x+y+1)=x+c 
or у= (ап! (xe y 1) +С, where C =с-1. 
Example 6. Solve К = sin (x + y). (P.T.U., May 2006) 
bs 
Sol. Put x - y zt 
1+ e» = 2 
dx ах 
dy а 1 
ах dx 
Given equation changes to 
са -lzsint 
dx 
dt : 
— = 1 +507 
ах 
dt 


Or - - 
1+sin t 


12 
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Integrate both sides, 


or 


or 


or 


or 


dt 
]—=— = [arte 
1+sint 


l-sin t 
cos“ t 


J (see? t — tan t sec 2 dt =x+c 


tant—sect=x+c 


sint—1=(x+c)cost 


Substitute back the value of t 


sin (x + у)— 1 = (x + с) cos (x + y). 


TEST YOUR KNOWLEDGE 


Solve the following differential equations : 


1. 


10. 


12. 


15. 


18. 


20. 


а 
S ag» 2 2-2 (P.T.U., Dec. 2005) 
dx dx x 


dy x(2log x +1) 


(a) (x + y) (dx — dy) = dx + dy (b) = 
dx sin y+ y cos у 
dy | Л dy |-у 
x — +coty=0 if y=— when х= 2 5. — + =0 
dx : 04 v2 dx \1-х 
у 4у LESE ERES 
1- х2 dy - x J1- y? dx= 1. Ех жу tx 
yy x^ dy x4 y“ dx=0 nir y y 
; d ; 
e э [= (+2) =0 9. sec? x tan y dx + sec? y tan x dy =0 (P. T.U., Dec. 2002) 
х 
sec? x sec? y 
[Hint: dx =- dy Integrate, log tan x = — log tan y + log c ~. tan x tan y = с] 
х їап у 
2 2| d» 2 2 _ 3 2 | 
x^—yx с, Жхуг-0 п. (+3) у-х ydx=0, if y=2 when х=1 
d - -y d 
a (x dy + y dx) = xy dy 13. Zs? yk? еэ 14. Ө (хун! 
ах ах 
а а 
(х+у)2 2 = а2 16. sin (x+ у) dy = dx 17. & = cos(x + у) 
ах ах 
[Hint: Consult S.E. 6] (P.T.U., June 2003] 
D аниа dana Godoy 19. lay 2 edes sj diti y] 
dx dx 


[Hint: tan y =2sinxcosy; Integrate | tan у sec ydy = | гял xax +c, 8ёсуз-2с08Х-0| 
х 


4 
Z- any л) =1. [Hint: Puty- х= i] 
X 


ORDINARY DIFFERENTIAL EQUATIONS OF FIRST ORDER 13 


ANSWERS 
1. Зе «2e = с 2. у= сх 
3. (а)х+у=се*?, (Б) уѕіпу= x logx+c 4. xsecy=2 
3 
2 2 2 2 2_2 2)5 
5. yJ1- x? «x41 - y? =c 6. 41-22 +41 y? zc 7. Nl y =; exp +c 
у 2 х 11 
8. 1+е -e( ex?) 9. tanxtany=c 10. ю(2)-1-1-с 
ух y 
ү? 
п. уў=4( +1) 12. у=а1ор(ху)+с 13. dia ана 
14. 4х+у+1=2{ап (2х+с) 15. x - yzatan (=) 16. tan (x+ y) - sec(x - y) 2y *c 
a 
17. х+с= ш[ ] 18. ЕЕЗ 19. 2 соѕх+ ѕесу= с 
x? 
20. logsin(y-x)- AE 
1.5. HOMOGENEOUS DIFFERENTIAL EQUATION AND ITS SOLUTION 
| | | dy ЛОУ) 
A differential equation of the form EM [^ (х, y) ..41) 


is called a homogeneous differential equation if f, (x, y) and f, (x, у) are homogeneous functions of the same 
degree in x and y. 


If f, (x, y) and №, (x, y) are homogeneous functions of degree г in x and y, then 


fie Уух $i 8 and f; (x, y) 2x 0, 2) 


X 


Equation (1) reduces to 


«(2) 
dy х (2) O 


Putting Хов у Те, у=ух so that ay =y+ P. 
X dx dx 
: йу 
Equation (2) becomes у+х ua F (v) 
d d 
Separating the variables, = 
F(v)-v х 


Integrating, we get the solution in terms of v and x. Replacing v Бу ‚ we get the required solution. 
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ILLUSTRATIVE EXAMPLES 


Example 1. Solve : (i) x dy -y dx = J| x? + y* ах, (P. T.U., June 2003) 
(i) (3x2y – уЗ)ах – (2х2у – xy?)dy = 0. (P.T.U., May 2007) 
| 2 2 
y + + у 
Sol. (i) The given equation can be written аз 2 ыг 2 j ..41) 
x х 
The numerator and denominator on RHS of (1) are homogeneous functions of degree one. 
: dy _ dy 
Putting y= vx, so that PR ул х dx 
d d 
Equation (1) becomes у+х =у+ +2 ог ET 2414? 
; dv dx 
Separating the variables, = — 
14: y? i 
Integrating both sides log|v + 4/1 + у2 | = log x + logc © ] т dv-cosh ! vlog [ve fr? | 
l+v 
or log pally =log (cx) or v+y1 +v? = сх 
2 
Or E jg E v= 
x 2 » 


X 
ОГ у + x + у^ = со? 


which is the required solution. 


yox lx. 
(ii) dy Зху БУЛ x? х? 
и = = 
d 2ху-у у у? 
X x? 
ри? =y Ss yeu D т, 
Ж ах ах 


yx 5 
dx 2у-у 2-у 
„Ф _ Зи _ Зу- у? — 29+? v 
dx 2-у 2—у 2—-v 
2— 1 
“dv = ах 
y х 


Integrate both sides : 
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ог 2loglvl—v=loglxl+c 
or 2loglvl—loglxl=vt+e 
or log у? -logx2 v*c 
v у? 
ог log —=vt+c or 108-5 = Ў +с 
х x^.x x 
2 yc у 2 
or үе! = е‘.ех = Ae*, where А = ef 
х 
у? = Ax? B 
Example 2. Solve : Ё тап = у sec? z) dx +x sec? > ау = 0. (P.T.U., Dec. 2003) 
х х х 
y sec? У — x tan > tan ~ 
Sol. The given equation can be written as — — x 2 x 401) 
x 2 y x 2 У 
х вес” — sec^ — 
х 
| у | dy dv 
Puttin — =y Le, =vx sothat — =v + X—- 
g m > Дх Ах 
: dv tan v sec? v dx 
Equation (1) becomes v+x—=v z 0 dy * — =0 
dx sec” v tan v х 
Integrating, we get log tan у + log x = log c 
ог log (x tan у) = log c or x tan v = с 
or xtan =с E i2 
х х 


which is the required solution. 


Example 3. Find the general solution of the differential equation (2xy + x’) у” = Зу? + 2xy. 
(P.T.U., May 2006) 


Sol. Given equation is (2xy + x2) у = Зу” + 2xy 


2 
DE, 
ET 32) 012 


ог Фу = 7 , which is homogeneous equation of order 2. 
dx 2ху +x 2 У 
Е 
x 
4 
Рш Prem y-vx : IT зэл 
х ах а 
dv 3v «2v dv зу? + 2у 
+ жигэ НЕЕ, = 
uid ыы ^^ Và 2у+1 
dy у? + у 2v +1 1 
ог = or dv 2 — dx 
dx 2v +1 y (v + 1) х 


Integrate both sides, 


20 +1 1 
] dv = |—ах+1овс 
v(v41) х 
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1 1 | . 
ог | ad dv = logx-logc (By partial fractions) 
v у+1 
v (v 4-1) 
Or logv+log(v+1)-logx=loge or log ————- -logc 
ог у (у+ 1) = cx ог HE =ех 
XXX 
ог у (у+ x)= cx. 


Example 4. Solve: (1 + е) dx + e” С = 3 dy - 0. 
y 


x 


Sol. (1 + e") dx + e” \ - 
y 


E =0 


guy \ - z) 
dx y 


or V x/y 


(P. T.U., Dec. 2006) 


Vots : 2X 
‚ Which is homogeneous equation in — form 


dy 1-6 
а а 
Put PT ey ie., х= уу S apt. 
y d dy 
d e' (1- v e' (1- v 
NNNM NNNM 
dy 1+е ау 1+е 
ог = ; dy =——4йу 
dy 1+е у+е y 
Integrate both sides, 
log (v +e”) = – log y + log c 
log (v +e”) y =logc 
(v + e)y zc 
y Е + e = согх + ye? = с. 
y 
TEST YOUR KNOWLEDGE 
Solve the following differential equations : 
1. (x+y)dx+(y—x)dy=0 (P.T.U., May 2004, 2011) 2 a5 lY _ 2ху 
dx x 


з. 0 удах = 2xydy 
6. (fay -x)d + yd = 0 
9. (х2 + 2y*)dx — xy dy = 0, given that y = 0 when x = 1 


2У 


а 
= у+хсоз 7 9-2 2 


12. ——=—+5ш— 
х х 


п. um 


„бу 
ах 


4. (у?-2хуах = (x? — 2xy)dy 


7. (у + 2ху)ах + (2х? + 3xy)dy = 0 


5 20 
GE) СЧ) 
8. ry dx- (Ê +у)ау=0 


10. x ay = y(log y — log x) 
dx 
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d Vy Jy 
13. [052+ ysin] y [у^ Xcos D. 7 = 14. (1+ёе?уах+е? 1-2) оо 
х х х х) ах у 
15. уе dx = (xe? + y) dy 16. xylog (=) ах + Б – х? (2) ау = 0. 
ANSWERS 
1. log (Py) = ап! e 2. cx e? 3. x (2 -3y) 2c 
X X X 
4. ху(х-у)-с 5. —~tlog—=c 6. 2,|- -logy-c 
y Py " 
x 
3 
7. xy (x+y)=c 8. y= ce? 9. x ey zc 
5 y 
10. у= хе! +“ П. tan = log (сх) 12. у=2хїап | (cx) 
13. xy cos =c 14. х+уеё= с 15. e? =logy+c 


2 
16. logy 5 (2102 Ч "е 
4у х 


1.6. EQUATIONS REDUCIBLE TO HOMOGENEOUS FORM 


dy | ах+Ьу+с 


A differential equation of the form ==; 5 5 (1) 
x ах+Ьу+с 
can be reduced to the homogeneous form as follows : 
a b 
Case I. When —* K (P.T.U., Dec. 2002) 
a 
Putting x=X+h,y=Y+k (h, k are constants) 
so that dx 2 dX, dy = dY 
dY Х+й) + КУ+Ю- 
Equation (1) becomes - ы ча ке 
ах a'(X+h)+b(Y+k)+c' 
aX +bY +(ah+bk +c) 
...(2) 


- a'X+b'Y+(a'h+b'k+c') 
Choose Л and К such that (2) becomes homogeneous. 


This requires ай +bk+c=0 and ай+ЬК+с’=0 


h k 1 be’ —b'c са’—с’а 
so that = = or h= Qk- 
bc'—b'c са’-са ab-ab ab' — a'b ab’ — a'b 
Since = z M -. ab' —a’b#0 so that Л, К are finite. 
а 
Equation (2) becomes ay = eee 
dX a'X+b'Y 


which is homogeneous in X, Y and can be solved by putting Y = vX. 
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Case II. When ын = žab- a'b = 0 and the above method fails 
a 


1 
Now, — = — = — (say) so that a’ = ma, b' = mb 
m 


dy (ax+by)+c 


Equation (1) becomes = f(ax- by) 


"n m(ax t by) 4 c' 


which can be solved by putting ax + by = t. 


or 


or 


or 


ILLUSTRATIVE EXAMPLES 


Example 1. Solve : (3y — 7x +7)dx + (7y — 3x + 3) dy = 0. 


—7х+7 Ь 

Sol. The given equation сап be written as Do = Нее <. Ж-- 401) 
Ах 7у-3х+3 a’ b 

Putting x=X+h, у= Y + ksothatdx- dX, dy=dY (h, k are constants) 


dY _ 3(¥+k)—7(X+h)+7  3Y—-7X € (- Tho 3k +7) 


Equation(l)becomes — 4x " ^(y,4)-3(X.h)43 — 7Y-3X- (3h Tk 43) -40) 


Now, choosing, h, К such that -7h+3k+7=0 and - 3h + 7k +3 = 0 
Solving these equations h=1, k=0. 


Y Ү-7Х 
With these values of h, k equation (2) reduces to gx = сЕ ...(3) 
dX ТҮ-3Х 
У 
Putting Y=vX зо that p =у+ хо 
ах ах 
а 3yX —7X йу 7-3 7=7у° 
Equation (3) becomes v+X = : or X ын i v= 4 
dX 7УХ — 3X dX 7у-3 Ту-3 


Separating the variables Lim dv= Z or (2-3) dv= ух 


1-у 
Integrating | -21log(1-v)-5log(1*v)27log X +c 
7log Х+2 log (1—v)+5 log (1 +v)=-c 


7 2 5 7 aa сш 
log [Х (1-v) (1+v)]=-c or X С Y (883) =е 
(X-Y)?(X+Y)=C, where С=е © ...4) 
Putting X=x-h=x-1, Y=y-k=y 
Equation (4) becomes (х-у- (y! (х+у- 1} = C, which is the required solution. 
Example 2. Solve : (Зу + 2х + 4) dx — (4x + бу + 5) dy = 0. (P.T.U., May 2011) 


dy (2х+3у)+4 


Sol. The given equation can be written as 
dx 2(2x+3y)+5 


0) 


а 
Неге, —- 


dy dt 


Putting 2х-3у-1 sothat 243 — 
dx dx 
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or a 2 
ах 3\ ах 
Equation (1) becomes A 2 |= ад. 
3 Хах 2t+5 
РЕ dt _ 31+12 „_7г+22 
ах 21+5 21+ 5 


21 2 1 
Separating the variables ui dt = dx or | —— — dt = dx 
Tt +22 


Integrating both sides 2,_ 9 log (71+22) 2 xc 
7 49 


or 141—9 log (71+ 22) = 49x + 49c 
Putting t=2x+3y, wehave 14 (2x + Зу) - 9log (14x + 21y + 22) = 49x + 49c 
or 21x — 42у + 9log (14x + 21y + 22) --49с 
49 
ог 7 (х— 2у) +3 log (14х+21у+22)=С ы айсы 


which is the required solution. 


TEST YOUR KNOWLEDGE 


Solve the following differential equations : 


1 dy ytx-2 2 dy _х+2у-3 
` ах у-х-4 ` dx 2х-у-3 
еа 4 2y +3) dx- (2 1) dy=0 
E de 3x+4y-1 . (x+2y+3)dx-(2x-y+1)dy= 

dy _ Bn. НВ 
5. (2x-2y +5) 7 =х-у+3 6 == ico 
7. (2х+у+ 1) ах+ (4х+2у- 1) dyz0 8. (х+у) (ах – dy) = dx * dy. 

ANSWERS 
1. x +2xy-y -4х-8у-С 2. (х-у)?=С(х+у-2) 
ул! 
3. ?+3ху+2у\+х-у=С 4. 108(х41)7 + (у+ 1)2] = 4tan е 
5. x-2y+log(x-y+2)=C 6. 2x-y= log (3x-2y+3)+C 
7. х+2у +105 (2х+у- 1) = С 8 x-yzlog(x*y)4C. 
1.7. EXACT DIFFERENTIAL EQUATIONS (P.T.U., Jan. 2009) 


Definition : A differential equation obtained from its primitive directly by differentiation, without any 
operation of multiplication, elimination or reduction etc. is said to be an exact differential equation. 

Thus a differential equation of the form M (x, y) dx + М (x, y) dy = 0 is ап exact differential equation if it can 
be obtained directly by differentiating the equation u (х, y) = C which is its primitive i.e., if du =M dx * Мау. 
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1.8. THEOREM 
The necessary and sufficient condition for the differential equation Мах + Мау = 0 to be exact is 
oM ON 
— = —. (P.T.U., 2002, Jan. 2010, Dec. 2012, May 2014) 
dy Әх 
Proof. The condition is necessary 
The equation Мах + Ndy = 0 will be exact, if du = Мах + Мау 


ди ди 
Ви du = — dx+—d 
u u ER x » y 
Мах + Мау = OF got 
дх ду 
Equating coefficients of dx and dy, we get 
- 9x and N= pu 
дх ду 
oM du ON ou 
— = and — = 
ду дудх ox дхду 
Ёс ou _ ou 
ш дудх | дхду 
эм _ aN 
ду дх 


which is the necessary condition of exactness. 


The condition is sufficient. 


Let и = | Мах 
yconstant 
2 
ди =М апа 9и eM 
дх дудх ду 
ou ou дм ƏN 
But = ап = 
дудх дхду dy ox 
ON _ du _ 9 


9 | ди 
Ox дхду Әх (Әу 


Integrating both sides w.r.t. x treating у as constant, we have М = e + f(y) 
Y 
мар айы 253) 0) ӨМ EE 
дх ду x y 


д д 
= E der is Je год dee fondre [+1168] 


which shows that Мах + Мау is an exact differential and hence Мах + Мау = О is an exact differential 
equation. 
Note. Since Мах + Мау =d [u + ff (y) dy] 
Мах + Мау 20 => d[u+Jf fo) dy] 0 
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or 


or 
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Integrating ut [ro dy =c 
But и= | Мах and f(y)- terms of М not containing x 


yconstant 


Hence the solution of Мах + Мау = 0 is | Мах + | (terms of N not containing x )dy = с. 


yconstant 


ILLUSTRATIVE EXAMPLES 


Example 1. Solve the initial value problem e* (cos y dx — sin y dy) = 0 ; y (0) = 0. 
Sol. e cos y dx — e* sin y dy =0 
Compare it with M dx + Мау =0 
M = æ cos y, N =- е" ѕіп у 


(РТХ.,Мау2008) 


м =- e siny; aN --—e'siny 
ду дх 

oM _ ON 

ду Әх 


Given equation is exact and its solution is | M dx + J (terms of N not containing x) dy =c 


y constant 


| е* cos ydx + [0-4 =C 
y constant 
cosy: e zc .441) 
Given у(0)=0,1.е., у= О whenx =0 
Substituting in (1), we get l=c 
Solution of the given equation is 
e cos y «1 
Example 2. Solve : (x — ay) dx = (ax — у) ау. 
501. (х2 — ay) dx- (ax у?) dy 20 
Compare it with Мах + Мау =0 
M =x ay, N--ax4y 


(P.T.U., 2005) 
NU 


oM ƏN 
=-а, --а 
ду дх 
aM _ aN 
ду дх 


(1) is exact differential equation. Therefore, its solution is 


[м dx + | (terms of N not containing x) dy =c 
y 


je -ay) dx + [24 =с 
Е 
3 3 
—-ayx+>— =c 
on: 


3 
or х «y -3axy -c', where с' = 3c. 


22 


or 


or 
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Example 3. Solve : (sec x tan x tan y — ех) dx + sec x sec? y dy = 0. (P. T.U., Dec. 2005) 


Sol. (sec x tan x tan y — ех) dx + sec x sec? y dy =0 441) 
Compare it with M dx + N dy 0 
М = sec x tan x tan y — e* and М = sec x sec? y 


ƏM " 
——— = sec x tan x ѕес y 
ду 

ƏN 5 
— — = sec х tan x sec^ y 
дх 

дм _ ƏN 

ду ox 


Equation (1) is exact. 
Its solution is 


| (sec x tan x tan y — е“) ах + J (terms of N not containing x) dy = с 
y constant 
tan y |(ес xtan x — ЭГ + Го dy=c 
tan y (sec x) - e* = c. 


х 


kx 
Example 4. For what value of k, the differential equation ї te? | dx t e? — z) dy = 0 is exact? 
y 


(P.T.U., May 2010) 
Sol. Given differential equation is 
2а = 
ae acce 1-2) а-о E 
M 
Compare it with Mdx + Мау= 0 
ын Ld 
М=1+е? N=” 1-2) 
y 
M 
(1) will be exact if pM E oN 
ду дх 
ә H шоо 
nm = — e? 1-2: 
ду дх у 


8 
= 


ke? = e” , which holds when k= 1 


For k= 1, (1) is an exact differential equation. 
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Example 5. Under what conditions on a, b, c, d, the differential equation (a sinh x cos y + b cosh x sin y) 


dx + (c sinh x cos y + d cosh x sin y) dy = 0 is exact? (P.T.U., May 2012) 
Sol. Given differential equation is 
(a sinh x cos у + b cosh x sin y) dx + (c sinh x cos + d cosh x sin y) dy = 0 .4441) 


Compare it with M dx + N dy = 0 
М = a sinh x cos y + b cosh x sin y 


N= c sinh x cos у + d cosh x sin y 


M 

м = —a sinh x sin y + b cosh x cos y 
ду 
М 

on = c cosh x cos y + d sinh x sin y 
дх 

Equation (1) will be exact 
" aM _ aN 
oy ox 


i.e., — а sinh x sin y + b cosh x cos y 
= с cosh x cos у + d sinh x sin y 
which holds when 


-a=dandb=c ie., a=—dandb=c. 


TEST YOUR KNOWLEDGE 


Solve the following differential equations: 
1. (a) (х2 4xy - 2у2) dx + (y! - 4xy - 22) dy =0 (b) (5x! + 33y? - 2ху?) ах + Q3 y - 3x’y* - 5y*) dy 20 
2. (3х2 + бху?) dx + (6x7 y + Ay) 4у=0 (P.T.U., May 2009) 


х x 

х хү 
3. + у? - а) xdx (2 - y! - P) ydy =0 4. 2) а-а) dy = 0 

y 

5. (cosx + 1) dx + sin хау =0 6. (sec x tan x tan y — e”) dx + sec x sec? ydy = 0 

2 2 
7. ye? dx + (xe? + 2y) dy 20 8. (2e ТЭЭ -з›°\ду=о 
9. (2ху cos х2 — 2xy + 1) dx + (sin x’ - х2) dy =0 10. (sin x cos y + e™) dx + (cos x sin y + tan y) dy 20 
i. |y [1l |+ сову dee (c1 шу)ду=0 12, 2,2€9X*50»* у (ртр. May 2011) 

: — |+ co Og x — xsin = 4 = .Т.О. 
= a4 ubi Ас о dx sinx+xcosy+x Diac 
13. хау + ydx + 0774 0 
x +y 
14. [cos x tan y + cos (x + y)] dx + [sin x sec? y + cos (x * y)] dy 2 0. 
ANSWERS 
1. (а) à - 6 y - бху + у =c (b) хэху-ху-у-с 
2. x 3x y tyc 3. xe 2x3 y 22 х - y! - 2j y) zc 
4. x « ye" =c 5. ysinxtx=c 
6. secxtany-e'-c 7. e? & y) 2c 
2 

8. e? 4x5 -y) zc 9. уѕіпх2-ху+х=с 
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1 
10. — cos x cos y + 5€ tlogsecy=c 11. y(x+logx)+xcosy=c 
12. ysin x+ (siny +y)x=c 13. xy+ tàn i 
х 


Hint: The given equation is d (xy) + d [un 3 = 1 
х 


14. sinxtan y + sin (х+у) 2c 


1.9. EQUATIONS REDUCIBLE TO EXACT EQUATIONS 


Integrating factor 


Differential equations which are not exact can sometimes be made exact after multiplying by a suitable 
factor (a function of x or y or both) called the integrating factor. 


For example, consider the equation y dx — x dy = 0 4441) 
Неге, М =у and N=-x 
oM 


oN 
— x —— , therefore the equation is not exact. 


ду ax’ 


1 = 
(i) Multiplying the equation by — , it becomes JR xu =0 ог d 5 = 0 which is exact. 
У y y 


ydx-xdy oor d 


x? 


(ii) Multiplying the equation by -z , it becomes (2) =0 which is exact. 
х 


1 ах 4 
(iii) Multiplying the equation Бу — , it becomes = 0 or d (logx-log y) = 0 which is exact. 
Xy х y 


UA = and JE are integrating factors of (1). 
y Xy 


Note. If a differential equation has one integrating factor, it has an infinite number of integrating factors. 


1.9(а). І.Е. FOUND BY INSPECTION 


In a number of problems, a little analysis helps to find the integrating factor. The following differentials 


are useful in selecting a suitable integrating factor. 


(i) ydx-^xdy-d(xy) (ii) ee afz) 
x X 

(iii) m d -а z) (iv) UT [шит 3 

у? у x+y X 

x dy— уах Г ~ уах+ха 

o DE g eG o) IET ох) 

ху L Х ху 
(vii) шинээ. 4 EE] viii) e ve € ndi 

ES |2 шэг 2! ET 
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ILLUSTRATIVE EXAMPLES 


Example 1. Solve: y(2xy + e')dx — e'dy = 0. 


Sol. у(2ху + e)dx - e'dy = 0 
Or 2ху?ах + ye dx — e'dy = 0 
1 

Since 2xdx- 5 d(x?) 


The term 2ху? dx should not involve у? 
It suggests that - is the LF. 


Multiplying (1) by : ‚ ме get 
y 
эхах+ 2° сЕ ау -0 
y 
or zu 6 =0 
y 
or 11+) = 0 
y 


: 1 е* Жр : : 
Integrating; p x? + — =c, which is the required solution. 
y 
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(P.T.U., May 2014) 


401) 


Example 2. Find the integrating factor of the differential equation (y — 1)dx — xdy = 0 and hence 


solve it. 
Sol. Given equation is 


(у= Ddx- xdy = 0 
Compare it with M dx + N dy - 0 
М=Уу- 1, М= -x 
oM oN . 0M Р oN 
ду дх ду | Ox 
Equation (1) is not exact. 
Write (1) as y dx — x dy = dx 


1 
Multiply it by — , we get 
х 


yix-xdy _ 1 


ID 


I 

>. 
| 

=x |= 
Sam 


Factor — makes the equation (1) exact differential equation 


x 
l. 
-— 5 the Г.Е. 
х 
- 1 
Integrate (2); af бер +c 
х х 


ог y= l1-cxis the required solution. 


(P.T.U., May 2006) 


441) 


5442) 
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Example 3. Solve : xdy — ydx = xx? - y? dx. (P.T.U., Jan. 2009) 
; хау- y dx 
2 
Sol. The given equation is xdy — ydx = x? ЯН dx ог = = ах 
х 
ae) 
x 
or af sin J — dx , which is exact. 
х 


Integrating, we get sin! сант +c Or у=х зщ (x+ c), which is the required solution. 
х 


1.9(b). ТЕ. FOR A HOMOGENEOUS EQUATION 


1 
If Мах + Мау = 0 is a homogeneous equation in x and y, then ма is ап I.F. provided Mx + Му = 0. 
Mx * Ny 


1 
Proof. If Мх Ny is an integrating factor of Мах + Ndy=0 54401) 
Th мах n Ndy _ 0i i ü 
en eu Ny MENU is an exact equation. 


9 КД _ 9 М 
ду | Мх+М | 9х| Mx+Ny 


(Мх+ м) м таныг (mx + ny)  -м мэх 2 ONT 
Х 
0 


ду | ду ду дх д дх 
(Mx + му) (Mx + Ny)? 
M M M N N N M N 
ог Ме“ ENS E -MN-My? ET E ЖЫМ Ме ей 
ду ду ду ду дх дх дх дх 
ог ку О Гем» ОМ -0 
ду ду дх дх 
M M М М 
ог М m T. M r T =0 ...(2) 
дх ду дх ду 
Now с^ М, М are homogeneous functions of х and y of order n therefore, we have 
М + yu =nM and кы + go =nN (By Euler’s theorem of homogeneous partial 
дх ду дх ду 


differential equations) 
From (2) N-nM-M-nN=0 ie., 0-0, which is true. 


Hence NI _. is the Г.Е. of (1) 
Mx + Ny 


Mx 
Case of failure. When Mx + Му=0 ~». N= – 
y 
Mxd dx d 
From (1) Md E =0 ог 2 = C ; Integrate logx=logy+logc (г. хэсу 
x M 


Note. If Mx + Ny consists of only one term, use the above method of I.F. otherwise, proceed by putting y = vx. 
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Another Method. Consider Мах + Мау = п Му) | PEE | +(Мх- Му) | BE D 1 
х y 


Divide by Mx + Ny (#0) 


Mdx+N 1 -N 
Mdx+Ndy | atoch ТД m 
Мх+ Ny 2 Мх+ Ny y 
MX 
Mx-N 
Now, x Te У М, М аге homogeneous functions of x and у 
Мх- Ny X 


M—+N 
y 
They can also be expressed in the form E 
Mx-Ny _ ф х 
Мх- Му у 


Mdx+Ndy 1 х 
Е d Mogl ху! +ф| — |411 
Mx+ Ny | шаг 41) E 


Which is an exact derivative 


|| 


1 : 
Непсе ТИ is the LF. 
Example 4. Solve: (x? y — 2xy’) dx- (х -3 x? y) dy = 0. (P. T.U., Dec. 2003, Dec. 2010) 
Sol. The given equation is homogeneous in x and y with M = х2 y - 2x? and М--х + 33 y 
Now, Mx+Ny=x y-2x y -x y+3x y =x y 40 
1 1 
ГЕ 


UO Mx Ny yl 


1 
Multiplying throughout by ——, the given equation becomes | M | ах | 5 3 | dy = 0, which 
х у? y x y y 


1 2 


is exact. The solution is | | - | ах |. 4у-с 
у х y 


y constant 


Or ~_ dog x+3log yc. 
y 


1.9(c). І.Е. FOR AN EQUATION OF THE FORM у (ху)ах + xf,(xy)dy = O 
(P.T.U., Dec. 2004) 


Let the given differential equation be of the form 


M dx + N dy =0, where M = уў (ху), М= xfo(xy) .441) 
1 : : M N А А 

— — —— will be the LF of (1) if dx+ dy =0 18 ап exact equation 

Mx- Ny Mx- Ny Мх- Ny 


эм 141 м 
ду| Mx- Ny | ox | Mx— Ny 
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oM oM ON OM ON 
Mx- N M N 2 екы. 
( у) » Е ду y M Mx- №5 N nfm үсгэн, A : 
(Мх Ny)? NY 
Mo oM cu 9M oM. МКМ o un ФУ ou UM. ae =й 
ду ду ду ду дх дх дх дх 
ми Мх ӨМ хо уо 
ду ду дх дх 
м M ON ƏN 
х ae c =| мј ac 3 N [*2MN =0 -40) 
М=УЛ (ху) Similarly, М=хр (ху) 
oM Е , aN 
à» A0» 3c ОЛ (ху) y 
oM , 
Ne ON , 
d» ЛОУ) Л+УЛ (ху). x xh (xy) x 
oM oM 2 2 
у = d -y4-au ON _ ON _ ЭР 29", 
дх ду um E xhtx yh =x yh 
,9M „M _ fy=-M =xfh =f (ху) х= М 
ox oy 


From (2), N(-M)—M(N)+2MN=0 


1 
-2ММХ-2МХ-0 » 0-0 whichis true. Hence м is the Г.Е of (1) 
— МУ 


Мх 
Case of failure. Г.Е. fails when Мх-Му=0 ie, N= E 
From (1), Мах + А dy =0 
y 
dx ау 
x y` 


Integrating both sides log x + log y = су 
log (xy) = су or xy=c 

1 

Е Mdx+Ndy=0 is of the form f, (xy) y dx +}, (xy) x dy = 0, then м is an LE. provided 
—^У 

Мх- Му = 0. 

Example 5. Solve : у (xy + ae y?) dx + x (xy -x y) dy =0. 

Sol. The given equation is of the form y f, (xy) dx + x fa (xy) dy 20 

Here M = ху? + 22? у? апа М =x у =x y 

Now, Мх-Му=х y + Wyar yixy = 3x у? #0 

1 1 


1Е- - 
Mx-Ny 3 
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Multiplying throughout by the given equation becomes 


Зх? y? | 


: >= dx+ "ms dy =0 
Зх у 3x 3xy^ Зу 


1 2 1 
which is exact. The solution is | | + | ах + [- зу dy =c 
y constant 


Lm b 
or 08 x О ЕС 
Se n8) 


1 
ог —— + 2105 x-log у= С, where C = Зс. 
ху 


1.9(d). I.F. FOR THE EQUATION Мах + Мду-0 


is a function of x only, say f(x), then eO isan LF. 


is a function of y only, we say g (y), then е 69% isan LF. 


Proof. (ii) Мах + Ndy 20 NU 


=g (у) i.e., a function of y alone then e 5 9 isan LE of (1). 


Now, е1) 4 willbe LF. of (1) 
к ме + Nels) 4 dy =0 is exact 


їе. 2 {melee}. 2 Neer 
! ду дх 
M els M rud И _ 16029 ON 
д дх 
М ƏM 
ог Mg (у) = —-— 
80) ж О 
oN oM 
ог 2 = g (y), which is true 


Hence ё 099 is the LE of (1). 
Students can easily prove (i) part themselves. 


Example 6. Solve: (o - eli? Jax Sa yet: (P.T.U., Dec. 2003, May 2011) 


3 
Sol. Here М-ху- el and М=-х?у 
oM ом 


ду Әх 2ху-(-2ху) _ 
М —х?у 


4 
‚ Which is a function of x only. 
X 
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hia ЯМ | 
но * Ee. 
х 
1 2 1 3 
Multiplying throughout by т, We have 2 = el * |dx— = dy=0 
X X X 
which is exact. The solution is | [5-4 Ха dx + fo. dy=c 
y constant 
2 
1 1 1 
or Уча [пене ог MN mm fe dt=c, where t==  .. dicic de 
2x? 3 xí 2x) 3 x x 
2 2 
1 3 
Or че ЕС or -25-а26!5 =С, where С = 6c. 
223 х 
Example 7. Find the generu solution ae а equation 
(3x2y3e? + уз + у?) dx + (cy З eY -—») dy =0 ..(I) (P.T.U., May 2012, Dec. 2013) 


Sol. Given differential equation is (3x2y3e? + y? + у?) dx + (x3y3e — xy) dy 20 
compare it with Мах + Ndy = 0 

М =3x e + уЗ + y? 

N= x33e — ху 


M 
M = 332 (y3e + 32e) + Зу? +2у 
y 
ON 
us = 3x2 узе? -у 
oM | ON 
ra + — 
ду дх 
Given differential equation is not exact 
DN COME 
dx ду _ 3x! у?е? — y - 3x? ye? — сади -3y – 2у 
M 3x? ye + y, + y? 


– 3(3х2у2 e -у жу) -3 
ух? уг” +у чу y 


which is a function of y only 


3 
[-—% -3 1 
ý — 3108 y logy” 
lBeg ? cg tage! = 


Multiply (1) by 3 
y 


1 
са +1+ 3 dx + 2 - = dy = 015 an exact equation 
У y 


Its solution is | [ae 1 ad 2231) dy =с 
y constant 
А х 
де +х+ = с 
У 


Example 8. Find the integrating factor of the differential equation (5x + 12x? + 6y )dx + 6xy dy =0 
which will make it exact. Hence solve the equation. (P.T.U., Dec. 2013) 
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Sol. Differential equation is (5x? + 122  6y?)dx + 6xydy = 0 41) 
Compare it with Mdx + Ndy= 0 
М= 5х? + 1232 бу”; М = бху 
oM oN 
—— = 12у; — =6 
y oe 
oM эм 
-- x ЕЕ 
ду дх 
г. Equation is not exact 
OM ӘМ 
dy Әх 12у-бу бу 1_ "P 
- = бху = бху = ТОО , which is a function of x only. 


1 

— dx 
^n LE = of (1) 8 ЖЕ = е0®^ = y 
-. Multiply (1) by x 


(5x* + 12° + 6y^9dx + бх?у dy = 0 is ап exact equation 
2. Its solution is 
f(5x* +12? + бу?х) ах + [0 dy =с 


y 


LAS 

Or *_+125 +6у2 = =c 
5 4 2 

or x + Зх + Зу = с 


1.9(е). I.F. FOR THE EQUATION OF THE FORM x? y? (ту dx + nx dy) + 
х“ уру dx + qx dy) = O (where а, b, c, d, т, n, p, q are all Constants) 


The above form of the equation has І.Е. х^у*, where Л, k can be obtained by after multiplication of the given 
equation by ху and the equation becomes exact. Apply the conditions of exactness, comparing the coefficients 
of the corresponding terms, we will get two linear equations in Л, k which will give us the values of Л, k. 


Example 9. Solve : (2x y + y) dx + (3x x? y) dy 2 0. 
Sol. The equation can be written as 2 О2у ах - x ydy) + (y dx + 3xdy) = 0 
Or х2у Qydx — хау) + x? y? (y dx + 3xdy) 20 
which is of the form х9у? (mydx + nxdy) + ху“ (pydx + qxdy) = 0. Therefore, it has ап LE. of the form x" y^. 
Multiplying the given equation by х! У we have 
(ur. et ga yt 7 dx 4 (3х"+ 1 угж”? 1) ау =0 
For this equation to be exact, we must have 
oM ƏN 
ду Әх 
which holds when 2 (k+2)=-(h+3) and k+1=3(h+1) 
ie. when h+2k+7=0 and 3h-k+2=0 
11 19 


Solving these equation, we have h = E k= Е 


Le, 2(k+2) x *  *! + (ke 1) ху = 3 (А+ (+3) xt? ул! 


11 19 


ІЕ= х 7 у 7 
119 


Multiplying the given equation by x 7 y 7 , we have 


32 АТЕХТВООК OF ENGINEERING MATHEMATICS 
з 5 1 B 4 19 10 1 
2x! y "ex Ту 7 |ах+| Зх "y 7 -х7у 7 | 4у=0 


3 5 и р 
which is exact. The solution is | [s у 7+х Ту 1 № = с 
y constant 


л 9 54 4 р 10 5 4 12 

or ce gone Ey tese or 4x7 y 7 -5x Ту ? «C 
20 

where С = 7 c. 


Note. The values of h and k can also be determined from the relations 
а+һ+1_ЮЬ+К+1 -— с+һ+1_а4+К+1 


т п Р 4 
Example 10. Solve: (2y? + 4x?y) dx + (4xy + 3x?) dy = 0. (P.T.U., May 2011) 
Sol. Given equation is 
(2у? + 42у) dx + (4xy + 3x3) dy =0 5441) 


The equation in not exact 
Rewrite the equation in the form: 


x2 (Ay dx + 3x dy) + y(2y dx + 4x dy) =0 ...(2) 
which is of the form 
ха у? (my dx + nx dy) + x^ y? (py dx + qx dy) = 0 
Let x" yk be the Т.Е. of (1) 
(247 уЁ+? + dah +2 ук+ Ddy + (Ах 1 ук+. yh 3 dy =0 


is an exact equation 


oM ƏN 
dy Әх 
а » ny? + 4х”? у s2 (аи yr" + 3х*+3 y“) 
or 2х”(К+2)у**Ї +4х”*? (К+ 1)у* = A(h + D) xh y 1+ 3(h 3) +2 yk 
which holds when 2(k +2) =4(h +1) 
and 4(k +1) =3(h +3) 
i.e., k+2=2h+2 ог 2h=k 
and 4k=3h+5 or 8h-3h=5 
ё Л-1, k=2 
xy’ is the LF. of (1) 
Multiply (1) by xy”, we get 
(2ху* + 43 y)dx + (4x? у? + 3x4 у)ах= 0 
which is an exact solution 
Its solution is ЇСЭ + 45у?) dx + [0 dy-C 


y 


ог Xy! + x*y! = C is the solution of the given equation. 
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TEST YOUR KNOWLEDGE 


Solve the following differential equations : 


3 
1. xdy-y dx 2 (Ох 4 y)) dx (Р.Т.0., Јар. 2010) 2. удх-хду-3хус dx=0  (P.T.U., Dec. 2013) 
[Hint: I.F. = — : z4 [Hint: Т.Е. = ER 
X ty y 
3. (1 xy) уах+ (1 xy) x dy z0 4. x dy — y dx 2 xy! dx 
2 z 
xye? + y? Jdx- x3 e? dy 20 6. x ydx-(QÓ +y )dy=0 
7. xy’ - y) dx- (2х2 y - ху?) dy 20 8. Gà y «xy e 1) уах+ (2 y! -xy 4 1) xdy=0 
(P.T.U., Мау 2010, Dec. 2012) 
9. y Qxy + D dx e x (1 + 2ху- ху?) dy 20 10. (х2 +y°+2x)dx+2ydy=0 (P.T.U., Dec. 2012) 
y o 1 2 
П. Q +y + 1) dx-2xy dy 20 12. y+ + des (xtay Jay =0 
13. (y + 2y) dx + (xy? + 2y* - 4x) dy 20 14. (3xy -2ay)) dx + (X - 2axy) dy 20 
15. y dx- хау +102 х dx z 0 16. Qo? + 222 у?) ах+ (x y - x y) dy 20 
17. (2x2 y - 3y*) dx + (Зх? + 2xy’) dy = 0. 18. (ху + у)ах+2( у 4 x & y^) dy 2 0. 
ANSWERS 
2 4 1 
1. y=xtan(x+c) 2. +e =c 3. -—+logŽ=c 
y ху y 
" 2 х хз 
4 ——+—=с 5. e*+logx=c 6. 106у- =т= С 
2 у Зу 
1 
7. 3logx-2logy* > =c 8. xytlog ~-—=c 9. +t tlogy=c 
x У м ху 3x y 
2 
: 1 
10. е" (2+ у>) =с П. х-2---=с 12. хулх y +x = с 
х х 
2 20s Ja 2 
13. y *t5x*y =c 14. х (ay -xy)2c 15. cx+ylogx+1=0 
y 
| _36 24 41015 2.4 6 
16. —— -2logx-logy-c 17. 5x B yB —12х By 13 =c. 18. PS * pied 
Xy 


1.10. DIFFERENTIAL EQUATIONS OF THE FIRST ORDER AND HIGHER DEGREE 


So far, we have discussed differential equations of the first order and first degree. Now we shall study 


d 
differential equations of the first order and degree higher than the first. For convenience, we denote 2 Бур. 


d. 
A differential equation of the first order and nth degree is of the form 
ppp +P p? eccL -Р,-0 .40) 

where Р, ,Р,, ......... ‚ P, are functions of x and у. 

Since it is a differential equation of the first order, its general solution will contain only one arbitrary 
constant. 

In the various cases which follow, the problem is reduced to that of solving one or more equations of the 
first order and first degree. 


п-1 
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Resolving the left hand side of (1) into и linear factors, we have 
[p -fi 6 »)0 Ip -h 6 У)... p -fn 605) 20 
which is equivalent to р-/ (x, y) 20, p-f (х,у) 0, ......... ‚ Р-Х, (x, y)20 
Each of these equations is of the first order and first degree and can be solved by the methods already 
discussed. 


If the solutions of the above п component equations are 
В, (х,у, с) =0, Е, (х, у, с) =0, ......... ‚Е, (х,у, с) =0 
then the general solution of (1) is given by Е, (x, у, с). Б, (х, у, с)......... Е, (x, y, c) 20. 


ILLUSTRATIVE EXAMPLES 


dx x y | (P.T.U., May 2014) 
х 


Example 1. Solve : ара === 
dx ау y 


dy dx x y 


Sol. — 
dx dy y x 
1 X 2 
p-— = 53 СЕКИ © 
р ху ах 
хур? — (х? — у?)р- ху = 0 
_ (x? - y?) + Jo? – y!y! + ax? y? 
2xy 
_ @-y а? Жу?) 
2ху 
2ху | 2ху 
x y 
or p^ — : рь--- 
y х 
C 5 25-22 
ах y | ах х 
1 1 
ydy = хах ; ау = – –ах 
х 
Integrating both sides 
у? x2 
— = —+c ; logy=-logx+c 
2 2 
or y -x -2c= 0 or logxy=c ог xy-e 


The general solution of given equation is b= x 28 (xy - е) =0. 
Example 2. Solve: p (p + y) x (x + y). (P.T.U., May 2007) 
Sol. p +py => +ху 441) 
ог р?+ру- О?” + xy) =0, which is quadratic inp 
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-yt |y? +4(x? +x) -ył (у+2х) 
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P= 2 7 2 
—yty+2x 
i 2 
ог р=х 
ay 
or dx 
Integrating both sides, 
2 
"m 
шиг 
x2 
or шил 220) -0 
75 Q) 
-у-у-2х 
а = 
ап р 2 
ог p=-y-x 
dy 
ог Ду cuyos 
ау 
—+y=-x 
ын ах * 
which is linear equation in y 
1. dx 
Its ГЕ = 4 БЭХ, 
Its solution is 
уе = fe (- х) dx+c=— [хечк+ с 
ог ye =-(х- 1) е+с [Integrating by parts] 
ог у=—(х—1)+се”. 
ог ytx-l1-ce*z0 449) 
Combining (2) and (3), general solution is 
2 
х E 
СЕЕ ) = 0). 
Note. = = — (x + y) can also be solved by putting x + y = t, but that is a lengthy solution. 
X 


Example 3. Solve : p? + 2py cot x = y^. 


Sol. The given equation can be written as (p + y cot x = y? (1 + cot? x) 


or ptycotx= + ycosec x 
The component equations are 
p^ y(-cotx + cosec x) 
апа p^ y(—cot x - cosec x) 
dy 


From (1), dx 


= y(-cotx- cosec x) 


(P. T.U., Jan. 2009, Dec. 2012) 


mi 
90) 
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d 
ог - = (—cot x + cosec x) dx 
Integrating logy = -log sin x + log tan 5 + 105 С 
x 
c tan — 
= log— 
sin x 
x 
ctan 5 с 
ын у= х x 2х 
2915 COS, 2 cos 5 
ог у cos? um C, where С = 5 
2 2 
4у 
From (2), = y(-cotx- cosec x) 
dx 
d 
ог = (—cot x — cosec x) dx 
y 
: : 53 C 
Integrating log у = – log sin x – log tan 77 logc = log 
sin xtan ^ 
Or у= —— Or ysin? 7 =С 
2sin? — 
2 


The general solution of the given equation is | у cos? 2s 3 | у sin? ~ с -0 


TEST YOUR KNOWLEDGE 


Solve the following equations : 


2 
d d 
1. р?-7р+12=0 (PEU. Dec. 2006) 2 | 2 - (2+5?) +ху=0 
ах ах 
[Hint: Solve p = 3, p = 4] 
dy Y d 
3. ур?+(х-у)р-х=0 4. ЕЗЕТ Е (Р.Т.0., Dec. 2011) 
ах ах 
5. B I у 6. р -2psinhx- 1-20 
dx dy y x 
7. хур +p 3x’ —2y")—6xy =0 8. 4y p + 2pxy Bx + 1) + Зх? = 0. 
А а 2y 3х 
[Hint: Quadratic in p and values of p are —,— — ] 
x y 
ANSWERS 
1. (y-4x-c)(y-3x-c)20 2. (--oO(y-e)20 
3. (y-x-oo «y -o020 4 Qy-o(Qy-c)20 
5. (ху-с)(32-у-)-0 6. (y-e'-co)(y-e*-c)20 
7. (у= cx’) o? + 333 - c) 20 8. (2-4-4(52-14-с|-0 
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If the equation is solvable for y, we can express y explicitly in terms of x and p. Thus, the equations of this 
«D 


type can be putas y=f(x, p) 


Differentiating (1) w.r.t. x, we get dy =р= 16 р, 2j 
dx dx 

Equation (2) is a differential equation of first order in p and x. 

Suppose the solution of (2) 15 ф (x, p, c) = 0 

Now, elimination of p from (1) and (3) gives the required solution. 

If p cannot be easily eliminated, then we solve equations (1) and (3) for x and y to get 


х= $i (p, с), у= 0» (p. c) 


These two relations together constitute the solution of the given equation with p as parameter. 


ILLUSTRATIVE EXAMPLES 


Example 1. Solve : y + рх = x p. 
Sol. Givenequationis y=- px +x p? 
Differentiating both sides w.r.t. x, 


dy dp 3-2 4. dp 
=р= X——-c4x р +2х р 
Еа аа ах с» 


dp 3 Э | Э 3 
2р+ хо? 2p! 2p x. |-0 2р+ x P |(1-2px?) =0 
Or р гн р р ж ог |2р шет ( px) 


d, d, dx 
Discarding the factor (1— рх”), we have 2р+х a =0 or a а =0 
Ix р х 
Integrating log p -21ogx-logc or log px =logc or рх? =с 
P 


ОГ р= о 


Putting this value of p in (1), wehave у= 224422 ‚ Which is the required solution. 
х 


Example 2. Solve : у= 2px -p 
Sol. The given equation is y = 2px — -p 


d 
Differentiating both sides w.r.t. x, 222 р+2х ap -2р-- а 
ах ах ах 
dp dp 
ог 2р+2х———2 
шан ах Рх ах 
а d. 
or p* Qx-2p) Z=0 ог pA +2х-2р=0 
dx dp 
ах 2 
ог S E x22 
dp p 


which is a linear equation. 
р 
ТЕ=еР =e"! = p 
The solution of (2) is x (LF) = рава +c ог хр? = [2 р ар-с 
2 2 
ог хр? = 2р? +с ог x-lpeqp 
p cannot be easily eliminated from (1) and (3) 


2 
Putting the value of xin (1), we have у= Е р са р? 


O 


‚..@) 


40) 


га) 


22) 


.. 3) 
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or 
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1 Е 
у= = р'+2ср ! (A) 
Equations (3) and (4) together constitute the general solution of (1). 


TEST YOUR KNOWLEDGE 


Solve the following equations : 


xp’ —2yp+ax=0 (P.T.U.,May 2011) 2. у- 2рх = (апт! (xp?) (P.T.U., May 2010) 
16x? + 2p? y - px =0 4. y2x«2tan!p 
5. y=3x+logp 6. х= ур =ар?. 
ау à d 
7. 2|® | +2х®7-у=0 8. 3xfp?-px-y=0 (P.T.U., May 2010) 
dx dx 
(Ни: See S.E. 1] 
ANSWERS 
2 a 21 
1. 2у-сх а 2. y = 2./сх + tan с 
р-1 р 1 


3. 16-22 y- à 20 4. x- log 5 – (ап p+c,y= log 


-1 
p +1 ap +1 


1 
5. y-3x-log й 6. х= Р (с ач” p). y- (c + asi! p) -ap 
T Lp? 1- p? 
7. у= с^ +2 сх 8. у= 3с2-<. 


1.13. EQUATIONS SOLVABLE FOR х 


If Фе equation is solvable for x, we can express x explicitly in terms of y and p. Thus, the equations of this 


type can be putas x 2f (y, p) .441) 
1 
Differentiating (1) w.r.t. y, we get ш =— = iE 2) ...(2) 
dy p dy 
Equation (2) is a differential equation of first order in p and y. 
Suppose the solution of (2) is ф (y, р, с) = 0 -40) 


Now, elimination of p from (1) and (3) gives the required solution. 
If p cannot be easily eliminated, then we solve equations (1) and (3) for x and y to get 
x= ON (p, c), у= ф»(р, с) 
These two relations together constitute the solution of the given equation with p as parameter. 


ILLUSTRATIVE EXAMPLES 


Example 1. Solve: y = 2px * p?y (P. T.U., Dec. 2012) 
Sol. Given differential equation is 
у= 2px + py .. (1) 
Solving for x, we have 
"Amo 
2p 2 
dp 


1272-2743 g d 
Differentiate w.r.t., y = 5 Y : | p:lt+y 2) 
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] 1 уй p ydp 
p 2p 2p’ dy 2 24 
1 P, У P УФ үд 
2p 2 2p dy 24 


2 
1+ р Ч ruo 


p p dy 
1+ р? 1+ р? ар 
+ 2 -0 
р р ау 
1 2 
or deep | + У ‘| =0 
р p dy 
Я : 1- 
Discarding the factor , we have 
Їнэ” ap =0 
р 4 
4 а 
ог ei 
P y 


Integrating both sides 
log p = – log y + log c 
or py=c .. (2) 
Eliminate p from (1) and (2) 


с 
у= 2х:—+— у 
Jody 


2сх с? 
or y= —-— 
y y 

or y? = 2сх+с?; required solution. 


Example 2. Solve: p = tan| х- E эз |> 
1+р 


Sol. Solving for х, we have х= tan" : pt i E j .441) 


52777122 
Differentiating both sides w.r.t. y, = — = pec 2-7 
dy р 1+р dy (1 + p) dy 


" 1 81424 dp оь py б 
P (1+ p) dy (1+2) 


Integrating у= с- 


02, 
1+ p? e 


Equations (1) and (2) together constitute the general solution. 
TEST YOUR KNOWLEDGE 


Solve the following equations: 
1. у=Зрх+ 6p? y 2. у=2рх+ y p 
3. р? 4хур+8у2=0 4. уЛову=хур+р?. 
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ANSWERS 
1. у? = 3сх + 6c? 2. y =2сх+ c? 
3. 64y= c (c - Ax 4. log y 2 cx 4 c?. 
1.14. CLAIRAUT'S EQUATION (P.T.U., May 2007, Jan. 2009) 
An equation of the form y 2 px t f(p) ...(D) 


is known as Clairaut's equation. 


Differentiating (1) w.r.t. x, we get p=p + pes f'(p) up Or [x+ rol =0 
dx dx dx 


Discarding the factor [x+ F), we have dx =0 


Integrating p=c 
Putting p =cin (1), the required solution is y = cx + f (c) 
Thus, the solution of Clairaut's equation is obtained by writing c for p. 


ILLUSTRATIVE EXAMPLES 


Example 1. Solve the following equations : 


(i) p = log (px — y) or " = log E " 2 (P.T.U., Dec. 2005, 2011, 2013) 
x 
(ii) sin px cos y = cos px sin y + p. (P. T.U., Dec. 2006) 
Sol. (i) p = log (px — y) 
Or еР = рх-у ог yz px—eP, which is Clairaut's equation where f (p) 2 – e? 


Its solution is obtained by putting p 2 c 
solution is y = cx - ес. 


(ii) sin px cos y = cos px sin y + p 


Or sin px cos y — cos px sin y =p 

ог sin (px у) =p 

ог рх-у-зи р 

ог y = px віп! p, which is Clairaut’s form 


г. Its solution is (putp=c) у= сх sinl c. 


Note. Many differential equations can be reduced to Clairaut's form by suitably changing the variables. 
Example 2. Solve: e” (р — 1) + е? p? = 0. 
Sol. [In problems involving e" and e", put X= e" and Y =e”, where К is the Н.С.Е. of l and m]. 
Put X=e* and Y=e” 

so that dX 22e" dxand dY =2e” dy 


dy e" dY 
dx e” dX 


p^ 22р where prs 
Y dX 


X x? 
The given equation becomes x | Y P r) БҮ g P’ = 
Y 


or ХР-Ү+Р?=0 or У=РХ +P?, which is of Clairaut's form 


Its solutionis Y 2 cX + с^ and hence е” = ce? + с”. 
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Example 3. Solve : (px у) (py + x) = 2p. (P. T.U., Jan. 2009, May 2009) 
Sol. Put Х-х and Ү=у? 


so that dX = 2х ах and dY =2ydy 


dy xdY 4X 
dx y dX VY 


P, where P= e 
dX 


The given equation becomes EIE ^. Yer 


VY JY 
2P 
or ФХ-Ү)(Р-1)-2Р or РХ-Ү= —— 
Р-1 
2Р TT NC 
ог У = PX — ——., whichis of Clairaut's form. 
Р-1 
Its solutionis Y = XxX- and hence y? = с? E 
с+1 
Example 4. Solve: (х? + у?)(1 + py = 2(х + у)(1+р)(х+ур)—(х+ ур». (P.T.U., Мау 2011) 
Sol. Given equation can be written as: 
2 2 
2(х + + P [P 
gy +) (xm) d Y- 2х2 (2) 
1+р 1+р 2 2 
Рш Х= х+у, Ү=ж№+у? 
Y ау ах р? 
апа Let P= EE = 223 / ax or Y= PX — — , whichis Clairaut’s differential 
ах dx ах 4 
equation 
2x+2y dy 2 
Р- dx _ 205 ру) à вое — 
1 4у 1-р 4 
+ = 
dx 
С? 
Substituting in (1) or x+y = СХ - P 
TEST YOUR KNOWLEDGE 
Solve the following equations : 
1. ysxp4 2 2. (а) y 2 px Ja? pp 
p 
(b) (у—рх)(р-1)=р 
3. p=log (рх- у) 4. р-яш(у-рх) (P.T.U., May 2007) 
[Hint: See Example 1 (ii)] 
5. р? (х2- 1) -2рху+у-1=0 6. е (р- 1) +р?е2?=0 
х (у-рх) = ур? 8. (у+рх)? zx p. 


[Hint: Put х2 = X, у? = Y] [Hint: Put ху = v] 
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ANSWERS 
1. у=сх+ = 2.(а)у=сх+ а?с?+Ь?, (Б) y= ex4—— 
с с-1 
3. у=сх-ё 4. y-cx-sin!c 
5. (у-сх)2= 1+0 6. еў=се+ с? 
7. у= с? + 8. ху=сх- с. 


1.15. DEFINITION OF LEIBNITZ'S LINEAR DIFFERENTIAL EQUATION 


A differential equation is said to be Leibnitz's linear or simply linear if the dependent variable and its 
derivatives occur only in the first degree and are not multiplied together. 


(P.T.U., June 2003, May 2005, 2007) 


The general form of a linear differential equation of the first order is К + Ру= 0 441) 
x 


where P and Q are functions of x only or may be constants. 


dy 


1.16. SOLVE THE LINEAR DIFFERENTIAL EQUATION — + Py = О (P.T-U., Dec. 2006) 
X 


To solve it, we multiply both sides by gue 


dy алжээ (ете Р) - Ое”Ф 
ах 


а 
or 2. (уе?) = Ог? 
ах 


Integrating both sides, we have ye Р — [ое Pos dy + с 


‚ we get 


which is the required solution. 


dy 
Note 1. In the general form of a linear differential equation, the coefficient of E» is unity. 
^ é 
The equation R Е + бу = T, where К, S and T are functions of x only or constants, must be divided Бу R to bring 
x 


it to the general linear form. 


Note 2. The factor Pa 


function is called the integrating factor (briefly written as I.F.) of (1). 


on multiplying by which the LHS of (1) becomes the differential coefficient of a single 


[Рах 


Thus LF =e and the solution is у (ТЕ) = | ав» dx+c. 


Note 3. Sometimes a differential equation takes linear form if we regard x as dependent variable and y as independent 


dx 
variable. The equation can then be put as do +Рх = О, where Р, Q are functions of y only or constants. 
y 


The integrating factor in this case is PY and the solution is x (Т.Е) = Јо (LF.)dy+c- 


Note 4. ё 2709 =F (x). 
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ILLUSTRATIVE EXAMPLES 


Example 1. Solve : х(1 x 5 + (22? 1) у=. 


dy 
Sol. Dividing by x (1-х?) to make the coefficient of — p unity, the given equation becomes 


dy 2x —1 х? 
+ у= 2 
dx х = d 1-х 
2х? —1 і 
Comparing it with СА +Ру= О, wehave Р= B =_^ 2 
dx х(!-^?) 1-х 
2 
йш. -— : : by partial fractions 


Now, P= + 
x(1— x) (14- x) x 2(0-x) 2(1+х) 
1 


1 
[Pax = log x ; ed x) оваз = а-а) ЦЭ 


1 
| 
— 
o 
09 
= 
—— 
— 
| 
= 
N 
— 
юе 
p ity 
II 
— 
o 
go 
ы 
= 
| — 
ы 
N 


Thus the solution is 


2 
уйл)» |О@Е)ах+с or у. -jZ x — arte 


x4ll— x =x ХА1-х | гр 
1- х |2 
3 1 п+1 
l 2-5 211422 " n deep 
all д?) 2(-22)de ec 2 (1- 9) 2жс г [treo ГО) dx = == (ns) 
ог у= x+cex N1- x? . 
M dx 
Example 2. Solve : =1. 
Е Ух 3 ду 
dy y Qu 
Sol. The given equation can be writtenas — — -——- 
dx Ух Ух 
C —! dy Py =Q, we have Р 1 Q 27245 
omparing it with — + Ру = О, we have P= -= , О = —— 
paring dx y Em Ne 
1 j y" 
IE- е?® = Je = el? =e 
24x 
egy + с 


The solutionis у(Е)- JQarjar+e ог ye” =|=. 
4х 
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1 
ог yeh = |x? dc +e=2Vx ec 
Example 3. Solve: (1+ у?) ax = (ran! y - x ay. (P.T.U., Dec. 2011, 2013) 


d. 
Sol. The given equation can be written as (1+ тэ. +х={ап y 
У 


2 
Dividing by (1 + у), we get + >= E 
I-y l+y 
dx 
which is of the form qi Рх-О 
1 tan | 
Here Р= >, Q= ап > 
1+у l+y 
1 
— dy 
ТЕ = [Р& m Je? | = olan | X 


The solution is x (ГЕ) = | давуу +с 
t E 
ог = У ав E ш э фужс-Ц 6 чс, where г=їап ‘у 
1+у? 
= tre- fie dt+ c=te -e+ c- (tan! y- 1) ete 


- Sb 
ог х= tan !ly-14 ce" > 


TEST YOUR KNOWLEDGE 


Solve the following differential equations : 


d d 
1. 4Уу,У-2 4 2. xlogx 2 + у=21орх 
ах х ах 
а 
3. (x1) Ё-у=е (x1 4. (294) «2 - x? 
dx 
d 
5. cos? x 2 + y 2 tanx 6. (i0) + 6х2 у=1+х2 
ах 
а -1 
7. 2 + ycotx=cos x 8. (e) +y=e™ * 
dx 
d dy кө dE T 
ө. Z4 ycot x = 4xcosecx,if у = 0 when ga 10. & + ycotx = Se", if у=-4 when х= = 
dx 2 x 2 
d Lsi а 
11. © -ytanx=3e aX if y=4 when x=0 12. ху 
x x 
dy x 2 ( iui 
13. x—+y=e-x 14. (1+ +| х-е 71---0 
КЫШ. y | у?) ES 
15. e^" sec? ydy- 42,2 - 
. & "sec^ydyzdx*xdy 16. |x *2y лу? 
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17. ye'dx-(y^*2xe?]a в, Z- : 
уе b а | У ` dx 2ylogy+y—-x 
19. LD 3x- 2y +1 20. у” dx - (sin! y - x) dy. 
dx 
dy 
21. x ЖАШ =1-у (BT.U., Мау 2012) 
а +1 1 d 
[Hint: f y=-3 У + Py = О form] 
dx x x dx 
ANSWERS 
1. 10ху= 2х5 - 15х2+с 2. ylogx-(logx)? + c 
3 
X 
3. у= (х+ D (e* +0) 4. У «Doe 
1 3 4 6 
5. у= tanx- 1e ce "x 6. y(1+2°) 5g eae 
-1 
7. ysinx = „зїп? хас 8. Qye £l, Xj 
д? 
9. узіпх= 222 ——- 10. ysin x =5e* -9 
И. усозх=7- Зе Ух 12. у-ү-42 +e(1- x) 
_1 x -x _ „tan y -1 
13. арч ос +се 14. х=е tan y+c 
15. хе’ =tany+c 16. x - y? + су 
17. x22 (c-e) 18. х= = + ylogy 
= 
19. y= itr + ex? 20. х= зіп у= 1+ сет" У 


21. (ху- ) е= с 


1.17. EQUATIONS REDUCIBLE TO THE LINEAR FORM (Bernoulli's Equation) 


(а) Anequation of the 


form ФУ рус Оу" 
ах 
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(P.T.U., May 2007, Jan 2009) 


NI 


where P and Q are functions of x only or constants is known as Bernoulli's equation. Though not linear, it 


can be made linear. 


Dividing both sides of (1) by y", we have у” " +Р 
х 


1 


Putting y "zz so that 


(-ny” 


gem = Q 


dy _ dz 
ах ах 


sui 
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-n dy 1 ас 


ог = шан 
dx l-n dx 


Equation (2) becomes E a +Pz=Q or ас +(-—п)Рз = (1-п)О 
1-п ах ах 


which is a linear differential equation with z as the dependent variable. 
d 
(b) General equation reducible to linear form is f '(y) E -Р/О)-0 (D 


where P and Q are functions of x only or constants. 
dy ас 


Putting ТО) = 2 sothat f’(y) —=— 
ах dx 
: ас 2110 
Equation (1) becomes d +Pz=Q, which is linear. 
x 


ILLUSTRATIVE EXAMPLES 


Example 1. Solve the following differential equations: 


(i) x => +y =х?уб (P.T.U., May 2007, 2011) 
x 
(ii) y +y =y? (P.T.U., May 2008) 
(iii) (o d | dx- x! ydy =0. (P.T.U., Dec. 2012) 
Sol. (i) m + у = хуб 
Dividing by ху, we get 
sdy 1 . 
т. .. (1) 
dx x 
Put y^? = z so that 
5 —6 ау _ ас 
в: ах ~ dx 
Equation (1) becomes 
22:21:12 
54х х 
ог С РЕЖЕ 5x 
dx x 
which is linear in z, where P = ——, Q = – 5x? 
5 Sou 1 
IE = 229 pip. Po OF 


Solution in z is 


z(LE)- [o .LF.dxc 


x? M 5 
-2 2x? 


1 2 
Zs = | 5х?. L dec =-5fx 3 dr+c = —5 
2 X 
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Substituting the value of z, we get 


1 1 5 
той лез = ё 
y? х? 2x? 
1 5x? 5 
or E = ——-cx 
y 2 
(ii) yrysy 
dy 2 
or — + = y 
dx disi: 
dy 1 
Divide b 2, y Ru 
y У. У dx y 
1 1 
y у dx dx 
dz 
Substituting in (1); = lo —-z--l1 
dx dx 
which is linear differential equation in z 
where P--1,Q--1 
ТЕ = Ян: =е * 
Solution in z is z(LE)- [o ТЕ.) dx +c 
Or ze*- fene dx+c=e*t+e 
or z=lt+ce 
Substituting the value of z ; 1 =] + ce” 
1 
or y= 
1+ ce* 
23 
(iii) ху? -ех dx x? y dy - 0 
Or к. ase? ap 
dx 
ог = ширэг 
ах 
1 
ОГ = ех 
d dx x n x? 
Put y? = z; 2,8. e 
dx ах 
1% 1 _ 12 
24х х x 27 
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ог HE s 28: 
и р? 
ах х X^ 
2 25 
which is linear differential equation ір <, where P= ——, Q = – => ех 
х x 
-2 
— dx Pa og x? 1 
LE- 25 = 7219 = ples: = —5 
х 
Solution in 5 is; z(LE)- [o -(LF.)dx +c 
1 2 1 1 
1 3 ] 3 
ог 1 >) = | 2 pex dee =-2/—Ge* dx c 
х х х x 
1 -3 
Рш 73 =t FT dx = dt 
х х 
1 а 2 2 x 
шт $ t _ t 25 3 
ше: = ( 2 fe шон 3 +с=зе* +с 
2 2 d i 
or L Hoe +c ог зу? = 242ех + сх? 
х 3 
2) dy 
Example 2. Solve : ху(1 + ху ) Ab (РТО. May 2009) 
x 
" š > ах 32 
Sol. The given equation can be written as PI ух= ух 
y 
-— -2 dx -1_ 3 
Dividing by 22, wehave х rua = у .441) 
y 
dx d d. 4 
Putting х! = с so that aa ssl с or x? hia шше 
dy dy dy dy 
; dz 3 
Equation (1) becomes —— — yz = y 
dy 
4 
ог Zy yz = ээ? ‚ Which is linear in <. 
dy 
1 
Т.Е. = gl? v e2 5 
The solution is z (LF.)= f- y’? (LE) dy +c 
dg 12 
ог z.e? = j-r e dy *c 
L2 1 ‚2 1 
ог ze? = -j7 е2 .ydy+c=- [еа + c, Where 2 у? 


12 l 2 
—) ту 1 
ог на =-2[гё-[1-ёй]|+с=-2(её-её)+с = -26 (3-4 +e 
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or 


or 


or 


or 


i.e., 


or 


Example 3. Solve : “ +xsin2y= x! cos? y. 
x 


d 2si 
Sol. Dividing by cos? y, we have sec? y m +x Е x 


cos? y 


d 
sec? y + 2xtan y — x 


x 
Putting tan y =z so that sec? y dy = de 
dx ах 
: dz 3 ES . 
Equation (1) becomes 2 + 2х = x” , which is linear in z. 
2x dx 2 
ТЕ = Д =e" 1 


2, 2 2 
The solution is z . e” = [2 .е а+с= [x е“ .xdx *c 


5 fee a +c, where 1= х? 
= —((—1)'+с=- (x? - Пе’ +c 
2 2 


Z- 1) + ce* 


N 
Ш 


tany- (е -1)+ ce”. 


Example 4. Solve : e? y'=e* (e* — e). 


Sol. e y' = е^ (e* — e) 
Put ey = 2 
‚ 4 а 
Differentiating w.r.t. x QUE LUE 
dx dx 
ey = 2 
Ё ах 
Substituting in (1) 
dz a er е* z 
dx 
dz. x 


49 


(P.T.U., May 2002) 
(Ф) 

(^ z=tany) 
(P.T.U., Мау 2004) 
.. (1) 

...(2) 
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or 


or 


or 


or 


or 
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Solution is z.e = fe ге dx с 
Put elt 
2. е = fre! dt + c Integrate by parts 
= (t-le'+c 
ee = (e -1) e" +сог е (1-е +2”) =с . 


Example 5. Solve : (2x log x — xy) dy = — 2y dx. 
dx 


Sol. 2x log x- xy = -2y — 
dy 


d. 
2y — —у.х+2х1орх= 0 
dy 


4 1 
+ ювх-0 
ау y 
1 
Divide by x; T8 hdc — 
xdx y 2 
Put log x= 2 m ia = dz 
xdy dy 
dz 1 
—+— = 
dy у 
14 
ТЕ = ЯГ i -60ЁУ-у 
- 1 у? 
-. Solution is z.y= fy. cdyte= + 
2 4 
2 
y 
logx= — +c. 
y 108g 4 
E ‚4у NET 
xample 6. Solve : um tan ху =—y Sec’ x. 
x 
TE oss ye БХ 
dx 
1 
Divide by y? ; 2 ду tan x— = – sec? x 
y dx 
1 1 
Put ЕС в 
y y dx 
Z 2 
= — —tanx:z--sec x 


dx 


dz 2 
zr ME = sec” x 


which is linear differential equation in z 


e` dx 2 dt 


(P.T.U., Dec. 2004) 


1 
2” which is linear differential equation in <. 


(P.T.U., Dec. 2004) 
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fran x dx —logcosx — logsec x — 
=e =e 


ТЕ. = e = sec x 


Its solution is 


sec? x, sec x dec = [sec xdeec .. (1) 


Let l= 


J 
J 


= (sec x) (tan x) = [ес xtan x tan x dx 


sec? x dx = [sec x sec? x dx Integrate by parts 


= sec x tan x- [sec x (sec? х-1 dx 


= sec x tan х-1+ [sec x dx 
21= sec x tan x + log (sec x + tan x) 
1 
I= - [ sec x tan x + log (sec x + tan х)| 


Substituting in equation (1), 


<. 5есх = 


[sec x tan x + log (sec x + tan x)] +с 


Substitute the value of z, 


1 
—sec x = 2 [sec x tan x + log (sec x + tan x)] + c. 


TEST YOUR KNOWLEDGE 


Solve the following differential equations : 


ф y,» di 24 
2 = +: MEX DLP NE 
шан hd шс Уза а. 
2-2 4у 224213 
3. (а) (х y^ * xy) dx = dy (b) du *ty-xy (P.T.U., May 2012) 
y| dy x dy 1.25 
4. (a) е?| = +1|=е* (BT.U., May 2002) (b) (x41) 2-41-26 
dx dx 
[Hint: Put e” = z] [Hint: Divide by (x + 1)е 7 and Put e" = z] 
dy tany x dy 3 
5. — — —— = (1 + x) e^ sec 6. — + ytanx= y cosx 
dx 1+х ( ) d dx 4 у 
2 
7 % ЭРЧ. в. dv, ylogy | y(logy) 
dx 1-х? dx х х2 


dy 2 : ; 
9. posu сау (L— sinx) cosx , given that y=2 when х= 0. 
x 


d 
10. у(2ху +е*) ах=е* ау п. tan y+ tan x = cos y cos? х 
x 
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ANSWERS 


1 3 
-Х 
1. Xibeex 2. у(с-х)-63 
y 12 
1 = 1 1 
3. (а) >=- х2 +2+се 2 (p) —;=х+—+се” 
y y 2 
4. da) ot ul ue (b) (x+) e 22x4c 
2 
5. siny=(1 +) (e* +c) 6. cos x= y? e= sinz Заг) 
1 
1 2 nv 1 1 
7. =——{(1—х°|+с(1— х 1% 8. ЕС 
y» 3 | ) | ) xlgy 2x 
9. 2 (tan x + sec x) = y (2 sin x + 1) 10. e! = y(c-2°) 
П. sec y=(c+sin x) cos x. 
REVIEW OF THE CHAPTER 
1. Ordinary Differential Equation: Differential equations which involve only one independent variable and the 


differential co-efficients w.r.t. it are called ordinary differential equations. 


Order and Degree of a Differential Equations: The order of a differential equation is the order of the highest 
order derivative occurring in the differential equation. The degree of a differential equation is the degree of the 
highest order derivative which occurs in the differential equation. 


The general solution, the particular and the singular solution of a differential equation. 


The general solution of a differential equation is that in which the number of independent arbitrary constants is 
equal to the order of differential equation. 


The particular solution of a differential equation is that which is obtained from the general solution by giving 
particular values to the arbitrary constants. 


The singular solution of a differential equation is that which satisfies the equation but cannot be derived from its 
general solution. 


Solution of differential equations of first order and first degree. 
(a) Variable separable form: Put dx and all the terms containing x on one side, also dy and all the terms 


containing y on other side and integrate. 


(b) И 2 = – (ax + by + c), f then put ax + by + c = t equation will be changed to variable separable form. 
x 


: : | 4 S). 
Homogeneous Differential Equation: A differential equation of the form 9 = Awy) is called a homogeneous 


dx 810%, y) 
differential equation if f(x, y) and g(x, у) are homogeneous functions of the same degree in x and у. To solve 


homogeneous differential equation put Jw 2 = у, equation will be changed to variable separable form. 
x y 


: : : ) 4 + ру + 
For solution of the differential equation of the form 2». бк. 
ах ах+Ьу+с 


Ь : : 
Case I. If E # y put x =X + h, y = Y + k such that ah + bk + c = 0, ай + b'k +c’ = 0, equation will change to 
a 


Y 
homogeneous form, then put x = V and in the end change X, Y to x, y. 


, 


b : мэн : 
Case II. If = y then put ax + by - t differential equation is changed to variable separable form. 
а 
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7. Exact Differential Equation: A differential equation obtained from its primitive directly by differentiation, 
without any operation of multiplication, elimination or reduction, etc., is called an exact differential equations. 
8. Necessary and Sufficient Condition for the Exactness of a Differential Equation: The necessary and suffi- 
: - . ЭМ ON а 
cient conditions for the exactness of Мах + Мау = 0 is —— = —— and the solution is 
y x 
| Мах + Геть of N not containing x) dy = c. 
y constant 
9. Integrating Factor: If a differential equation is not exact but can be made exact after multiplying by a suitable 
function of (x or y or both) then that function is called integrating factor (I.F.). If a differential equation has one LF., 
it has an infinite number of integrating factors. 


10. The LE of Мах + Мау = 0 are 


(a) If Мах + Мау = 0 is homogeneous differential equation then LF. = E provided Mx + Ny # 0. 
х+ Му 
: | : Мх 
If Mx + Му = 0, then equation can be reduced to variable separable from by putting М = — —— 
(b) If Мах + Мау = 0 is of the form y fi (xy) dx + xf, (xy) dy = 0, then LF. = мин provided Mx — Ny # 0. 
х- му 


If Мх- Ny = 0, then it reduces to variable separable form. 
aM ӘМ ON OM 


Во ge (х) ах 
ду | f and if Ca 
M 


(c) If Mdx + Мау 20; is a function of x say f(x) then I.F. = e is a function 


(y) dy 
of y say g(y), then Г.Е = el! > 


(d) LF. of the differential equation of the form x“ у? (mydx + nxdy) + x°y@ (pydx + qxdy) = 0 is x^ уќ, where h, k are 
so chosen that when multiplied with the given equation, changes the equation to exact equation. 


11. If the differential equation is of first order and higher degree then to solve the equation replace = Бур 
х 


(a) If equation is solvable for p then find different values of p i.e., = and integrate each separately (ай solutions 
x 


having one arbitrary constant only) multiply all the factors formed by different solutions. That is the solution 
of the given differential equation. 


(b) If equation is solvable for y: Express y as a function of x and p i.e., y = f (x, p) then differentiate w.r.t. x, equation 
will reduce to differential equation of first order in x and p. Solve and eliminate p with the help of given 
equation. 


(c) If equation is solvable for x: Express x as a function of y and p i.e., x = f (y, p); then differentiate w.r.t. y, then 
equation will reduce to first order equation is y and p. Solve and eliminate p. 


12. Clairaut's Equation: An equation of the form y = px + f (p) is known as Clairaut's equation. 
Its solution is y = cx + f(c) i.e., replace p by an arbitrary constant c. 


13. Leibnitz's Linear Equation: A differential equation is said to the linear if the dependent variable and its deriva- 
tives occur only in the first degree and are not multiplied together. 


: . . DEAE: . 
The general form of linear differential equation is 2 + Ру = О, where Р, О are functions of x or constants. 
x 


Pdx 
Solution of linear differential equation is y (Т.Е.) = [o (LE) dx + c, where I.F. = 2 
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14. 


15. 
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Similar method for 2 + Px = Q, where P, Q are functions of y or constant. 
x 


Bernoulli's Form: Any equation of the form = + Ру = Оу", where Р, О are functions of x only is called 
x 


Bernoulli's equation. To solve it, divide by у” and put y!~ = z j; it will reduce to linear equation in x and z whose 
solution is 


Рах 
215 [o ГЕ. ах + с, where Г.Е. = К 


п 


Replace z by y- 


d 
Differential equation f’(y) 2 + Pf(y) = О can be reduced to linear differential equation by putting f(y) = <. 


SHORT ANSWER TYPE QUESTIONS 


Distinguish between order and degree of a differential equation. (P. T.U., Jan. 2010) 
[Hint: See art. 1.1 (iv, v)] 
Define complete solution of a differential equation. 

Or 
When a solution of a differential equation is called its general solution. (P. T.U., Dec. 2005) 
[Hint: See art 1.1 (vi)] 


How will you form a differential equation whose solution contains п parameters ? What will be the order of that 


differential equation ? 


a 
Verify that y = cx + — and y? = 4ax both are solutions of the same differential equation; 
c 


dy dx 
у= xX—t+a—., 
dx dy 
Define a singular solution of a differential equation. 
(Hint: Consult art. 1.1 (vi)] 
: d 1 
Show that y 2 x e?* is a solution of s y Ё + 1) : 
dx x 
Obtain the differential equations from the following equations: 
(В y=Cx+C-C2 


(ii) у= А cos mx + B sin mx, where т is fixed ; A, B are parameters. 


(й) у= Ае + Ве +C (P.T.U., May 2004) 
(iv) у= е (A cos x+ B sin x) (P. T.U., June 2003) 
(v) y2ex c (P. T-U., Dec. 2003) 


[Hint: See S.E. 1 (i, ii, iii) art. 1.3] 

Find the differential equation of all circles passing through the origin and having centres on x-axis. 

[Hint: See S.E. 2 art. 1.3] 

Find the differential equation of all parabolas whose axes are parallel to y-axis. (P.T.U., May 2002) 
[Hint: See S.E. 4 art. 1.3] 
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10. Solve the following differential equations: 


2 
: у 2| dy = y a ау Ї-у 
(i) e ЦЭЭР 2х(1+е } =0 (i) 2 1-2 -0 
" dy : 
(iii) p 1+x+y+xy [Hint: See S.E. 4 art. 1.4] (P. T.U., Dec. 2003) 
X 
(iv) (0.23) dy х2у dx =0 
"EN 
(v) xcosxcos y + sin y 2 -0 (Ний See S.E. 3 art. 1.4] (P.T.U., May 2003) 
X 
. dy : 
(vi) go any) -]  [Hint: Puty-x=4] 
х 
(уй) sec? x tan Уф + sec? ytanxdy = 0 [Hint: Separate variables and integrate] 
d 
(viii) - =~ (PTU., Dec. 2005) (ix) (y +x) dy=(y-x) dx (P.T.U., May 2011) 
X X 
11. Explain briefly how to solve the differential equation: 

Е асе Ра Р.Т.0., Мау 2003 

(i) Е еге a 5 (P.T.U., May ) 
d b 
ib. Пе. papi _ > 
dx ах+һу+с, а h 


12. (i) What is an exact differential equation? Check the exactness of the equation (332 + 2e) dx  (2xe + Зу?) dy =0. 
(P. T.U., Jan. 2009, May 2010) 


(ii) State necessary and sufficient conditions for the differential equation M dx + М dy = 0 to be exact. 
(P. T.U., Jan. 2009, May 2014) 


(iii) Under what conditions on a, b, c and d, the differential equations 
(a sinh x cos y + b cosh x sin y) dx + (c sinh x cos y + d cosh x sin y) dy = 0 is exact? (P.T.U., May 2012) 
[Hint: See S.E. 5 art. 1.8] 
13. Solvethe following differential equations: 
(i) (х2-ау) ах = (ax- y?) dy | [Hint: See S.E. 2 art. 1.8] (P.T.U., May 2005) 
(й) (ycosx+1)dx+sinxdy=0 


quj ©7„7°%*+зшу+у o (P.T.U., May 2011) 


dx sinx+xcosy+x 
14. (a) Define integrating factor of a differential equation and find LF. of (y - 1) dx -x dy 20. — (P.T.U., May 2006) 
[Hint: See S.E. 2 art. 1.9(a)] 


(b) Solve y(2xy + e*)dx — e*dy = 0 [Hint: See S.E. 1 art. 1.9(a)] (P.T.U., May 2014) 
15. Find LF of the following differential equations: 
(i) y dx-xdy + Зх2у2 e dx=0 (P.T.U., Dec. 2003) 
aM _ aN | 
(ii) (2 +y2 +x) dx+xydy=0. [Hint: M i E 448 =х] 
(їй) (х2у – 2xy2)dx — (x3 — 332y) dy = 0 [Hint: See S.E. 4 art. 1.9(b)] (P.T.U., Dec. 2003) 


(iv) yay + 2z2y2)dx + x(xy — x2y)dy = 0 (Ни: See S.E. 5 art. 1.9(c)] 
(v). (ху2—е!©уах —x2ydy = 0 [Hint: See S.E. 6 art. 1.9(4)] 
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16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


A TEXTBOOK OF ENGINEERING MATHEMATICS 
(vi) Gx2y3 e + y? +у2)ах + (хЗуЗе? — xy)dy = 0 (Ний: See S.E. 7 art. 1.9(d)] 
(vii) (5х3 + 1232 + 6у2)ах + бху dy = 0 [Hint: See S.E. 8 art. 1.9(4)] (P.T.U., Dec. 2013) 
(a) Define Clairaut's equation and write its solution. (P.T.U., May 2007, 2012) 


(b) Find the general solution of the equation y = xy’ + y2. What is the name of this type of equation? 


(P. T.U., Dec. 2013) 

Solve the following differential equations: 
(i) у= 2рх+р2у (Ни: See S.E. 1 art. 1.13] (P. T.U., Dec. 2012) 
a) SE Уур ай 1 art. 1.11] (P.T.U., May 2014) 

dx dy y x 

(iii) p=log(px—y) [Hint: See S.E. 1(i) art. 1.14] (P. T.U., Dec. 2005, 2011) 
(iv) sin px cos y = cos px siny+p. [Hint: See S.E. 1(ii) art. 1.14] (P.T.U., May 2007) 
(у) p-sin(y-px) [Hint: Same as (iv) part] (P.T.U., May 2011) 


(vi) (у-рх)їр-1) =р (Ний Clairaut's form] 


(i) For the differential equation of the type yf(xy) dx + х (ху) dy = 0, the I.F. is == — . Justify it. 
ay [f 69) 789] 
(P. T.U., Dec. 2004) 


(ii) For the differential equation M dx + N dy = 0 ; where M, М are homogeneous functions of x and y, the LF. is 


1 
Мх+ Му (Mx + Ny # 0). Justify it. 
Also reduce (х2у - 2ху2) dx — (х3 - 3x2yydy = 0 to exact differential equation. (P. T.U., Dec. 2009) 
[Hint: See S.E. 1 art. 1.9(5)| 
эм _aN 
- : А : e. OY Ox | (x)dx 22. 
(iii) For the differential equation Мах + Мау = 0 if ионы =f (x), then е is the Г.Е. justify it. 
ƏN M 
y) d: 
(iv) For the differential equation Mdx + Ndy = 0 if a = g (y), then RIS ” is the LE. justify it. 


kx 


x 
For what value of k, the differential equation Ї te? s rte? \ - 32 = 0 is exact. (P.T.U., May 2010) 
x 


[Hint: See Solved Example 5 art. 1.8] 
Define Leibnitz's linear differential equation of first order. Also give an example. (P.T.U., May 2005, 2007) 
[Hint: See Art. 1.15] 


Solve = + Py = О, where Р, О are functions of x or constants. (P.T.U., June 2003, Dec. 2006) 
x 


[Hint: See Art. 1.16] 
Define Bernoulli's linear differential equation and write its standard form. (P.T.U., May 2007, Jan. 2009) 


[Hint: See Art. 1.17(a)] 

How will you reduce f’(y) 2 +P f(y) = О to linear differential equation where, P, Q are function of x or constant? 
x 

[Hint: See Art. 1.17(5)| 

Solve the following differential equations: 


d | 2 
O +1) -= +17 (ii) 22 =24 2 (P.T.U., May 2007) 
X X 


(iii) S +у=ху (РТО.,Мау 2011) 
X 


[Hint: See S.E. 1(7) art. 1.17] 
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А ЭР ; 1 ; 2 j 
(iv) (x+ 1) СА +1=2e° [Hint: Divide by (x + 1)e?; e” dy + е? = ;pute? =t] 
ах dx х-1 х+1 
(у) у\+у=у? (P.T.U., May 2008) 

[Hint: See S.E. 101) art. 1.17] 

(vi) (1 2) dx= (кап 1у — x)dy (Р.Т.0., Dec. 2011) 
[Hint: See S.E. 3 art. 1.16] 

(vii) I + у= ху? (P.T.U., May 2012) 

X 
ANSWERS 


3. By differentiating the equation n times and then eliminating n parameters from n + 1 equations. (One is given 
equation and remaining n are the differential equations obtained by differentiating given equation n times) 


2 
d d 
7. (i) y= (+ 2-(2) (ii) уу + my =0 (й) y3=y, 
2 
Д ау ау 
ya = 2у + 2у= 0 y=x— + | — 
(iv) y5-2y, + 2у (v) ) di (£) 
o dy 
8. x-y е = 0 9. Уз= 0 
10. © (1+е)=А (1+2) (i) y41-x! ex41- y? =с 
(iii) y=x+log[x(1+y)] +e (iv) y3=40341) 
2 
(v) xsin x + cos х = log (cos y) +c (vi) log sin o-9= > +с 
(уй) tanx tany-c (viii) y=cx 
(ix) log G2 + y?) = 2tan"! c 
X 
12. (i) Exactequation (iii) a=—d,b=c 
13. @ X y —3axy =c (й) ysinx+x=c (т) ysinx+(siny+y)x=c 
1 1 2 е? 
14. (a) — (b =x +— =c 
x? 2 y 
, 1 " m 1 
15, (бй) — (ii) х UD o 
» ху 
: 1 . 1 
(iv) (v) = (vi) = 
3x y) 4 y 
(vil) x. 
16. (b) y= px + p^, Clairaut's equation 
17. (i) у2=2сх+с2 (ii) (У2-32-2с) xy- e) = 0 (й) у= сх-е° 
(iv) y 2cx— іп! c. (v) у= cx t sin! c. (vi) yscex4—— 
es 
18. ‘ава (siogs)=0 or оын) =0 
y y 
7 "EC: uas Эд 5 
24. (0 у=(х+1)(е'+с) (1) —=1+с\у/х (їй) sapere 
y y 
(iv) (х+ 1)е = 2х+с (у) у= : (vi) x-tan! ус сл 2 


1+ се“ 


1 1 
(vi) —у=х+-—+се^ 
y 2 


2 


Linear Ordinary Differential 
Equations of Second and Higher Order 


2.1. DEFINITIONS 


A linear differential equation of nth order is that in which the dependent variable and its derivatives occur 
only in the first degree and are not multiplied together. Thus, the general linear differential equation of the nth 


d" y d" ly 
n 


+P, цан? Y | p. у= Х, where Ру, Po, ...... P P, and 


order is of the form FEED п-1 Jy REESE 
x 


X are functions of x only. 


A linear differential equation with constant coefficients is of the form 


- -2 
d" d" 1 d" d 
3 а У а, 2 +. +a, Ча у= Х (D 
dx dx dx dx 
where а, а, ...... ,4, ,,d, are constants and X is either a constant or a function of x опу. 


First of all we discuss solution of linear differential equation with constant coefficients. 
2.2. THE OPERATOR D 


The part = of the symbol К may be regarded ав an operator such that when it operates on y, the result 
x x 


15 the derivative of y. 
d? d? ат 


Similarly, : ‚зе, 
а? dé dx" 


may be regarded as operators. 


> d d us 
For brevity, we write — =D, — =D’, ---, 
dx dx dx” 
Thus, the symbol D is a differential operator or simply an operator. 


n 
d n 


Written in symbolic form, equation (1) becomes (D” + ау В" +a, D"? « ...... t+a,_,;D+a,)y=X 
or f(D)y2X 
where fD) =D" +a D"! aD". cota ое 
ie., f(D) isa polynomial in D. 
The operator D can be treated as an algebraic quantity. 
i.e., D (u+v) =Du+Dv 
D (u) =À Du 
D’ ри =D’”*1u 
D ри = 0 Ри 
The polynomial f (D) can be factorised by ordinary rules of algebra and the factors may be written in any 
order. 
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2.3. THEOREMS 


Theorem 1. If y yj, у= у, ......... ‚у= у, аге п linearly independent solutions of the differential 
equation 
(D" + a; D"! + a, D"? +...... +а)у=0 ..40) 
then u- c; y; + C3 yo +......... + c, y, is also its solution, where сү, Со, ......... , €, are arbitrary constants. 
Proof. Since у= уу, у= y, ...... ‚ у= y, are solution of equation (7). 
YH Vie ыз: УУ, Ч 


Р” y +a р”! y +4 pes yt ta, у =0 


Р” уу +a р”! У + ад р? У + +a, у = 0 


.. (i) 
D" y, +а В"! y, +a, D" ? y, 4a, y, =0 
Now, О"и+а, D"! и+а, D"? и+...... tau 
=D" (су +C Yat... *c,y,) +а D'^l (e yp 65 у+...... tc. yg) 
+a, D'7? (cy y, + Oy ya ...... СУ) Eze wie зы эе +а, (C1 Yi + со у +... +С, Vp) 
zc (D'y, +a D^! y, aD"? y, +... +a, y) + D y, a, D^! y, a; D"? y, +... a, у) 

T esse эн жс, (D'y, ta, D”! y, +a, D"? y, +... a, Yp) 
=c; (0) + c5 (0) +... +с, (0) [ - of GÒ] 
=0 

which shows that u = c, у, + сә y + ...... + c, У, is also the solution of equation (i). 


Since this solution contains n arbitrary constants, it is the general or complete solution of equation (1). 
Theorem 2. [fy = и is the complete solution of the equation f (D) у= 0 and y =v isa particular solution 
(containing no arbitrary constants) of the equation f (D) y 2 X, then the complete solution of the equation 
РР) у= Х is y=u+v. 


Proof. Since у = и is the complete solution of ће equation f(D) у= 0 .440) 
Л /@)и= 0 ..-(ii) 
Also, у =v isa particular solution of the equation f(D) y= X .. (iii) 
. f@)v=X (у) 


Adding (ii) and (iv), we have f(D) (и+у) = Х 
Thus у= и+у satisfies the equation (iii), hence it is the complete solution (C.S.) because it contains п 
arbitrary constants. 
The part у = и is called the complementary function (C.F.) and the part y = у is called the particular 
integral (P.I.) of the equation (iii). (P.T.U., Jan. 2010) 
The complete solution of equation (iii), is y = C.F. + P.I. 
Thus in order to solve the equation (iii), we first find the C.F. i.e., the C.S. of equation (i) and then the P.I. 


i.e., a particular solution of equation (iii). 


2.4. AUXILIARY EQUATION (A.E.) 


Consider the differential equation (D" + а; D"^ ! c a; D"? + ......... +a,)y=0 440) 


™ be а solution of (i), then Dy=me™, Р?у=т?е"*,...... , D"? y = m"? е" 


D’- 1 y= m^ 1 етх : р" у= m" e"* 


Let ye 
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Substituting the values of y, Dy, D’y, ......... ‚ D'y in (i), we get 
(m" +a, m" xa, Р ны +а,)е"*=0 
ог m" - a m" +a, m"? +... + а„=0, since e" #0 ...(il) 
Thus y= e"* will be a solution of equation (i) if m satisfies equation (ii). 
Equation (ii) is called the auxiliary equation for the differential equation (i). 
Replacing m by D in (ii), we get D" x ау D'^! +a, D"? 4 ...... +а„=0 .. (iii) 


Equation (ii) gives the same values of m as equation (iii) gives of D. In practice, we take equation (iii) as 
the auxiliary equation which is obtained by equating to zero the symbolic co-efficient of y in equation (1). 

Definition. The equation obtained by equating to zero the symbolic coefficient of y is called the auxiliary 
equation, briefly written as A.E. 


2.5. RULES FOR FINDING THE COMPLEMENTARY FUNCTION 


Consider the equation (D” +a, D”! + а D”? 4 ...... +a,)y=0 .. i) 
where all the a,’s are constant. 

Its auxiliary equation is D” +a; D"! +a, D"? + ...... +a,=0 ...(ii) 

Let D =m; , m , Mz, ...... , т„ be the roots of the A.E. The solution of equation (i) depends upon the nature 


of roots of the A.E. The following cases arise : 
Case I. Ifall the roots of the A.E. are real and distinct, then equation (її) is equivalent is 


(D-m)(D-m)...... (D-m,)=0 .. (iii) 
Equation (iii) will be satisfied by the solutions of the equations 
(D-m,) y=0, (D-m,)y=0, ...... ,(D-m,) y=0 


d 
Now, consider the equation (D — ту) y=0, i.e., - —m y=0 
x 


А . 4 =m dx = 
It is a linear equation and Т.Е. = гин 


-m x 


Its solutionis y.e - [0 ‚е "“dxte, or y=qe™* 


Similarly, the solution of (О-т„)у=0 is у= се" 2* 


The solution of (D — m,) y = 015 y = c,e"n* 
Hence the complete solution of equation (1) is 


m x My x 


т х > 
У=с e + се Peete e n ... (iv) 


Case П. If two roots of the А.Е. are equal, let m, = m, 
The solution obtained in equation (iv) becomes 


тух тух 


у= (с +c) е"! +e, ttc, e” n” 2ce^* +сзе tote, е" nt 
It contains (n — 1) arbitrary constants and is, therefore, not ће complete solution of equation (i). 
The part of the complete solution corresponding to the repeated root is the complete solution of 


(D-mj)(D-m,) yz0 
Putting (D - ту) у= v, itbecomes (О-т,)у=0 ie., om v=0 
x 


As in case І, its solution is у= cj e" 
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TANT : =m x 
which is a linear equation апатЕ = е ! 


Its solutionis у.е ™* = fa ee det cy =x + Cy 
or y=(cy xtc) e^* 
Thus, the complete solution of equation (1) is 


mx 


у= (e xc) e" cc e" ec e" n 
If, however, three roots of the А.Е. are equal, say m, = m, = тз, then proceeding as above, the solution 
becomes 


у= (a xb сух + c, Je" сен Жэн c, emnt 
Case III. If two roots of the A.E. are imaginary, 
Let т =0+1В and т,-0-1д  (- inareal equation imaginary roots occur in conjugate pair) 


The solution obtained in equation (iv) becomes 


nm, x т х 


TS eltib) с, е 8-8)» ce giga eh 


т; х т, х 


Банн freee, е"? 


1 m, x 


е°* Ё (соз 8 x + isin Bx) + с, (соѕВх - i їп В x) | +суе 3" Fe 
| ч By Euler's Theorem, e? = cos6+isin® | 


т, x m х 


усе" 


гох | (e + €; cos Bx (с, -c;)sinpx «cse 


n. x т, х 


= e^ (СүсовВх--С,я8шх)-с, ет +--+ е" 
[Taking c)+c,=C,, ї(сү—с„)=С»] 
Case IV. If two pairs of imaginary roots be equal 
Let т =m=0+iß and m,2m,-oa-ip 
Then by case II, the complete solution is 


т; x m х 


у= e** (ex e e5)cosp x e (с; х+ c; )sinpx | «ese fete, eo, 


ILLUSTRATIVE EXAMPLES 


Example 1. Solve: 9у””+ Зу”—5у”+ y = 0. (P.T.U., May 2008) 
Sol. Symbolic form of given equation is 
(9D? +3D°-5D+1)y=0 
AE. is 9D? + 3D?-5D+1=0 
or (D+ 1)(3D-1)°=0 


777 


ог D=-1 


wile 


1 
2 


С.5 ву= qe“ + (с› + сз x)e? 

d*x 
Example 2. Solve : a + 4х = 0. 
t 


Sol. Given equation in symbolic form is (D + 4) x 20, where D = di 
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Its ALE. is р 4-0 ог (D*+ 4D? +4)-4D?=0 
or (D*+2)?-(2D)?=0 ог (D’+2D+2)(D’-2D+2)=0 
—2+./-4 2+./-4 
whence D= 2 апа 2 ie, 0=-1+іапа 1+1 
Hence the C.S. is х= e (c, cost +c, sin Г) + e' (сз cos t + c, sin Г). 
2 
ах g dx 
Example 3. If ~z tz a= 0; (a>0, b>0, g>0) and xza, u7’ when 1=0, show that 
dt 
x=a + (а-а) cos (а Ї: (P.T.U., May 2002) 
ах g 
Sol. ——- + —(x—a) =0 
po pí ) 
2 2 
Putx-a=y ~. = 
dt dt 
d'y g : 2,8 5 
—~4+2y=0 AEis m+2=0 «©. m=-2 (ve 
qe Be 7 b (-ve) 


| 8 TESI 
т= +і 53 E у= ао 8 cres sin [f s 
х-а= c cos 8 (c, sin 28 

Ь Ь 


when хэ0,1-0, а-а=с, 


$ . JE 
х-а= (0-а) cos,/— t+c,sin,/— t 
( ) s 2 b 


IM (о — a) 8 sin 3 tto 8 cos 204 
dt b b b b 


dx 8 
1-0, mc 4020, p À c,-20 
хааа [5 r 
8 
Hence, х=а+ (0- а) соѕ A 


TEST YOUR KNOWLEDGE 


Solve the following differential equations : 


2 а? а 
1 2 Y 38 д, 2. TY + (a & b) 2. +ару=0 
dx? dx dx dx 
а?у ау d?x „ах 
р -4— +у=0 . —> +6—+9x=0 
ui a Га 


d?y 
de ^ dx ах er 


+y=0 (P.T.U., May 2012) 
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Фу d^, а? 
7. +6 £y d +6y=0 & 27527 +ду=0 

ах dx? dx dx dx 

аёу „а?у 3 MS 2 
9. ^7 48. У+16у=0 (P.T.U., Dec. 2010) 10. (р +1) (р +р+1) у=0 

ах ах 

а? ах 
п. => а 0, given that when #=0, х= 0 and шэн 

dr? dt 

d? y dy dy 
Wear am = ——=15 
12 P p = 0, given that when x 20, у=0 and d 

d?x 
13. If Tiom x, show that x= c, cos mt + су sin mt + сз cosh mt + сд sinh mt. 
dt ` 
ANSWERS 
1. yc, ete e 2. у= с е9 e gr Pn 
2-3 2-43 
3. у= um us 4. х-(сүжсү0 e 9! 
x 

5. у= (cy +сух+сух?)уе* 6. у=ае ^ +е2 СЕЕ 
7. у= сре х+ сует P eg e 3х 8. y =c] e+ ch 6 + сз ех + сде 2 


9, у= (с + Cy х) cos 2x + (c4 +4 х) sin 2x 
1 


->x 


3 ‚Мз 
10. у= (ас xe x!)eosx (ei с; х + с; х?)зїпх +e Е LE cos x+ (es ex) с 


П. х=0 12. у= 3е- 2х sin 5х. 


1 
2.6. THE INVERSE OPERATOR FO) 


1 А А 1 
Definition: ——- X 15 that function of x, free from arbitrary constants, which when operated upon by 


f(D) 
f (D) gives X. 


Thus, f(D 1555 х эх 


f(D) and are inverse operators. 


1 
f@) 
1 
Theorem 1. FD) X is the particular integral of f (D) y = X. 


Proof. The ae equation is f(D) у= Х .441) 
1 


Putting у= 
f(D) 


X in(1), wehave fo) x- X or X=X 


f(D) 1) 
Which is true. 
1 
y= —— X isa solution of (1). 
f(D) 


Since it contains no arbitrary constants, it is the particular integral of f (D) y = X. 
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1 
Theorem 2. Prove that : E; Х = [х dx. @.T.U., May 2002) 


1 
Proof. Let =Х = у 


1 а 
Operating both sides by D, we have е х) = ру or X= - 
x 
Integrating both sides w.r.t. x 


у= | ха, 


1 
no arbitrary constant being added since у = рт contains no arbitrary constant. 


1 
—Х = [xax. 
D 
1 ax —ax 
Theorem 3. Prove that: ——— X =e [x ё dx. 
р-а 


1 
р-а 


Proof. Let Х = У 


Operating on both sides by (0-а), (D ~ a) E : х) =(D-a)y 
-а 


ау | dy 
X=? -ay ie, Z -ay=X 
or do 79 !4 B® 
which is a linear equation and Т.Е. = | (e ох 
Its solution is ye ^ = [xem dx , no constant being added 

or у= e^ [xe dx 

Hence, Х=е" [== Хах. 

-а 

2.7. RULES FOR FINDING THE PARTICULAR INTEGRAL (P.T.U., Dec. 2004) 


Consider the differential equation, (D" +a, р"! +a, D"? ... жа, у р+а,) у= Х 
It can be written as f(D)y =X, where f(D) = D' +a, D^! c a; D"? +... жа, (0 Ба, 


1 
РІ.= — X 
f (D) 
Casel. When Х= е“ 
Since D e? z a e^ 
D? ей = a ей 
p'-! е = а"! е 


р" е = а" е 
f(Dye* = ("+ a,D^^1 на, D”? + a, (Da, 


п)е 
= (aca a" raya toca, (qaae 
=f(ae™. 


1 
Operating on both sides by FO) : 
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ax 


jay (1 e*) = qs rto e) ог e of у) 


qe А l ах 1 
Dividing both sides by f (a), Ta e TO) 
1 ах — 1 
70) fw 
Case of failure. If f(a) =0, the above method fails. 
Since f(a) =0, D=a isarootof А.Е. f(D) = 
. D-aisafactor of f(D). 
Let f(D)-(D-a)6(D), where $(a)z0 ...(0 
1 ах 1 1 ах 1 1 ах 


Then | е = e" = . е^ = . е 
ҒО) (D—a)9(D) D-a ф(0) D-a (a) 


ОШ d 
b. D-a 


e^ , provided f(a) = 0 


Hence, ах | provided f(a) = 0. 


1 : 
e™ = e^ [е^ -ё © ах [By Theorem 3] 
ф(а) 


ENTE e” fi dx = x: — е“ ...(ii) 
Differentiating both sides of (7) w.r.t. D, we es f'(D)z(D-a)$' (D) 6 (D) 
> f'(a)-0(a) 
From (ii), we have 7 D е Lx. ES е“ , provide Г(а) = 0 
1 


7 Ї 2 : 
Е (а) =0, then e^. = х^. —,—- e^. , provided f'' (a) = 0 
f (D) f (a) 


and so on. 


or 


Example 1. Find the РІ. of (03 – 3D? + 4) y = e”. 


1 2х 
3 тоос 
р”-30:-4 
The denominator vanishes when D is replaced by 2. It is a case of failure. 
We multiply the numerator by x and differentiate the denominator w.r.t. D. 


Sol. PI. = 


: 5 1 e 
3D* —6D 
It is again a case of failure. We multiply the numerator by x and differentiate the denominator w.r.t. D. 


РЇ,- х 


2 1 2х 2 1 2х Х 2x 
РІ = х: е ши Эн е = ёл: 
60-6 6(2)-6 6 
Case П. When X = sin (ax +b) or cos (ax +b) (P.T.U., Dec. 2005) 

D sin (ax + b) =a cos (ax + b) 
Р? sin (ax + b) -(-а2) sin (ax + b) 
D? sin (ax + b) = — à? cos (ax + b) 
D^ sin (ax + b) = a^ sin (ax + Б) 

(D2)? sin (ax + b) = (-а2)? sin (ax + b) 


In general, (19297 sin (ax + b) = (— а2)" sin (ax + b) 
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f(D?) sin (ax + b) 
= [(D2)" + ay (D2yt- 14 ay (02и-2+...... t, | (D2) + à, ] sin (ax + b) 
=[(-a?)" +a, (C a2! - 1 ад (– а2)" -? 


un *a, | (= а?) + a,] sin (ax + b) 
=f (= a2) sin (ax + b) 


Operating on both sides by 


7) 


7) | (р?) (р?) sin (ах + »|- ДБ" -а?) sin (ax+b)| 


or sin (ax + b) = pp AP) sin(ax+b). 


Dividing both sides Бу f (— a? 


| : 3 sin (ax + b) = 7 sin (ах + b) , provided f(— a2) #0 
-а 


f(D) 


1 
Hence 


sin (ax + b) = | 5 эт (ах + 2 , provided /(- a2) #0 
| Ла) 


1 1 
Similarly, oy 008 (ax + Ь) = 75ү 08 (ах + b) , provided /(— a2) #0 
f(D’) f(-a’) 


Case of failure. If f(— a2) = 0, the above method fails. 
Since cos (ax + b) + i sin (ax + b) = е! (ax +b) | Euler’s Theorem 


75) [cos (ах+ b)+ isin (ax+ b)]= 75) „баз 


[If we replace D by ia, f (D2) =f(- a2) = 0, so that it is a case of failure] 


1 i 1 
жээ эш" = х. [cos (ах+ b) + isin (ах+ b)| 
re) /'(р') 
1 
Equating real parts zy COS (ax +b) = х: cos(ax+b) , provided f'(- a?) # 0 
fip] 7 ) 
а 1 
Equating imaginary parts 5) Sin (ax + b)-x- sin (ax +b), provided f'(- a?) = 0 
гр) 12 
1 1 


If f'(a?) =0, then sin (ax+ b) = х2:  ———— sin (ax +b), provided /”(— а2) = 0 
[2 ri) 


3 cos (ах+Ь) = x? - ———— cos (ax +b), provided f"(— a2) #0 


ЕРЕ 


Гр 
апа 80 оп. 
Example 2. Find the P.I. of y" — y" +4у' - 4y = зїп 3x. (P. T.U., May 2008) 
Sol. Given equation in symbolic form is 
(D? - D? + 4D - 4) y = sin 3x 
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1 


РІ. = — = sin 3x 
D? -D! « 4D- 4 
1 А 2 
= sin 3x [^ Put D^- 
-9р-9-40-4 
мэ” "эсэн? 
-50-5 5(1- D) 
1-0 
z——— —sin3x = к sin 3x [ Putting D? = 
s(i- D?) 5 (1+9) 


lr. А lr. 
- 50 [ sin 3x+D (sin 3x) | = 50 [sin 3x +3 cos 3x] 


Case Ш. When X =x’, m being a positive integer 


1 
Here P.I. = —— x" 
fD) 


67 


—9] 


—9] 


Take out the lowest degree term from КО) to make the first term unity (so that Binomial Theorem for a 


negative index is applicable). 
The remaining factor will be ofthe form 1 +ф (D) or 1—9(D) 
Take this factor in the numerator. It takes the form [1 + ф (Dri or [1-9 (Dri 


Expand it in ascending powers of D as far as the term containing D”, since D" + ! (ху = 0, p" *2(m =0 


and so on. 
Operate on x” term by term. 
Example 3. Find the РІ. оў (02 + 5D +4) y =x? + 7x + 9. 


Sol. PI. 2-—— —— (x? +7x+9) = 


t 5D анты) DP аулан) 


4 16 
21 
^4 


= (2 +7х+9)-З ох) + о (843442) 
4 4 16 4 8 


(8 7:49)-2 лано) ED 749) 


2 
Case ТУ. When X = e** V, where V is a function of x 
Let u be a function of x, then by successive differentiation, we have 
D (е u) = е Du +a ей и= е (D+a)u 
D? (ейи) = D [е9 (D + а) и] =e“ (02 + aD) u + ае (р + а) и 
=e (р? + 2ар +a?) u 2 е (р + au 
Similarly, D? (eu) =e" (Da и 


=f 2 
D D’ 1 р р? D D’ 

12525 (x? +7х+9)= ij E ub. e (7x9) 
4 4 4 4 4 4 4 
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or 
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In general, D" (e** y) 2 e** (D + ay! u 
f(D) (еи) 2 е f(D +а) и 
: : 1 
Operating оп both sides by TO» 
1 ах = 1 ах 
та 7009) = Más fox] 
ах zx 1 ах 
> ей и = f(D) le f(Da)u| 
. _ 1 
Now, let ТО +а)и =V, ie, u= Fora ...(i) 
From (i), we have e% : У= : Gi v) 
fD+a) ҒО) 


lua a 1 
з“ V)=e ET 


: 1 
Thus, e^* which is on the right of FO) may be taken out to the left provided D is replaced by D + a. 


Example 4. Find the P.I. of (D? —4D + 3) y = ех cos 2x. 


1 1 
Sol. P.I. = ———— 6 cos2x=e" 5 со82х 
D^ —4D+3 (D+1) -4(D4D43 
1 : 1 
=e 5 cos 2x = е“ 5 cos 2x [Putting р2= – 22] 
D^-2D -2* -2D 
1, 1 Р 2-р 
== е соѕ2х = е соѕ 2х 
2 2-0 2 (2+р)(2-р) 
1 ,2-D 1: 2-р 
=--е 56082х=——е — ———— 0082Х 
2 4-D 2 4-(-2") 


E -+ е* (2cos 2x-Dcos2x)- -+ е* (2cos2x + 2sin 2х)= -4 е* (соз 2х+ sin 2х). 


Case У. When X is any other function of x. 
Resolve f (D) into linear factors. 


Let f(D) =(D—m,)(D=my) ......... (D-mj) X 
Then Р]. = : Х- : 
f)  (D-m)(D-m;)--(D-m,) 
A A A 
- + 2 ар n |X (By Partial fractions) 
D-m D-m D-m, 


КА eec ox 
D- 


1 n 


= А, етх хетта, gma xen ах tA, e [xe ах 


1 
See solved example 11 (art. 2.8) | Es ees Х=е" јх e n d Р 
= т 
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Example 5. Find the particular solution of y” + а?у = sec ax. (P.T.U., Dec. 2002, May 2012, Dec. 2013) 


Sol. Particular solution of y” + а?у = sec ax 


= үр зес ах 
1 
= весах 
(D + ia) (D — ia) 
to 8 
Е 2ai _ 2ai авгай (By Partial fraction) 
D-ia D-ia 


1 1 1 
= - — зесах — зес ах 
2ai | D — ia D+ia 
е!“ fe ах sec ax dx— e ёс Је" ѕес ах ax} 


[ 


= — (e^ | (сов ax — isin ax) зесахах-е “ | (cos ax + isin ax) sec ax ax} 


e [а — itan ax) dx — еіах [а + ап ax) ax} 


а ES E |: +; log cos _ етих (- i log cos 3 
2ai а а 


1 , Р i | P 
= ——4x(e^ —e “*)+— log cos ax (e^ +е e) 
a 


1 ЯГ i 
= — 9х: 215ш ax + — log cos ах · 2 cos ах 
а 


COS ах 


1 А 
Ev b sin ax + log cos as} 


a 
2.8. WORKING RULE TO SOLVE THE EQUATION 


a” а"! а"? d 
> 7 7 a, 49-4, y - X 


dx" Ta ta 72 к di 
Step 1. Write the equation in symbolic form 

(D" ca, D"! +а›0”-2+............... +a,_;D+a,)y=X 
Step 2. Solve the auxiliary equation 

D” +a, D”! +a, D”? +............... *a, D+a,=0 
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Step 3. Write the complementary function with the help of following table. 


Roots of the А.Е. C.F. 

1. If roots are real and distinct say спе! c, e"? +0308 +...... 
ту, m», тз 

2. Iftwo real roots are equal say С.Е. = (c, * c, x) e" + сз ё 35 +...... 

3. If three roots are equal m, = m, = тз =m С.Е. = (c * c5 x * €3 x2) етх + с4 e 4* +...... 

4. If roots are a pair of imaginary С.Е. = &** (c, cos В x + с, sin Bx) 
(non-repeated) numbers (say) a + i В. 

5. If pair of imaginary roots is repeated C.F. = е0 {(c] + су x) cos Вх + (сз c4 x) sin Bx} 
twice, ie. o. x ip, oxi. 


1 
р” +a D”! +a, Од 


Step 4. Find the particular integral i.e., P.I. = X with the help of 


n 


following rules. 
Functions Particular Integrals 
1. When X -ед then PI. = Put D=a 
f(D) 
е 


= TG) , provided / (а) = О. 


In case f(a) =0 then multiply by х and differentiate the denominator w.r.t. D and continue this process 
untill denominator ceases to be zero on putting D =a. 


2. When X = sin (ax +b) PL-. | . sin(ax+b) or cos (ax + b) Put D? = 2 
0189) 
ог cos (ах + b) | 
= 845) sin (ax+b) or cos (ax + b) provided С-а2) #0 
—а 
In case of failure apply to above mentioned rule of (1) case. 
3. When X= x" then РІ. -[f(D)]!x" expand f(D) By binomial theorem up to D" and 
then operate on x”. 
: 1 
4 When X- e** V, РІ. = е ————V 
fD+a) 
1 
5. НХ is any other function of x, then P.I. = == Х . Resolve ! into partial fractions and operate 
f(D) f (D) 


each partial fraction on X. 


6 Remember ох - [xax and Х—=е© хе“ dx 


—u 


Step 5. Then write the C.S. which is C.S. = С.Е. + PI. 
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ILLUSTRATIVE EXAMPLES 


Example 1. Solve : (D? + D + 1)у = (1 + sin x)’. (P.T.U., May 2007) 
Sol. (D? + D+ 1) у= (1 + sin x) 


-15,1-4 
AE. isD?+D+1=0..D= = 1:3 
2 2 2 
СЕ= е? ко 2202 
2. 2. 
1 
РЇ- (1+5)? = +258 x+ sin? x} 
р +р +1 р +р+1 
1 1- 2 1 1 
= нон = Ч. 7 fB asin x= 300s 2s] 
D^ -D-«l D4-D-112 2 
1 
= ем 2—5 sin x 5 cos 2x 
2 р"-0-1 р +р+1 2р +р+1 
(Put D 2 0) (Put D2 =- 1) (Put D? 2— 4) 
кол аа E cos2x = 3 +2( cos x) : БЭЭ diss 
2 р р-3 2 2p?-9 
1D 3 1 
=f 2 cos x +3 00s 2x = ~~ 2008 х+ 2- [- 2sin 2x +3 008 2x] 
2 2 —13 2 26 


= о Ый jid on 2x 
2 13 26 


-Х 


EE 3 . V3 1. 
C.S.isy= e? | c cos —x- ce dia bc uec Ши РУТА 
2 2 2 13 26 


Example 2. Solve : (0-2) y = 8 (e?* + sin 2x + х2). (P.T.U., Мау 2009) 
Sol. A.E.is (0 -2)2=0 .. D=2,2 
С.Е. = (c4 * c5 x) е?х 
РІ. = NS [8(е?* +sin 2?) =8 a ro Т. = sin 2x+ : zat 
(D-2) (D-2) (D-2) D-2) 
1 5s 
Now, EE Put D 22; case of failure 
(D-2) 
1 29 ) 
= Х.е | Put -2.Саве of failure 
2(D-2) 


1 
— —;sin2x = —— — —sin2x = , — — sin 2x [ Putting 02--22| 
(D-2) D? -4D44 -2?.4Ds4 
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sin 2x = — : [sin2x dx = : 
4D 4 4 


2 


Hence the С.5. is 


1 1 1 
2 2 ghz ! 


gc 
pr di 
2 
ж еее 
4 2 2 
epe ion) 
4 2 


CDCI) 
2 


cos =) 1 
= 8 cos 2x 


2 
1 1 
PI. = Е ее он e) = 4х2 e?* + cos 2x + 202 + Ax 4 3 


y = (c, +C) X) e?* + 42 е?^ + cos 2x + 23? Ax +3. 


Example 3. Solve : (D + 2) (D- 1 y 2 e-?* + 2 sinh х. 


Sol. A.E. is (D +2) (D—1)2=0 


1 


D=-2,1,1 
СЕ-сүе 27+ (c3 +032) е 
1 
(D + 2)(D - 1)” 


PL= Ган + 2sinh х) 


1 —2х х 
(0+ 2)(р 1)? ( 


-2Х 1 1 -2х 1 1 -2х 
— Биш 2L : 
(0+2)(р-1) D+2 rx: | pec | 


1 


А 1 1 | 1 1 > 
(D42)D-D? * ssa |o nz 


1 


E AR 
3 (p-1? 
1 1 ? 


- 1 


(D+2) (D-1? ° 


TUE 
жүүн > 


Put D=—2 
Case of failure 


Put D=1 
Case of failure 


Put D=1 


Case of failure 
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Mae eee 
9 6 
2 

211 : 

Hence the C.S. is у= € e 2*4 (c5 + c4 x) e* + : аар - e+ A e^ 

d? y 
Example 4. Solve : di = у= cos x cosh x. (P.T.U., May 2007, 2011) 
x 


Sol. Given equation in symbolic form is (D^ — 1) y = cos x cosh x 
AE.is 04-1=0 or (02-1) (02+1=0 :. D=+1, +i 
СЕ =c] 6 * c € 7 + е0 (c, COS X + Сд Sin x) 
=C] € + Cy е^ + C3 cos x + Cy sin х 


PI = l cos x cosh x = cosx Аш 
D'-1 D'-1 2 


1 1 1 1 1 1 
= E E бб e^ л) = — | e" обата "— — cosx 
2| DT Di 2| (D4D-1 (Db 31 
11, 1 25 1 
zi de Я ^ COS X - t 5 5 : COS X 
2 D“ +4D° +607 +4D D'-4D' +602 - 4D 
Put D? =-1 
l|, 1 22 1 
--16 : cosx+e 3 COS X 
2 (-1) +4D(-1)+ 6(-1)- 4D (-D* –40(1)+ 67 1)- 4D 
1|, I 21 1{e*+e* 1 
=— |е — cosx+e “—cosx |=-— cos x 2 — — cosh x cos x 
2 —5 - 5 2 5 
: . x | 1 
Hence the C.S. is y =c] e* + Cy € * + сз cos x + сд sin х – 5 cos xcosh x . 
d? 
Example 5. Solve: Р +4y = хіп 2х. (P.T.U., Dec. 2002) 
x 
Sol. S.F. of given equation is 
(D? +4) y =x sin 2x 
A.E.isD?+4=0 .. D-z2i 
С.Е. is е (cos 2x + i sin 2x) = cos 2x +i sin 2x 
PI xsin 2x = Imaginary part of | _ 
1. = х = хе 
D? +4 PUMP D? +4 


= Imaginary part of ^^ —— сэ х 
(D+2i) +4 
i2x 1 


= [maginary part of e ^ —— ———— х 
шин D? - 4iD- 44.4 
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i 1 
= Imaginary part of е'?^ -- 2103 
4iD | | 


p^ рТ! 
= [maginary part of 1-— х 
asa p 


‚ 12х : 
Я -16 1 iD 
= [maginary part of д“ | + | х 


їе? 1 i 
= [maginary part of = E | 


—i (cos 2x-isin 2x) 


= [maginary part of 4 


х? хо. 
=— —cos2x+— sin 2x 


C.S. isy =C.E+PL 
2 


х2 ix 
. + 


х хо. 
= c, cos 2x +c, sin 2x — — cos 2x + — sin 2x. 
i и 8 16 


Example 6. Solve : aa = 2% + у= хе" sinx. 
ах ах 


(P.T.U., Dec. 2003, Jan. 2010, Dec. 2010, May 2011, Dec. 2012) 


Sol. Given equation in symbolic form is (D2-2D +1) y-xe*sinx 


AE.is р2-20-1-0 or (D-11220 . D=1,1 
СЕ «(сүжсэх)е" 
1 
PI. = ——, e”. xsinx =e" .——— xsinx 
(0-1) (D+1-1) 


1 1 
=e пу xsinx=e"— | xsinx dx 
D D 


1 1 
Integrating by parts = е* 5 E ( cos x) х cos X) а =e" 5 ( x cos 


X sin x) 


=e" [С xcos.x+ sin x) dx = е" БЕ x-fi .5іп x dx} -cosx | 


= е“ |- xsin x- cos x- cos x]= -e* (xsin x+ 2cos x) 


Hence the C.S. is y = (сү + су x) е-е (x sin x + 2 cos x). 
2 
Example 7. Solve : E =2 dy + у =e sin x. 
dx dx 
2 
501. аа 
ах? ах 


S.F is (02-2р + 1) y=e*sinx 
AE. ism2-2m+1=0i.e, m=1, 1. 
C.F. is (cy + сэх) e* 


(P.T.U., May 2006, Dec. 2011) 
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1 А 1 хог: 
В е* sin x = ;€ sin x 
52-20% (D -1) 
T : sin E 
=е X =e*.—~sinx 
(D 41-1) : 
Put р2--1 
х Sin x ыт 
= =—е” sinx 
-1 
C.S.isyz С.Е +PI. 
у= (cy + сох) e* - е sin x = е [c] + cox — sin x]. 
Д : : 4 2 = 43 
Example 8. Solve the differential equation (D^ + D^ + 1) y 2 e ? cos E x |. (P.T.U., Мау 2004) 


Sol. (D++D?+1)y= e 2 col x 


z 


A.E.is т®+т?+1=0 


when 


then 


i.e., two values of m corresponding to cis 


ай _ 
2 


2 


2 


l,, 
ti 


43 
2 


ны and cis E 
3 3 


2T 


27... 2л 2 .. 
т = cos—+isin— and cos — — i sin — 
3 3 3 3 


2 
2kn + 2" 
т = сї$ 3 ,k=0,1 
. 27 8 | . 4T 
m = cis—, cis— = cis—, cis 
6 3 
т, 4л A8 3 
, cis — are — +i 
3 2 2 


Other two values are obtained by changing i to- i. 
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1 
Four values of т are jud. : + #3 
2 2 2 2 
1 
Be 3 . y3 
СЕ = e? [s A 222 


1 


X 
+e ? 


| 
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В 


3 , 
C4 PERSE Х-Сд PESE 


2 [Using art. 2.7 Саве ТУ] 


= 23 ! «| 
pt 2p? aip ip 
2 16 
D2 = -> 
ши Е 321 =| 3 
+—D D+ 
16 8 2 16 
E 1 3 . . 
=e 2 — cos| — x i.e., case of failure 
0 2 
=e 3 cos a 
4D' -6D^ +5D-> 
pisc 
4 


_ 2 (0р-3) 43. -xe? 
= xe cos X Я 
-12 2 12 
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5 
= nd 


12 


C.S.is у= С.Е € PI. 
у ВВ 
у=е а а д ет +е C4 NE NE AE 


x 


2 
ee : [Bsn eas 


12 
Example 9. Solve : (D? — 6D + 13) y = 8e" sin 4x + 2". (P.T.U., Dec. 2005) 
Sol. A.E.isD? - 6D + 13 =0 
6+ /36—12 
СЕ = &" (c, cos 2х + c, sin 2x) 
1 Зх. X 
PI. = —— — —— (8e** sin 4x +2’) 
D? -6D +13 
28-24 Pind — 1—7 
D? — 6D +13 D? — 6D 4-13 
-86 5 : sin 4x + — Á— i 
(D+3) -6(р+3)+13 D^ - 6D +13 
3x : 1 xlog2 
= 8e 7 sin 4x + Еэ” EDEN B 
D? +4 D? — 6D 4-13 
(Put D? =— 16) (Put D = log 2) 
1 1 | 
-865.---- sin4x+ 5 а? 
—16 +4 (log 2) -61ю82-13 
3х 
= sin 4x + | Ч 
-12 (1052) — 6102 2-13 
2% 1 


х sin4x + 5 27: 
(оё 2) -61082-13 


CS. is y = e** (c, cos 2x + cy sin 2х) – Be 


Example 10. Solve : (D? + 2D + 2) y =e sec x. (P.T.U., Dec. 2002) 
So. A.E.isD?+2D+2=0 


24/48 BEN _ 1, 


2 2 


СЕ =e™ [су cos x + c; sin x] 
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1 —х -Х 1 
PI. = => 6 зесх=е` 3 sec х 
0? +2D+2 (D-1) +2(D-1)+2 
е“ : sec x = e™ sec 
= = X 
2+1 (D & i) (D - i) 
E 1 
2 2 
ze 1 __*! [sec x [By Partial fractions] 
D-i D-*i 


Now, -secx =e" I sec x dx = e" | (соз x—isin x) dx 
і OS x 
= е" [@- i tan x) dx = е [x+ i log cos x] 
Similarly, - sec x = е [x — i log cos x] 
PI. = 2r [е^ (x + i log cos x) - e^ (х – i log cos x)] 
i 
e^ ix іх : ix —ix 
= 5: [x (e" —e™) + ilog cos x (e^ * e ^)] 
i 
= z [x: 2i sin x + i log cos x- 2 cos x] = e^ (x sin x + cos x log cos x) 
i 
C.S. is y = e" [c] cos x + c, sin x + x sin x + cos x log cos x]. 
а?у „ау e 
Example 11. Solve : ауе а (P. T.U., Dec. 2003, 2012) 
dx dx 
2 
Se СЕ, 
ах? ах 


S.F. is (D2+3D+2)y=e 
А.Е.іѕт2+3т+2=0 у. mz-1,-2 


C.F. is се * * c5 e?* 


1 2 1 QU 
(D +1) (D +2) 


PL= 


1 1 х 
= - e [By Partial fractions] 
р-1 D+2 
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1 e* 1 e* 
е е 
р +1 р +2 


NE 
D-a 


E e* [e та dx- e ?* fer et dx Х- e” [== X dx 


Put e=t 1. е“ах=ш 


e fe dt- e” Г. e dt Ze*e-e?* (t— 1) е! 


х 


-e*e* e? (gk 1) ef 


ех 


=e [et -e* + e2] = ex е 


Example 12. Solve : (D? — 4D 4 4) = 8x? e?* sin 2x. (P.T.U., May 2002) 
Sol. (D? - 4D +4) у 8х2 62 sin 2x 
AE. is т2-4т+4=0 ог(т-2)/-0 2 m=2,2 


С.Е = (су + сох) e% 


1 1 
LL > 8x? е2* sin 2x = eT: 8x? e™ sin 2x 
02-40 +4 (D-2) 
2x 1 2 2х 1 2 
= 8е 7 * sin 2х = 8e —5х sin 2х 
(р-2-2) 


; 1 
= ge? р ЇЕ sin 2x dx Integrate by parts 


-se s feo 2: 21 шинэ! 


1 | x?cos2x  xsin2x соз = 
+ + 


2x 
-28e^. 


D 2 2 4 


cos 2x 


= 4e? ic x? cos 2x + x sin 2x + | dx Integrate by parts 


zu ин 2) А ЕЕ 2 of мех ien 


sin 2x sin2x sin 2х 
— x cos 2x + + 2 


= 2е^* - x? sin 2x — x cos 2x + 


= 2e” - x? sin 2x - 2x cos 2x + 5 sin >» 


=~ е2 [(2х2 — 3) sin 2x + 4х cos 2x] 
C.S. is у= (сү + Cy x) е2 — e** [(2х? — 3) sin 2x + 4x cos 2x]. 
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Example 13. Solve : (D? + 2D? + D) y = x? ех + sin? x. (P.T.U., June 2003) 
Sol. А.Е. ism? + 2m? « m 20 

m (m? 4 2m 1-0 or m(m+ 1)2=0 or т=0,—1,—1 
СЕ-с, eo + (Cy + сз х) е = су + (с + зх) е“ 


1 ay 22 1 2 х , l-cos 2x 
PL= —— hk € sin x) = =—— X e — 
D’ +2D°+D D’+2D°+D 2 


1 : 1 1 1 
— ы 35 1 
D’+2D°+D D’?+2D°+D\2 D’?+2D°+D\2 
x 1 2 1 1 ox 1 1 


4 2 x +. E 5 е тет 3 cos 2x 
(D+1) +2(D+1) +(р +1) 2 D°+2D°+D 2 D'-2D'«D 


=e 


(Put D = 0; Case of failure) (Put р2=- 4) 


х 1 2. 1 x 0.х 1 1 
= 5 : x“ + 5 е ; cos 2x 
0° +5D° +8D+4 2 3D°+4D+1 2 -4D-8+D 
(Put D 20) 
x 2 317! 
е 8р-50:-0 2 x 1 
= 1+ x ++. cos 2x 
4 4 2 2 3D+8 
“| 2453 2,m2 Y 
e 8D +5D +D 8D +507 +D 2 xX 3р-8 
= 1 + X^ IL — cos 2x 
4 4 4 2 2(9D? - 64) 
“Г 8D 5D? D 
ENP хар 2: оваз 
41 4 2 2(-36-64) 
ё| 8 11 x 1 | 
= Х 2х) + 2) |+ 3(— 2 sin 2х) —8с0$ 2x 
2-8 (ол) |+ ao C 2n 23) вв] 
2 11 2 
Нэрт эв лт» 
4 | 2 2 100 25 
x.t lo DNE QUEE . cos 2 x 
C.S. y= c] + (c3 + сз X) e™ + ЯГ ом 
which is the required solution. 
TEST YOUR KNOWLEDGE 
Solve the following differential equations : 
Фу 2 х а?у _ x? 
1. ua 9 ESSE 2. усална 
dy а dy d 
3. M жуз 2cosh x 4. (a) PR SERE 
(b) (D2 + a?) у = sin ax (P.T.U., May 2009) 
фу dy d Ф 
5. а у=эіп2х 6. “үр ty =sin3x—cos? > 
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7. (р?- 4D + 3) y=sin3xcos2x 


81 


(P.T.U., Jan. 2009) 


d? | 
8. (02-30 +2) у= бе 3" + sin 2x 9. <a +4у=е*+ып2х 
х 
3 2 2 
а 
10. FY 30 Y 449 дхуынэх n. 27 _4у= 22 
ах ах ах ах 
ау а? а ау а 
12. 83-53.-69-1-2 13. СУ Mar tart 
d? ах dx ах“ dx 
42 
14. ~~ +у=е?^+созһ2х 4x3 15. (02-30-2|у-26"со82 (РТ, Dec. 2003) 
ах? 2 
Hint: РІ. = 5 І 2е cos ~ = 2e* 5 і = 2е* 2 соз 2 
D? -3D42 2 (2+1)? -30 +1) +2 р -р 2 
а? а | Дд 
16. AM 2-х indy 17. ухан дайн 
X X 
18. (D2-2D) у= e* sin x 19. (D2 +4D + 8) у= 12 е 2 sin x sin Зх 
2 
а? d 
20. £2 у= х? ех ех cos2x 21. У + у= созес x 
ах ах 
а? | 
22. (D- 12 (0 + 12 y= зїп? 7 betty 23. 2 -4ycasinha (P.T.U., May 2012) 
X 
d? 
24. (02-1) y=xsinx + (1632) e 25. “2 +4у=4шп2х 
X 
ANSWERS 


=x 


1. у=ае «e Ё es, + сз 9 +3 + — 


2x -2х 1 2 х 1 2х 
2: =cje cte ————e +—xe 
ший : 4 3. 4 
3 у=е (c cosx +c sinx) - Le lg 
у : ? 10° 2 


1 
4. (а) у=е* (a cos2x + c5 sin 2x) + 55 (3008 3x — 2sin 3x) 


X COS ах 
2a 


(b) у= с cos ax + c, sin ax — 


E : 1 : 
5. у=ае "+ сусозх + сзвіпх 7 (2c0s2x — sin2x) 


55 1 1 1 
6. у=ае +е2 ВЭ em + — (sin3x + 27cos3x) — = — — (cos x — sin x) 
2 730 2 4 


2 


1 1 
у= сех c e” +—(l0cos5x - 11sin5x) + — (sin x + 2cos 
7. у= де + сое 8843 х x) 20 (sin х x) 


2x 


3 a 1 : 

x x 

. у= + + + 3cos2x — sin 2 

8. у=ае +ое 10 50. х х) 
: Y ой 

9, ган адаг ЕЕ т. 


10. у=аче“ (с› cos 3x + c3 sin RES + i 5 +sin 2x) 
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. * 1 1 
11. у=сүе?*+ сое шэн (25) 


4 2 
12. у=с се“ ce? з x 125. 
Edd La M 18 2.6 
3 

БЭ. 
13. у= с+се ig ee 
12 


: 1 
14. у 70083 + саш х + се E cosh 2x + х? 6x 


15. у= де + суе?" 8 2sin= + cos% 
5 2 2 
= x 2x 1 3x 1 4 
16. у= де + сое + е (2x - 3) + — (3cos2x — 51п 2х) 
4 20 
x =y% * 1 x 
17. у= се +e аз илэг У COS X 
1 
18. у=а ted - Ємах 


жи! 


1 
19. у=е (cq cos2x + c;sin2x) + ги 3xsin 2x + cos4x) 


х 
11 11 121) 17 


21. у= с соѕ x+ c, sin x+ sin x log sin x — x cos x 


№ 50) x 
20. y = qcos 2x + су sin 2 x + х + + (4sin2x cos 2x) 


2 


22. y- (e t сух)е*+ (сз + сах) е ^+ 5 -3 cosx + - ex 


2x 


= @ 2 
23. се" +сзе - = sinh x — É cosh x 


1 1 
24. у=сүе*+с)е *- LE + cos x) + Bp (2? = 3x+9) 


25. у= су cos 2x + c; sin 2x — cos 2x log (sec 2x + tan 2x). 


2.9. METHOD OF VARIATION OF PARAMETERS TO FIND Р... (P.T.U., May 2004) 


Consider the linear equation of second order with constant coefficients 
Фу 


ах? 
Let its C.F. be у= суу + со y; sothat y, and y, satisfy the equation 


+a, Dea y-X 


2 


y dy 
ta ta 0 
2 1 ] 2 У 


ах 


Now, let us assume that ће P.I. of (1) is у = uy, + уу), where u and v are unknown functions of x. 


Differentiating (3) w.r.t. х, we have у = иу +v yj +w у +уу = uy, * vy 
assuming that и, у satisfy the equation w y; +v y,=0 
Differentiating (4) w.r.t. x, we have y" = uy," +и у  vy3" +v у, 
Substituting the values of y, у and y" in(1), we get 
(uy, * u y, + уу +v yj) + ay (uyi + уу) + a5 (uy, vy) =X 
or uQ” + ay уг +a у) +v O +a yy +аз уз) +и уу +у уу =X 
ог и y, +v yy 2X Since y, and y, satisfy (2). 


NU 


‚..@ 


.. (3) 
.. (4) 
.. (5) 


.. 6) 
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0 ж и м Х 
Solving (5) and (6), we get и’ = „|+, J= _22^ 
X y» Я Yz W 
» Of у x» X 
and yz, +|, A N^ 
^ X| |» Y» W 
» . . 
where Wz| , is called the Wronskian of y, , y». 
У X2 
X X 
Integrating u= -Í y2 dx, v= р ах 
уу W 


Substituting in (3), the P.I. is known. 


Note 1. As the solution is obtained by varying the arbitrary constants Сү, со of the C.F., the method is known as 
variation of parameters. 


Note 2. Method of variation of parameters is to be used if instructed to do so. 


ILLUSTRATIVE EXAMPLES 


Example 1. Find the general solution of the equation y" + 16y = 32 sec 2x | using method of variation of 


parameters. (P. T-.U., May 2008, 2010) 
Sol. Given equation in symbolic form is (D? + 16) у= 32 зес 2х 
А.Е. 1$ +16 =0 .. D=+4i 
С.Е. is y = c, cos 4x + c, sin 4x 
Here y, =cos 4x, y, = sin 4x, X = 32 sec 2x 
wo A 1. 908 4х sin 4х 5 
У » -4804х 4с0$4х 


Х Х 
РІ. = uy, + уу, where u = — [27 dx and v = р 
уу W 


PL =— cos ах [| ee 2х dersin 4x [22 OE 2x di 


2 — 
dx + 8sin ax [2905 211 ах 
соѕ 2х 


= —8 cos 4x [2sin 2x cos 2x- ! 
cos 2x 


= —16 cos 4x [sin 2x dx + 8sin 4x fe cos 2x — sec 2x) dx 


+8 sin 4х 
2 


= 8 cos 4x cos 2x + 8 sin 4x sin 2x - 4 sin 4x log (sec 2х + tan 2x) 
= 8 cos (4х — 2x) – 4 sin 4x log (sec 2x + tan 2x) 
= 8 cos 2x — 4 sin 4x log (sec 2x + tan 2х) 
C.S. isy =С.Е +РІ. 
= c, cos 4х + с, sin 4x + 8 cos 2x — 4 sin 4x log (sec 2x + tan 2x). 


3х 
е 


2 
Х 


к - E xL 2x log (sec 2x + tan 2l 


Example 2. Solve: y^ —6y’+ 9y = 


by variation of parameter method. 


(P.T.U., May 2010, 2012, Dec. 2012, 2013) 
Sol. Equation in the symbolic form is 
3x 
(D2-6D49)y- 5 


X 
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A.E.isD?-6D4 920 i.e, (D-3? =0i.e, Dz 3,3 


С.Е. = (cu +) x) e* = с, p C3 X er = C, Y, + €5 ур, Where y, = 5, Уу =X g* 
3x 
and Х= 5 
х 
3х 3х 
wes 714195 E =o% 
E А £p 3x 3х | 
Я » Зе (1 + 3х) е 


Х Х 
P.L = uy, + уу», where и=- | за dx and v= р ax 
W W 


3x 


3x 


3x 


3x 


: . : : 1 1 
Р].=—е* | сз Ф+хе” [5 ы 7 dx = e™ | dx + xe? [а 
e" x e" x х х 
3х 3х 1 3x 
= —e^ log x xe (-1- (1+ log x) 
x 
CS. is у = (сү + сох) e —e* (1 + log x) 
=e% [с +c, x- 1 -log x] = e™ [(c, = 1) +c, x -log x] 
= езх [ci + c, х – log x], where сү = c, – 1 is the required solution. 
Example 3. Solve by method of variation of parameters ше differential equation 
2 
g 7+3 D dence) (P.T.U., May 2012) 
dx dx 


Sol. Equation in symbolic form is 
(D? - 3D + 2)y- sin e* 
AE. isD?+3D+2=0 
(D+1)(D+2)=0 


D--1,D--2 
CE=c,e*+c,e" 
= су + Cy у 
where уу, Хаве" 
у у e e^ 
1 2 
W- £ | —х -2х 
Xx | [e — 2e 
22e? + et = _ eo 
Х Х 
РІ. = uy, + vy,, where u = -ЇР За and v = [= 
W W 
-2Х _: х -xX s X 
-.fe sine = e sine 
PI.= —е [a ах+е ?* а= з ах 
-3х -3х 
—e —е 
—х X X _ —2х 2x os X 
=е fe sine" ах-е fe sin e dx 
Put “=t у.е“ dx-dt 


e™ [sin tdt- e sin t dt 
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=g” { cos t} g^ {t( cost) — (1) (sin 0} 
= —e “cose* +е ^^ le cos e* + sin e] 
= -e cose" + e" cos e” + e sin e” 
=e *sine* 
C.S.isy= "ag te sin e" 
Example 4. Solve the differential equation (D? + 1)y = cosec x cot x. (P.T.U., Мау 2011) 
Sol. Given differential equation is 
(D? + 1)у = cosec x cot x 
AE.isD?+1=0 .. D=+i 
С.Е = c, cosx+c,sinx=c,y,+c,y, 
where y, = COS x, y, = sin x 
and Х = cosec x cot x 
COS X sin x 
we 9-2 - 
я X —sinx  cosx 
PL= uy, * vy, 
X X 
where u- =[ ах Е 
уу WwW 
sin х.совес x cot : 
и= | Ё | = [сог хх = — log [sin x| 
: t 
y- [^ E с ЕЕ ах = I x dx = | (cosec” х= 1 ах 
--—cotx-x--(cot x * x) 
РІ. = {log Isin xl} cos x — (cot x + x) sin x 
C.S. is y= C, cos x + C, sin + (log Isin xl} cos x — cot x sin x — x sin x 
= C, cos x + C, sin x + {log Isin xl} cos x - cos x — x sin x 
= (C, - 1) cos x + C, sin x + {log | sin xl} cos x х sin x 
= С! cosx + C, sin x + (log 1 sin х1) cos x —xsin x 
where C; =C,-1 
TEST YOUR KNOWLEDGE 
Solve by the method of variation of parameters : 
d? y d?y 
1. 5 + у = созесх 2. 7125 + 4у =tan2x (P.T.U., Dec. 2010) 
dx dx 
а?у а?у 2 
3. ad +4у = зес2х (P.T.U., Мау 2004) 4. ud +4y=4sec* 2x (P. T.U., Jan. 2009) 
X X 
[Hint: Consult S.E. 1] 
d?y 
5. —ty-xsinx 6. y" - 2y + 2у = ех tan x. 
dx 
а?у 
7. 5 + у = ѕесх (Р.Т.0., Рес. 2003, 2005) 


ах? 
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ANSWERS 


1. у= су cos x + c, sinx - x cos x + sin x log sin x 


1 
2. у= су cos 2х + c5 sin 2х — 4 cos 2x log (sec 2x + tan 2x) 


1 х 
3. у= су cos 2х + су sin 2x + n cos 2x log cos 2x + 2 sin 2x 


4. у= с cos 2x + cy sin 2x 1 + sin 2x log (sec 2x + tan 2x) 


: хо. х? 
5. у= ссоѕх +c sinx + —sinx —— cosx 
2 4 


y =e” (e cos x+ c; sin x) — e” cos xlog (sec x + tan x) 


7. у= c cos x + с) sin x + cos x log cos x + x sin x 


SOLUTION OF LINEAR DIFFERENTIAL EQUATIONS WITH VARIABLE CO-EFFICIENTS 


2.10. OPERATOR METHOD 


Consider a linear equation of second order with variable coefficients 


2 
P iz +Q » + Ву = S, where P, О, К, S are functions of x .. (1) 


d 
writing D for 3 (1) becomes 
x 


Рр2у+Ору+ Ry- S 
or (PD? - QD- В)у= S m 
Sometimes it will be possible to factorise the left hand side into two linear operators acting on y. In such a 
case the equation is integrated in two stages we illustrate the method by the following examples. 


Important Remarks. Note that the factors are non-commutative as these involve functions of x directly. 
Hence care should be taken while using the factorised operators in the correct order 


e.g., (0-1) (хр+ 1) # (0+0 D-1) 
(D-1) (хр+1)= р(хр+ 1) -хр-1 
= р(хр)+р-хр-1 
= хр2+1р+р-хр-1 
= хр2+(2-х)р-1 
But xD4 1) 0-1) =хр(р- D) x D-1 
=xD?-xD+D-1 
-х02-(1-х)р-1 
+ (D- D (хр+1) 


2 
Example 1. Solve: x 2) + (х- 2) dy 2y =x. 
dx? dx 
Sol. In symbolic form equation is 


[xD? + (x -2) D-2] y= х3 р) 
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Now, xD? + (x-2)D-22 xD? « xb-2D-2 
=xD(D+1)-2(D+1) 
= (xD-2) (D 1) 
(1) ъесотеѕ (хр-2) (0+ 1) у= x? 


Let (Б+Пу=у 
(2) becomes (xD-2) v= х3 
or x аг -2y =x 
dx 
d 
or 25 — Ё У = х2 
dx х 


which is a linear equation in x and v 


= = ах _ -2 
118 ІЕ = 2 х =е72098х = (20085 = 


Solution of (4) is у. 


Substituting the value of v in (3) 
(D+ 1)у= 3324 0,2 
dy 
dx 
LE- el! ша” e* 
-. Solution in y e*= IB (х? + С, x2) dx +C, 


Integrate by parts (Chain rule) 


—+y= xi Сү? again a linear differential equation 


уе* = (х +С?) (e) - (3x? +2С|х) (e*) + (6x + 2C) e* - (6) e* +С, 
у= x3 + Cyx*- 3x? -2C x + 6x + 2C, -64+C, €°* 
2334(0C,-3)32-2(C,-3)x42(C,-3) 4 C5 6€ * 
ог y=xX +C x? -2C x+2C +С» 6 *, where С, -32C' 
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20) 
49) 


(A) 


Example 2. Factorise the operator on the LHS of [(x + 2) Р? - (2x + 5) D + 2] = (x + 1) ех and hence 


solve. 
Sol. (x +2)D?-(2x+5)D+2 =(х+2)02-(2х+4+00+2 
= (x+2)D?-2(++2) D-(D-2) 
-(х-2)0(0-2)-00-2) 
=[|(x+2)D-1] [D-2] 
Given equation is 
[(x-2)D-1][D-2]y» (x+ 1) ех 
Let (D-2)y=v 
(1) becomes [(x + 22 D- 1] v= (x+ 1) ех 


ог aia” нх 
ах 


4) 
40) 
49) 
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+1 
ог a : эг е* ‚..@ 
ах х-2 x+2 
which is a linear differential equation 
1 
15% 4 | 
ТЕ х+2 _ e 108 (х+2) _ log (x+2) . (x+ Эр" Е 
х+2 
Solution of (4) is 
1 +1 1 +1 
у. = [5 еч ax+C = | 5 5 2” ах+С, 
x+2 x+2 x+2 (x + 2) 
2-1 1 1 
-[——— fea = | = 5 е“ dx * C, 
(x4 2) х+2 (х-2) 
= е* +С, | Using ио + Fœ] е* dx= f(x) e] 
x+2 
ie., у= e +C (х+2) 
From (2), (Ф-2)у-е”-С((х-2) 
ог D —2y = e*+C, (x+ 2), which is again linear in x and y 
x 
lEs«* 


Solution is 


y e xz [=> (е* шин 2С,) ах + С, 


[e оне дон ах + C, 


—х -2х -2х -2х 
е е е е 
= +С 1 +286 ——+C 
zi | 3 ofS] г 2 
= 1 E С - 2 
-E' edge tela Ce +С, 
2 4 
х 1 5 2х 
у= -е + х С |+ CG e 


"уус 


= -е- 


Example 3. Solve: 3x? у” + (2 6х2) y - 4y = 


Sol. Symbolic form of the given equation is 
[3х2 D? + (2-632) D-4]y 2 0 
Now, 3х202+(2-6х2) D-4 


p (2х + 5) + C, e" 


0. 


.. (1) 


= (3x2 р? 6x2 D) + QD- 4) 


= 3x2 р (D-2)+2(D-2) 
= (3x2 D42)(D-2) 


(Dis (3x2D+2)(D-2)y=0 
Let (D-2)y=v 
From (2) (3x2D+2)v=0 


or о, =0 
ах 


..Q) 
ИО) 
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Separate the variables 


1 2 
-dv= – "m dx 
У 3x 
Integrate both sides, 
23x 
log v= ————+C 
8 3- 1 
2 
or logv= — +G 
3x 
2 2. 
or v= e% e^ = Ct езх where Cj =e“ 


2 
(2-2) у= Ce% 


2 
ог ———2у = Ce% , whichis а linear differential equation 
ТЕ = J 39 = е 2х 


2 
Solution is ye X= [e^ e% dx * C, 


2 
ог ye = С, IT dx + С» 


2 
2x (-2х „зу 2 
ог у= се” fe х езх dx e C4e^ 


TEST YOUR KNOWLEDGE 


Solve the following equations: 
1. Уу «(1-3)y'-yz-e* 2. xy" -(x-Dy-y2x 
3. [x 23 D2- Qx  DD*2] у= (х + 3)2 e 4. xy” ey - (1+2) у= е7 
[Hint: [x + 3) D- 1] [D-2]y 2 x + 32 е] 
5. (х+ Dy'*(x-1D)y -2y20 6. xy" + (х- D) y -yz0 


ANSWERS 


1. y= Сүе* [ie dx + Сре" + e” log x 2. у=С|(к-1)+С ^+? 
х 


сэр? 


"dee Coe Se" 


3. у-Сүед + С, Qx € T) – e* (x 4) 4. y= Qe" fe 


5. у= Cu (24 1) «C, e* 6. у= Су (х- D4 Сех 
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2.11. CAUCHY'S HOMOGENEOUS LINEAR EQUATION (P.T.U., Dec. 2004) 
n n-l n-2 
An equation of the form x" zy ax = at a гэ. LI + ёоо та,у-Х ...@ 
x" dx" dx" ах 


where a; s are constant and X is a function of х, is called Cauchy 75 homogeneous linear equation. 
Such equation can be reduced to linear differential equations with constant coefficients by the substitution 
x-e*Le., z=log x. 
dy dy dz dy 1 dy а 


so that = Or x 202 Dy, where D = 2 
dx dz ах dz x dx dz dz 


а?у 2-2 1 ау 1 Фу d 


dx? dx\ х ас x? dz x dg dx 
1 dy 1 d’y dz 1 
а d. VE ai Ра 
x dz х dz ах x 


2 2 
ELA _ ЧУ dy py 


or Dy-zD(D-1)y 
ах? d? d pou 
зау 
Similarly, х p -zD(D-1)(D-2)y and $0 оп. 
X 


Substituting these values in equation (1), we get a linear differential equation with constant coefficients, 
which can be solved by the methods already discussed. 


ILLUSTRATIVE EXAMPLES 


2 
Example 1. Obtain the general solution of the equation 2x? ; > +x P бу = 0. (P.T.U., Dec. 2013) 
x 


x 
а?у ау 
Sol. 23? — +x—-6y=0 E 
d d Y (I) 
Itis Cauchy's homogeneous linear differential equation 
Put x-2e* ..z-logx 
2 
d 
x: me 2 wai 
dx й dx? dz 


Equation (1) becomes 
2D (D- 1) y+Dy—6y=0 
or (202-р-6)у= 0 
A.E.is2D2-D-6- 0 
(D-2)0D43)-0 


i.e., D= peas 
2 
27, 
Solution is у= се «c, e 2 Sca? + сух 3”, 
забу, у ad7y 1 
Example 2. Solve х ud + 2х pu +2у 210 х+- |. (P.T.U., June 2003, May 2009, Dec. 2012) 
X X X 


Sol. Given equation is Cauchy's homogeneous linear equation 


Put x-e* iLe,z-logx 
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so that 


2 
х». 2 zx =р(р-1)у 
ах 


БҮРЭЭР рые 
о ца лс where Em 


Substituting these values in the given equation, it reduces to 


or 


[D (D- 1) D-2)+ 2D (D- 1) + 2]у= 10(e* e?) 
(D3 -D2 +2) y= 10(е + е) 


which is a linear equation with constant coefficients. 
Its A.E. is 03-02+2=0 ог (0-1)(02-20-2)-0 


2t44— 
D= pes eem Lar 1+; 
2 
С.Е. 2 суе * + е (c5 cos z + сз sin z) = 1 + x [со cos (log x) + сз sin (log x)] 
1 z z 1 z 1 : 
PI. 210—————(e^-e^)- Li e + e 
D'-D*42 0242 р?-р?+2 


1 1 1 


= 1 “иг үү эж! e= )=10 +z. E е 
1-35 30229 2 3(—1)? — 2(—1) 


. ЯВ 2 
= 5e! +2ze * =5x+—log x 
x 


2 
Hence the C.S. is y= Эх ЇЕ cos(log x) + c4 sin(log х) | +5х+—1орх. 
х х 


Example 3. Solve the differential equation 


d'y | 1 dy _ 12log x 
+ = $3 


dx x dx х 


ду 1 dy  12logx 
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(P. T.U., Dec. 2005) 


Sol. - 
d x dx x? 
Multiply by х2; 
dy | ау 
x 22 +x ЕТ = 12 log x, which is Cauchy's homogeneous linear equation. 
x x 
Put x= .. z=logx 
dy 2 4?у 
— = ру; x —~ -D(D-1)y, we get 
ШЕР у i ( )y, we g 
D(D- 1) y+Dy =12z 
D? y =12z 
A.E.isD?=0 .. D=0,0 
СЕ =c,+0¢,z 
1 1 z 2 3 
РІ. = — (12z)=12-—| — | =12-— =2z 
p | 2 | 6 


C.S. isy =C.E+PL 
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=c 40,2422 
y =c, +c, logx+2 (log х). 
4? 4 sin (log x) 41 
: 27 yay - moi 
dx dx 
Sol. Given equation is Cauchy's homogeneous linear equation 


Example 4. Solve: x 


2 
Put = wu гон apos “= овны 22: 
dx ах? ас 
sin (=) +1 
[D(D-1)-3D + 1] y= z —2— 
2 
ог [D2-4D + 1] y= ez (sinz4 1) 
4+./16-4 
A.E.isD?- 4D 120 ie, D= ——1— = 24,3 
С.Е= с, gets + C5 Qo = с "аас +C, RE 
1 PN B 1 
PL =; e ^ z(sinz+1) = ет 5 z (1 sinz) 
D'-—4D«4l (D-1) -4(D-1)«1 
2: 1 1 | 
= е ` 5 Zt+ 5 2502 
05-60 +6 04-60 +6 
=e<[1, +L] ...(1) 
-1 
1 1 р? 1 р? 
h = 1-011-04 = =|1+0 + 
I~ p? -6p«6 | =| | | ae 
1 
= - [2+1 
6 | ] 
I : i 
= —; — sın 
27 D _6р+6 727 
1 1 d , 
We know that ——— (xV) = x —— V + | f(D) |У [Note this P.I.] 
f(D) f(D) (ар 
sın 2 l sin 2 
~~ D? -60+6 ар | D? -6D+6 
Put 22=-1 
M 2D — , 
=Z sin Z z SIN 2 
ор (p? -6D +6) 
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Put р2--1 


=z sin 2 
er 7^7 (6-р) 
" 5 sin z+ 6cosz 2 (2 cos z — 6sin z) 
61 25 +360 – 60D 
Put D?=-1 
2 : 1 : 
= — (5 sin z + 6 cos z) +———— (2 cos z — 6 sin 
arn Ч ep гоо z) 
= = (5 sin z + 6 cos z) + — бОР (2 cos z—6sin 2) 
61 121- 3600D 
Put D?=-1 
11- 60D 


«1 (Ssin 2 6cos z) + (2 cos z — 6sin z) 


3721 


= (5sin z +6 cos 2) + [2 cos z — 66 sin z +120 sin z + 360 cos z] 
61 3721 


2 : 1 . 
= sr C sin z +6 cos z) + zzz (54 sin z + 382 cos z) 


From (1), 
Бы ата 
РІ = е | 6 +E (Ssin с бот 2) += (27 sin <+ 1916052) 
M 1 (log х+1) +19805 sin (log x) + 6 cos (log x)}+ _ {27 sin (log x) + 191 cos (log 5 
х|6 61 (61 2 


. 2443 2-3, 1 1 : 
CS. isy= сүх езх VP 4 — (1+ log x) + = Пов x [5sin (log x) + 6 cos (log x)} 


2 : 
+ el [27 sin (log x) + 191 cos (log | 


2 
Example 5. Solve : x? + © + у = Іов х sin (log x). (P. T.U., Dec. 2003, Jan 2010) 
X X 
Sol. Given equation is a Cauchy's homogeneous linear equation. 
d 2 
Рй xcu de dope ante ЭЭ ил 3 Dy 
dx dx? 


4 
where D= dz: 


Substituting these values in the given equation, it reduces to [D(D - 1) + D+ 1] y 2zsin z 
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or = (D+. 1) y=zsinz 
Из A.E.isD2+1=0 sothat D=+i 
CE =c] cos z+ c, sin z = c, cos (log x) + c» sin (log x) 


iz 


PI. = z sin z = Imaginary part of ze 
р? +1 
iz iz 1 
=1Р.оЁ €°——,—_ 4 = | P.of е — z 
(0 +1) +1 D^ + 2iD 
АТР of ë — =1Р.оге* : 


= d eee =1P of e" f z+ + dz 
2i D 2 2i 2 


Р 2 n P 
=LP of е | +447 |=1P of e| 272+ 
2 \2 2 4° "4 


| 2 
= I.P. of (cos z + i sin z) Ps eee cos 5+ Сіп z 
4 4 4 


4 


=- 1 (log xy. cos (log x) + : log x sin (log х). 


1 1 
Hence the C.S. is y = с] cos (log x) + су sin (log x) — 4 (log ху cos (log х) + à log x sin (log х). 


2 


1 
Example 6. Solve : x? _ 7+ 3x ду жуз 25 
dx dx (1- x) 
Sol. Given equation is Cauchy's homogeneous linear equation 
Put х=е . z=logx,x dy = dy =D 
dx dz 


2 Фу _ _ а 
x = =D(D-1)y, where D= — 
ах? dz 


Substituting the values in given equation 


[D(D- 1) 3D 1]y =, 
1-e* 
2 1 
| 


(P.T.U., Dec. 2002) 
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A.E.isD? 2D 120, i6, (D 1? 20 D2-1,-1 
CE = (c; *c,z2)e* 


1 
By usin 
y 5 р 


Х- ee ?* X dx 


1 e! (-1) (-«) By using = [Lr (3]] roa O net 


PI. = =f | 
t (1-1) 
_ ffl 1 : : 
=е |j ЗЕ а [ву Partial fractions | 
t —t 
= е [log Лов (1 0)] = 675 log — = е7 log | 
1-1 1- e 
| 2863 е“ 1 1 х 
CS. is у= (с +c, 2) е“ +е “log - = (су +c, log x) — + — log —— 
1-е х x 1-х 


1 х 
= — | с +c log x + log 
x 1-х 


Example 7. Solve : u =r E (> а, tar. 
dr\ dr 


2 
Sol. nar ear 
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2 
24 и du 


ог p tr d и = а, which is Cauchy's homogeneous linear equation in u and г 
r r 
Р а 
Put r = e“ and Let D = — 
z 
(D(D-D«D-1)u-2-ae* 
or (D-Duz-ae* 
AE. is D?-120 (-0--1,1| 
СЕ =c, e+e” 
1 1 ae 3z 
РІ = 25 Са еї) = | By putting D = 3 
34 
C.SS.isu-c é * се – = =c] r+ es 
Example 8. Solve: x2y" — 4xy' + 8y = 4x? + 2 sin (log x). (P.T.U., May 2006) 
2 
Sol. x? 23 E +8y =4x3 +2 sin (log x) 
bd X 
which is Cauchy's homogeneous linear =х 
Put x-et*ie,zz-logx 
dy а?у 
AT Dy, x? 2 -D(D-Dy 
D (D- 1) y-4Dy + 8y= 4e +2 sinz 
(D2-5D +8) y= 4e: 42 sinz 
AE.isD?-5D+8=0 ~. D= 5,187 
2 2 
5 
СЕ= e2* c ex ce, TELP 
1 
PI 3 (4e* +2 т z) 
02-50 +8 
1 : 
- ———— e* +2— Big 
D^-5D-«8 D^-5D-«8 
(Put D 23) (Put D2 =- 1) 
1 3, 1 D+7 
24g 42.—————— sinz =2¢3%_2 г: 
2 —50 +7 2507 — 49 
5D+7 . 1 
= 2е33—-2 sin z =2e% + = [5 cos z + 7 sin z] 


5 
у= х2 [ cos e log 3 +c, sin e log J +2 + 3 cos (log x) + 3 sin (log х). 
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2.12. LEGENDRE'S LINEAR EQUATION (P.T.U., May 2007, Dec. 2005) 


An equation of the form 


-1 
d” M d" 
Е 7 +a (a + bx)! PET 
x x 
where a;'s are constants and X is a function x, is called Legendre's linear equation. 


Such equations can be reduced to linear differential equations with constant coefficients, by the substitutions 


: ау dy dz b ау 
=e СЭ = Езда = 
at+bx=e ie. Z=log(a+bx) $0 that ae de ТИ Ee E 


(a + bx)" Tos 4, (a «ва +а„у =Х . AL) 
х 


ог (а b) = 23 = bDy , where D = -= 
EE! b 2)- b dy b dydy 
d? — dx\atbx dz) (ажфху dz a+bx dz? dx 
Ё p? dy, b d'y b b (dy dy 
(a+bx) dz atbx а? at+bx (a+bxf\d? а 
2 d?y 
or (a + bx) 2 = 2 (0?у-ру)=?р(-1)у 


d? у 
Similarly, (a + bx? P) =b°D (D-1)(D-2)y. 


Substituting these values in equation (1), we get a linear differential equation with constant coefficient 
which can be solved by the methods already discussed. 


2 
Example 9. Solve : (3x+ 2) Tp H3Gee2) 2 —36у = 3? +4х+1. 
X X 


Sol. Given equation is a Legendre's linear equation. 


Put 3х+2 =е ie, z=log (3x+ 2) so that (3x + no = 3ру. 
2 а?у 2 а 
(3x + 2)° > =3“D(D-1)y, whereD- —. 
ах? dz 


Substituting these values in the given equation, it reduces to 


Ёо 2 Ё — 
вор -р+ззр-з85= |“ : 3 nfs | Ja 


or 90р2-4)у = 


. 1 1 
24 2 22 
е or(D^-4)yz e 1 
3 ( ул ) 
which is a linear equation with constant coefficients. 
ItsA.E.is D2-4 20. D-x2 


СЕ = qe” toe” = q(3x*2) tc, x *2)? 
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1 1 А 1 1 9 1 " 
PI. = 2-5 (25 ) = 5 e” 3 e 
27 р°-4 27| D^ -4 D'-4 


1 1 x l oz E 22 L 
= ze е |= еа += 
27| 20 0—4 2712 4 


1 1 1 1 
Е gh Е (2е2 +1) = 108 3+2) 1983+2) +1] 


27 |4 4| 108 
Hence the C.S. is у = c4 3x42)? + c (3x +2)? + ТЕЗ + 2)? log(3x + 2) +1]. 
2 а? у ау А 
Example 10. Solve : (1+ x) 22 +(1+x) main [2 log (1 + х)]. 
X X 


(P. T.U., Dec. 2006, 2012, 2013, May 2012, 2014 ) 
Sol. Given equation is Legendre's linear equation 
. Put l+x=e& . &=108 (1+х) 


TE ias фы ©? -D(D-1)y, whereD= < 
dx ах? ` dz 


D(D-1)y+Dy+y= sin(2z) 
or (02 + 1) y= sin2z 
which is linear differential equation with constant coefficients 
А.Е.1502+1=0 20-41 
С.Е = c, cos z + c» sin < 


PL= sin 25 


D? +1 
Put D2--4 


1 
РТ. = – — sin 25 
3 


CS. is y= c, cos Z + Сэ inz-- sin 2z 
Put z=log(1+ x) Д 
` y= с cos [log (1 + x)] +c, sin [log (1 + x)] - 3 sin [2 log (1 4 x)]. 


TEST YOUR KNOWLEDGE 


Solve the following equations: 


4? 4 а?у 1 
1. x19 4.447 12,20 (BTU. Мау 2006) 2. х -2у= х? +— 
ах? dx dx х 
d? d d? dy d 
3. (i) x? У +2х У 20у-(х-1) 4. х? I 4х 76 y 4d 
dx dx dx dx dx 
d? d 
(її) x? 22 +9х - +25у=50 [Hint : Multiply throughout by x] 
IX X 
d? d? d d? d 
5. (i) х“ У +253 2 x? У Expl (п) х? 2 4х У +бу=д2 
Ах ах ах dx dx 
T T — 24и, du B 
6. The radial displacement и in a rotating disc at a distance г from the axis is given by Г 42 +r T u+kr =0, 
А 


where К is a constant. Solve the equation under the conditions и = 0 when r = 0, и = 0 when r = a. 
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7 ply, -logx (P.T.U., May 2009) 8 да»... > 
: dx dx ? Р У ` ах? ах 
а? а d? d 
ud хэ —12у=х?1орх 10. хэл -4у- х? +2logx 
ах? ах ах? ах 
п x? Фу _ х = sin (log x) 12 х d'y +352 а?у га + 8y = 65соѕ (log x) 
у dx? у ах” dx? dx 
dy „4 d? d sin(log x) +1 
24) ау 24у y 5 
13. x°—~ -3x— +5 x’ sin (log x 14. х — -3x— + y= log x 
dx? dx P (бов) dx? dx ас х 
а? а E 
20 y Ly 2 
ХЕ = х —3yzxlogx 
15. 42 di y g 16. (1+ xt 
) dy 2 а?у 
17. z 601+ 2х) +16у =8(1 + 2x) 18. (2х43)2--5-2(2х E: 2 -12у=6х. 
x dx ах? 
(P.T.U., Dec. 2013) 
ANSWERS 
1 1 c 1 1 
1. yso-t6— TIE 
X x 3 х 
2 1 
3. Фу= dx Raw Cu = (ii) y=x* [c cos (3 log x) + cy sin (3 log x) +2 
Е 14 9 20 i І 2 
3 4,2 
4. у= C ECX tcx tg 
2 Е E А10 21700 
5. (yz (сү + ca log x)x + сзх + 4 logx (ii) у= CX tox —Х logx 
X 
kr 2 2 
6. u- ru - r^) 7. у= (су + с) log x)x+logx+2 
x? 
8. y= x[ccos (log x) + c5sin(logx) + xlogx 9. y- сүх? + сох“ Tug еи 2) 


2 


10. ша” 6 х+— 
y 1 2 6 2 5 8 


11. у= Iq cos (log x) + c5 sin(log x)] + alsin (log x) + cos (log x)] 

12. y= ax? + х(со cos4/3 log x) + сз sin (V3 log x) + 8cos (log x) — sin (log x) 
1 

13. у= х? [су cos (log x) + c; sin (log x)] — 2 х? log xcos (log x) 


14 2-8 


2 у= ах + сх 
: 2 А 1 
[ sin (log x) + 6cos (ор х)} + =т1218іп00вх) + 191cos (log 21 + © +1орх) 
x 


2 
15. y=q 842-2 [log r+ 2) 
x 3 3 


16. у= с cos [log (1 + x) | +c, sin [log (1 + x)] + 2 log (1 + х) + sin [log (1 + x)] 
17. у= (1+ 2x)? (сү +c log (1 + 2x) + {log (1 + 2х)}2] 


18. у= су (2x +37! +c? Qx + 3)? -1(0х+3)+3. 
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2.13. SIMULTANEOUS LINEAR EQUATIONS WITH CONSTANT COEFFICIENTS 


Now, we discuss differential equations in which there is one independent variable and two or more than 
two dependent variables. Such equations are called simultaneous linear equations. 'To solve such equations 
completely, we must have as many simultaneous equations as the number of dependent variables. Here, we 
shall consider simultaneous linear equations with constant coefficients only. 


Let x, y be the two dependent variables and / the independent variable. Consider the simultaneous equations 
f(D) x+fD)y =T; 0) $1 (D)x- 6, (D)y =T, 40) 
where D= ы and Ту, T» are functions of Т. 
dt 


To eliminate y, operating on both sides of (1) by p, (D) and on both sides of (2) by fa (D) and subtracting, 
we get [fi (D) HD) - 6; D) /5(D)] x= 5 (БУГ! -f (D) T? orf(D) x - T 
which is a linear equation in x and г and can be solved by the methods already discussed, substituting the value 
of x in either (1) or (2), we get the value of y. 


Note. We can also eliminate x to get a linear equation in y and f. 


ILLUSTRATIVE EXAMPLES 


d. d 
Example 1. Solve: ute» PL у= 0 given that x = y = Owhent - 0. 
t t 


(P.T.U., May 2010, Dec. 2012, 2013) 


Sol. Writing D for £ , the given equations become 
t 


(D+5)x-2y=t .. (T) 
(D+ )у+2х= 0 10) 
To eliminate y; operate on both sides of (1) by (D + 1) and (2) by 2 and add 
(0 + 5) (D + Пх+4х= (D+ 1) 
(02+60 +9)х= 1+1 
(© + 3)2х= 1+1 
А.Е.18 (2+3)2=0 :.0=-3,-3 
CF = (C, +C) e! 


Piel (д 
(D + 3) 
1 or g 1 


= 2+3 ° +3. 


1 1 рү? 
=—+—|1+—| 4 
99 3 


= де ы Бе 
993 
1 1( 2 
=—+—|t-= 
9 1| z) 
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1 1 2 1 t 
E + = + 
9 9 27 27 9 
1 
= (C +C) t +— +- 
uL д: 
ах 


1 
— EC + Ct) e” oe + 
1 
=е "[- ЗС, + (C, - 3050 |+ о 
Substituting the values of x and d in (1) 


-3r 1 “зк. lt 
—3C, + C, — 3C,t)+ — +54 (С, + Cot +—+—7-t=2 
e ( 1 2 21) 9 (С, ate 27 9 y 


Put х= 0, y=0, t=0 in (3) and (4) 


1 1 
From (3) 02 C, 7 ;С = 


(21 
йш: e aad E. =0 
9 9 27 27 
2 
G25 
2 9 
From (3) "WRAP р 
27 9 27 9 
_ 1 -3t 
5-0 (06606 -1-34 


From (4) 2y 


дэн в : 
9 9 3 9 27 


-3 


t 

1 
араар 680 Тыс 
27 
e 


8 
270 
-3t 

e 1 
= 4-6 + 4-6 
у 220 ) 270 ) 


— 31 


2 
2 430) + — (2-3 
57 ( ) 5; ) 
1 тай | 
Hence, x= ——(1-60e" + — (04317) 
27 27 
2 a А 
= — — (2+3 + — (2-31 
y » )e 275 ) 


Example 2. Solve : m +2у =e' and 2. 2х=е“'. 
й dt 


Sol. — +2у = el 


1 
121) + 8+ 15r – 271 
) 57 ( ) 


101 


‚..@) 


NC 


.. (1) 


‚..@ 
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To eliminate y, differentiate (1) w.r.t. t 


ах „ау_„ 
dr? dt 
d 
From (2), I arre! 
dt 
1 
— +4x4+2e' = е! 
dt 
2 
| +4х=е-2е! 
dt 
which is linear differential equation with constant coefficients. 
d 
Its $.Е. is (2?+4)х=е-2е' where D= P 
t 
А.Е.іѕ D?+4=0 3 D- +21 
СЕ = сү COS 2f + Cy sin 21 
1 t -t 1 t I -t 
P1. = ———|e-2e |= е-2 е 
mu | р +4 р?+4 
(PutD=1) (PutD--1) 
Tog 3 ы» 
=-е --е 
5 5 


1 2 
C.S.isx- С] cos 2t + C5 sin 21+ —е'——е' 
5 5 


а 1 2 
ш = —2c, sin 2t + 2c, cos 27 + ее" 
dt 5 5 
: 1 Ё 2 cu 1 
From (1), 2у= 2c, sin 2t — 2c» cos 2t — 29 = +е 
2 1 
у= сү sin 2t — с) cos 21+ Le e"! 
5 5 
| 1, 2 , 
Hence, цаг EX шаг” е 
| 2271. | | 
апа у= сү sin 2t — су cos 21+ 5 е- 5 e™ is the required solution. 


Example 3. Solve the system of equations 
(2D - 4) y, + (3D + 5), = 31+ 2 


(0 2) у * (D* I1) y, =t. (P.T.U., Jan 2008) 
Sol. (20 – 4)у, + (30 + 5)у, = 31+2 .. (1) 
(D-2y,*(D*Dy zt .. (2) 


Multiply (2) Бу 2 and subtract from (1) 
(0 + 3)у = 1+2 
dy, 


or жээ + 3y, =1+2, which is linear differential equation in f. 
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У = cw 


103 
PEL - e? 


= Je Bye" dt + ci 


Integrating by parts 
et e 


t+2 1+ 
9 сте 


Е 2 af ETS -3t 
ES сте 


3 


118 ЇЕ 
Its solution is уе?! 
Substituting the value of y, in (2), we get 
3+5 - 
Ф-2) + (+1 y tae” 
1 БЭ? 0” 
ог ф-2у+|1- 3ce 34 2 + сүе 3 
3 _ 
8+3{ =з 
ог (D~2)y,+| SS 2ce 
or D-2) 
аду, 
ог di 2y 
which is linear differential equation in / 
Its ТЕ 


Its solution is 


y= 


Hence, 
| А а? y 
Example 4. Solve : —5 t4x*5yci^ and —у 
dt dt 


Sol. Writing D for - ‚ the given equations becomes (D2 +4) x 4 Sy 


У = 


8 2 
at qt 2ce 2 22 


9 


U3| ~ 


| ojs 
S 


+ 


| 
+ Wl w 
сл 


- 
© 

- 
© 


9 toe 


+5х+4у 2 14 1. 


=? (D 
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and 5x + (D2 +4)у=#+1 ‚..0) 
To eliminate y, operating оп both sides of (1) by (D2 + 4) and on both sides of (2) by 5 and subtracting, 
we get 002+ 4)2-25] x =(D2 +4) 2-5 (1+1) 
or (D^. 8D2-9)x -2-42-5:-5 
or (D^48D2-9)x 242-5(-3 
Its А.Е. is D^48D?-9 =0 
or (D249)2-1) 20 л D=+1+3i 
СЕ -сүе + сое! + C4 COS 3t + сд sin 31 
PL = —; L a -5t -3) = - — (4-5 -3) 
р” +80? —9 | 82? р | 
9 9 
Е -1 
22211 e: d 2) (4?— 51 — 3) 
9| 9 9 


[5 2 4 
ЭЭЖ ТЭ саг им “эр (Ar^ —51—3) 
9| 9 9 
І 1 7 
= 4t? —5—3+ 58) |= G Р | 
9| 9 9 9 
4 7 
x = се + сое ! + c3 cos3t + Сд sin3t — S э, - = 
9 9 81 
Now, LER де — ee — 3e, sin 3t + 3c, cos 3t — В, + : 
а 9 9 
2 
E e се + ce ' — 9c, cos 3t — 9c, sin3t — Е 
а? 9 
"We dx . 2 g 
Substituting the values of x and ud in (1), we have from (1) 5y = t^ — 4x — um 
t t 


Sy = p- Ace’ — 4ce” — 4c4 cos3t - 4c, sin 3t 
169. 20 148 
+ t t 


+ се! — се + 9c; cos3t + 9c, sin ЗЕ + E 
9 9 81 9 
1 2 2 22 
y = 2| — 5де — 5сое ' + 5c, cos3t + 5c, sin3t + 22222 
5 9 9 81 


2 А 1 37 
Hence, х= ae + се" + c4 cos3t + c, sin3t 11 5t 9 | 


| 1 44 
y = — ae — суе + c, cos3t + сл sin3t ise 41+ ^ ) 


Example 5. Solve the simultaneous equations : t а = 0, 23 +x = 0 given x(1) = 1, y(-1) = 0. 
t t 
: . ах 
Sol. The given equations аге t dE +у=0 44401) 
t 
t ay +x=0 -40) 


dt 
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Differentiating (1) w.r.t. t, we have 


2 
и, 
d? dt dt 


Multiplying throughout by t 


t +t t =0 
dt? dt dt 
d?x dx 
5 : 
or 2-1-288 ...(3) [Using (2)] 


which is Cauchy's homogeneous linear equation. 


d 
Putting t = e" i.e., и = log t, so that i^ = И = D, equation (3) becomes 
t и 


[D(D-1)+D-1]x 20 or (02-1)х-0 
Its A.E.is D2-120 whence D=+1 


x 2c, v ce" = qe . (A) 
From (1) = 18 1| с e |= qt+ 2 (5) 
? y dt 1 E 1 t ке 
Since x (1) = 1, -. Нот (4), wehave l=c,+c, 
Also, y (C 1) 50 -. from (5), wehave O=c,-c, 
1 
Solving Ch =O = = 
2 
1 1 1 1 
Hence, x= t+-|,y= t+-|. 
2 t 2 t 
Example 6. Solve the following simultaneous equations : a - 2, =2z, » =2х. 
t t t 
Sol. The given equations are 
dx dy dz 
— z2y ...(1 zx IE quA — =2x ...(3 
go 0) 2 (2) dr (3) 
ЧЕ 4х dy | 
Differentiating (1) w.r.t. t, p = єл = 2(2z) [Using (23 
t 
3 
d 
Differentiating again w.r.t. t, E = ыг =4(2x) or (03-8)х=0 
t t 
where D= 2 
dt 


Its A.Eis 03-8 20 or(D-2)(D?-2D«4)-0 


—2 t2i 
whence D= pon or D= 3 ds 


х = де? Бэ” cos( Var - сз) (See note at the end of the questions) 
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1 dx 
From (1), =—— 
кы T7 d 
= 2 [ае — се cos (м - сз — С “Ве sin (м - с 1 
a| 4 43. 
ES ae? + се |- доо УМ - с) - E sin (№ - 3 
= се! + се" | cos zm cos( 3r -c )- sin sin ( J3r— с ) 
1 2 3 3 3 3 
2 43 
|^ cos —= — and sin — =— 
2 
2t -t 2n 
= ae t ce cos( y3 — с; + Jj 
From (2), = кау 
2 dt 


1 Е 2 PT 2 
= ГЭ - oe" cos v3- et а). сх е! sinf /8- eu =) 
= qe” t ce [os = Ze - сз + A) = sin snf %- c3+ х) 


А 4т 
= ee" + се СЕЕ tz Р 


Note. c, cos Вх + c» sin Вх сап be replaced by c, cos (Bx — c5) or c, cos (Вх + c3) or сү sin (Bx со) ог c, sin (Вх + с>). 


TEST YOUR KNOWLEDGE 


Solve the following simultaneous equations : 


1. 


10. 


11. 


dx 
dt 


=5x+ y, s = у-4х. (P.T.U., May 2014) 


а. d : 
S ty=sins ex cott ; given that x = 2 and y = 0 when г = 0. 
1 t 


а. а 
morer Sym LIT e det Sys d. (P.T.U., May 2010) 
t 5 
(р-1)х-(20-1)у-е, (0-1) х+(0 + 1)у =1. 
Е D +2у=2е". 6. (D-1)x+Dy=2r+1, (20 + Dx*2Dy =t. 
dt dt 
d? а? dx d dx „а 
+ 3x-4y=0, Z 4x4 y=0- & 52-97 Lax. 4, 44S y. 
dt dt dt^ dt dt dt 
а?у ау dx 
—>,+—- 2y=sint, —+x-3y=0. 
d? dt dt 5 
: : Р" : 2х dy а?у ах 
A mechanical system with two degrees of freedom satisfies the equations 2 +3—=4, 2 3—=0 
d? dt d? ` dt 


| . : : ах ау А 
Obtained expressions for х and y is terms of f, given x, y, dr E all vanish at t = 0. 
d?x ау 

7 *-y-sint, 7t x-cost: 
dt dt 


LINEAR ORDINARY DIFFERENTIAL EQUATIONS OF SECOND AND HIGHER ORDER 107 


ANSWERS 


1. х-(сүжсэ er, y= еэ! (-2с| + сә – 2с) 
2. х=е че у 2el-e vsint 
3. х=се +c "+ ci ез y=- 2 qe" yc e min 2 
14 196 8 3 7 98 24 
1 1 1 1 
4. х= l '—1- асе“ + Безе? |, у= ce" + ce" t5 , where a = 28-17), b 7350-417) 
5. x= ce + се NI m у= се" -oe +—е 4 
6. х- шэг. y 215277 
3 2 
=g t 1 =f 1 t 
7. х= (a + сле + (с; + сие ‚у= E + <> (1+ t) Je + zlet- 1)- c e 
8. х= (ecu) e cce?" t, у-(с,(3-1)-с 6 — coe 
1 -21 -t 3 1 : 1 -21 1 Р 
9. x= =ае —3c€ ^ +се +—e (cost —2sint); y= ce’ + се — — (cost 4-3sint) 
2 10 10 
8 3t 4 8.3 
10. х- 1— cos "уе sin 
9 2 з 9 3 
t 
П. x= ce! + се" + с; cost + c,sint + — (sint — cost) 
: 4 
3 Р 1 : 
у= -де + се — с: cost + cy sint + а t)(sint — cost). 
REVIEW OF THE CHAPTER 
1. Linear Differential of nth Order: A linear differential equation of nth order is that in which the dependent 
variable and its derivatives occur only in the first degree and are not multiplied together. It is of the form 
d" d" -1 n-2 1 
У +P M +P, 4 У ..+P,y =X, where Ру, Po, ...,Р,, X аге functions of х only 
ах" di^ 1 dx! 2 n 
If P|, P», ..., P, and all constants, then it is known as linear differential equation with constant coefficients. 
2. Шу=ур, у= уә, -Y= у, aren linearly independent solutions of (D" + a,D" 7 1+ a4D" 7 P du а, D”) y 2 0, where 
d . Р | : 
D stands for ui then u = сууу + сууу +... + слу, is also its solution (called general solution). 
3. Ify-uisageneral solution of f(D) y = 0 and y = vis a particular solution of f(D) y = X, then y = u + vis the complete 
solution of f(D) y = X. 
4. Auxiliary Equation: In f(D) y = X, f(D) = 0 is called А.Е. i.e., A.E. is D" + ар" 1+ ар" 7 2... a, = 0. 
5. Rules to find Complementary Functions of (D" + аур" ^ 1+ аур" 7 I ES а„_1Р+а)у=Х: 
(i) If the roots of ће А.Е. equation are real and distincts (say) ту, m», тз, then 
С.Е. = c, e" + сое" + сз ех... 
(ii) If two roots are equal (say) m, = m» = m, then С.Е. = (c, + сох) ет + сз ез +... 
(iii) If three roots are equal (say) m, = m» =m, = m, С.Е. = (су + cox + су?) еп + сд еп +... and so on 
(iv) If roots are a pair of imaginary numbers (non repeated) o + iB, С.Е. = e9* (су cos Вх + c» sin Bx) 
(v) If pair of imaginary roots is repeated twice i.e., ot + ip, œ + iB, С.Е. = е0 (сү + сох) cos Вх + (сз + c4x) sin Bx} 
1 
6. Rule to find out Particular Integral i.e., to find P.I. = —— — X, where f(D) = D" + a,D" 7 1+ a4D" 7 2+... а, 


f(D) 
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ax 


(i) When X = е“, then P.I. = E provided f(a) # 0 
a 


If Ка) = 0 then multiply numerator by x and differential f(D) w.r.t. D and continue this process until f(D) 
ceases to be zero at D = a. 


(ii) When X = sin (ax + b) or cos (ax + b), then Р]. = ! 1 sin (ax + b) or cos (ах + b) provided ф(— a2) #0 
фС a^) 


In case ф(— a”) = 0. Apply the same rule as discussed in (i). 
(iii) When X = x" then PI. -( (УГ ! x"; expand f(D) by Binomial theorem upto D" and then operate on х” 


c c 1 
(iv) When X = е“ V; PI. = е —— —— V. 
f(D+ta) 
1 
(v) If X is any other function of x, then P.I. = ——— X. Resolve into partial fractions and operate each 


f(D) 


partial fraction on X. 


(vi) Always remember =x = [х dx and X =е“ few X dx. 


—a 


2 


а а 
Method of Variation of Parameter: To find solution of “<> жа, - + а2у = X by method of variation of 
dx 
parameter. 
Let С.Е. = суу + у) 
РІ. = uy, + vy 
where и=- ра у= IE dy 
W W 
where W= "n e (called Wronskian of y,, ул) 
Я № 
С.5. = CR + PI 


' | а? 4 ' | | 
Operator Method: To find solution of Р e +Q - + Ву =5, where P, О, В, S are functions of x, write equation 
dx X 


in symbolic form i.e., (PD? + QD + R) y = S. Factorise PD? + QD + В into two linear factors and integrate in two 
stages. Always remember that the factors are non-commutative. 
n n-l n-2 


d -14 -24 
Cauchy’s Homogeneous Equation: Ап equation of the form x" - Pax l задал 3 аха + 


d 
+a, 1x 2 +a,y =X 
dx 


where a’s are constant and X is a function of x is called Cauchy’s Homogeneous equation. To solve this equation put 


2 3 
, d 
x = æ and replace dy = Dy. Here D stand for 4 : = 2 = D(D - 1) y d Х = D(D - 1) (D - 2) y and so on. 
x 2 № x 


Equation will change to linear equation with constant coefficients. 
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10. Legendre's Linear Equation: An equation of the form 


11. 


n n-1 n-2 


d -14 -24 4 
la bx! a (at bx + (at tt Бас (аж +a,y =X 
n 1 п-1 2 n-2 п-1 п 
ах ах ах 
Р 9 ау а 
To solve it put a + bx = е and replace (a + bx) — = bDy, where D = — 
dx dz 
2 
(a + bx)? = = 2р (р- 1)у 
ах 


3 
(а + bx)? “3 = PD(D-1)(D-2)y 
X 


Again equation will change to linear differential equation with constant coefficients. 


Simultaneous Linear Equations with Constant Coefficients: Consider the two simultaneous equations as 
fi (Dx + (Dy + T, and ф(Р)х + hD) = T; 


where D = - and T,, T» and functions of t. First eliminate y from the two equations, the equations will become 
t 


linear differential equation with constant coefficients in x and f and can be solved. Put the value of x in апу one of 
the two equations and get the value of y. 


SHORT ANSWER TYPE QUESTIONS 


1. 


2. 
3. 


4. 


5. 


(a) What do you understand by complementary function? Explain. (P. T.U., Jan. 2010) 
(b) If y uis the complete solution of the equation f (D) y = 0 and y = v is a particular solution of the equation 
f (D) y = X, then the complete solution of the equation f(D) y = X is у= u + v. 
Define Auxiliary Equation of a linear differential equation. 
What is the solution of the differential equation corresponding to roots of the A.E. if 
(1) roots are all real and distinct? 
(ü) roots are imaginary and distinct? 


Solve the following differential equations : 


а?у ду 
i) —+(а+Ь) — +ару = 
0 gt жау =0 
[Hint : А.Е. is D? + (a +b) D +ab =0 2. р=-а, р=-Ь л у= сре + сое?) 
(ii) 9y" + 3у” -5y +у=0 [Нім : S.E. I art. 2.5] (Р.Т.0., Мау 2008) 
d'y dy 
(iii) T -2 2 + у = e sin x. [Hint : S.E. 7 art. 2.8] (P.T.U., June 2003, May 2006, Dec. 2011) 
X 
а^ у а? у 
Gv) —р+2——+у =0. [Hint: А.Е. is (22 +172 20, р=+Ь+й (P.T.U., Dec. 2010) 
dx dx 
d? y 
(v) 33 3 +y= 0 (P.T.U., May 2012) 
X 
(vi) y" + 2у + 2у = 0 (P. T-U., Dec. 2013) 
Find particular solutions of the following differential equations : 
d? d Р 
(i) 22 +3 > +2у -e* [Hint:S.E. 11 art. 2.8] (P.T.U., Dec. 2003) 
X 


(ii) (D2-2D + 4) у=е sin x 


(1) (D2 — 3D + 2) y = 2e* cos 5 (P.T.U., Dec. 2003) 
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(iv) (03-302 +4) у=е25 [Hint: S.E. 1 art. 2.7] 


(v) у’-у’+4у – 4у = ѕіп Зх [Hint : S.E. 2 art. 2.7] (P.T.U., May 2008) 
(vi) (02 + а2)у = sin ax (P.T.U., May 2009) 
3 
"EP 
(vii) p +4 С sin 2x (P. T.U., Dec. 2012) 
(viii) (D – 2)2у = sin 2x (P.T.U., May 2014) 
6. Explain method of variation of parameters to find P.I. of a differential equation. (P.T.U., May 2004) 
7. Explain briefly the method of operator for finding solution of a linear differential equation. 
8. Solve xy" + (x - 1) у - y = 0 by operator method. 
9. Define Cauchy's homogeneous linear differential equation and give one example. (P. T.U., Dec. 2004) 
10. Solve the following differential equations : 
2 
. 24 y dy 
(i) х po +4х d *2y =0 (P.T.U., May 2006) 
2 
(ii) 2x? 2 +х Ф _ бу=0 [Hint: S.E. 1 art. 2.11] (P. T.U., Dec. 2013) 
dx dx 
2 
2 d^y 2 d 
ii) х -2y2x t, 
(ii) p " 
11. Define Legendre's linear equation and give one example. (P. T.U., Dec. 2005, May 2007) 
12. Solve the following simultaneous linear differential equations : 
dx dy 
) —+2y zel; —-2x =е! int : S.E. 225 
0) di Усе; di x =e" [Hint: S.E. 2 art. 2.13] 
8 dx dy 
(її) um 2x *y; d те 4х + Зу + 10 cos t. (P. T.U., Dec. 2002) 
ANSWERS 
4. (i) ysc,e? «c, ей (1) у= с, Jen) "dis, 209) 5 
(iii) у= (c; + сух) e*— ех sin х (iv) у= (c, + cx) cos x + (с, + сх) sin x 
(у) у=ае “+ е? Ё cos Sx + с; sin > (vi) у=е (c, cos x + c, sin x) 
X 
5. (i) e?* e* (ii) 26 sin x 
2 
ain =o? | ай usan 22-27 
5 2 2 6 
l,. - 
(v) 50 (sin 3x + 3 cos 3x) (vi) 55 соѕ ах 
(vii) ~~ sin 2x jii) cos 2x 
Vil 8 (viii 8 
8. yzc,(x-D*c,e7 
с 
10. () y= ад (1) у= с х2 + с» 
x x2 
ЭР 2, ,1f2 1 
(iii) y= qx" ++ + | х5 —— |log x 
x 3 x 
. ; 1 1 2 = t 2 2 —2t : 
12. (0 ВО шалга “3 (ii) х=ср e coe —sint—3 cost 


Р 2 1 -r 
c sin 2t — c cos 21426 gs у= 4с e?! — 3c, e —7 cos t+ sin t. 


<< 
Il 


З 


Application of Ordinary 
Differential Equations 


3.1. INTRODUCTION 


In this chapter we shall study those physical problems which deal with the linear differential equations of 
first and higher order with constant coefficients. Such equations play a dominant role in unifying the theory of 
electrical and mechanical oscillatory system, simple harmonic motion, deflection of beam, simple pendulum and 
population models. 

We shall begin by explaining the phenomenon of simple harmonic motion, then electric circuits, then 
simple pendulum then Deflection of Beam, and Population Models. 


3.2. SIMPLE HARMONIC MOTION (S.H.M.) 


A particle is said to execute simple harmonic motion if it moves in a straight line such that its acceleration 
15 always directed towards a fixed point in the line and is proportional to the distance of the particle from the 


fixed point. 
-——— ux 
Lu Or ————— MÀ 9X 
О Р А 
-4— —— X —__» 
< а » 
Let O be the fixed point in the line A'A. Let P be the position of the particle at any time t, where 


ОР- x. 
Since the acceleration is always directed towards O, i.e., the acceleration is in the direction opposite to 


2 
that in which x increases, the equation of motion of the particleis --5-1Х 


2 2 4 
ог (D*+u*)x=0, where Dess .4441) 


Itis а linear differential equation with constant coefficients. 
Its A.E.is D2« 2-0 sothat D- iu 


The solution of (1) 15 x 2 c, cos Uu + c» sin Ш ‚„..(2) 
а 
Velocity of particle at P = Е =—C H sin р + со cos ut -40) 
If the particle starts from rest at A, where OA =а, then from (2), (at £20, х=а); су =а 
and from (3), (a t=0, £ = o ;су)=0 
t 
x =acos ut .. (4) 
dx : 
апа — = -asinu t 4445) 
аг 
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| 2 
= —au4]1- cos? ut =—аң == | ES созш ==) 
а а 
--рүа!-х . 6) 


Equation (4) gives the displacement of the particle from the fixed point О at any time f. 
Equation (6) gives the velocity of the particle at any time t, when its displacement from the fixed point О is x. 


Equation (6) also shows that the velocity is directed towards O and decreases as x increases. 


2 
Now, equations (4) and (5) remain unaltered when fis replaced by f = , Le., when t is increased by 
u 
2n : : : Е ‚ 022 
— showing thereby that the particle occupies the same position and has the same velocity after a time — . 


2 
The quantity 2 , usually denoted by T, is called the periodic time i.e., the time of complete oscillation. 


Nature of Motion. At A, х=а and v=0. Since acceleration is directed towards О, the particle moves 
towards O. The acceleration gradually decreases and vanishes at O, when the particle has acquired maximum 
velocity. Thus the particle moves further towards A' under retardation and comes at rest to A', where 
ОА’ = OA. It moves back towards О under acceleration and acquires maximum velocity at О. Thus the particle 
moves further towards A under retardation and comes to rest at A. It retraces its path and goes on oscillating 
between A at A'. The point O is called the centre of motion or the mean position. The maximum distance a 
which the particle covers on either side of the mean position is called the amplitude of the motion. 

The number of complete oscillations per second is called the frequency of motion. If n is the frequency, 
then n- X = В. 

T 2r 


ILLUSTRATIVE EXAMPLES 


Example 1. /f the displacement of a particle in a straight line is given by x = a cos ut + b sin wt, then 


show that it describes S.H.M. with an amplitude Ja’ +b. (P.T.U., Dec. 2013) 
Sol. x= acos ut + b sin ut .441) 
Z = -apsinpre bp cos ur -40) 
x - —a u? cos ut — b u? sin Ut 
=- u? (a cos ut + b sin ut) 
== u2 х 


Motion is simple harmonic 
Let A be the amplitude of S.H.M. 


а 
then when х= А, v=0i.e., = = 0 
t 


From (2) - au sin ut + b u cos ut=0 


b 
tan ut= — 
a 
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b a 

Ja? +2 Ja’ m 
b 2 4p? 

From (1) Да-а В 8. = + 


а? + а? + а? + 
" р? (а? p үа? "E 


Example 2. A particle is executing simple harmonic motion with amplitude 20 cm and time 4 seconds. 


sin = ; COS Ut = 


Find the time required by the particle in passing between points which are at distances 15 cm and 5 cm from 


the centre of force and are on the same side of it. 


Sol. Here а= 20 ст, Т=4 seconds 
2 

Since Т= a /. u= 5 
u 2 


Let гу and t» seconds be the times when the particle is at distances 15 cm and 5 cm respectively from the 


centre of force. 


Using х= асоз р, wehave 15 = 20 соѕ 5 ti 
2 2 1 
or t= Zar and 5 = 20 cos Ta ог 125 cos! = 
T 4 2 T 4 


T 4 4 
Example 3. A particle moving in a straight line with S.H.M. has velocities v, and v, when its distances 


2 1 
Required time = 7 – іу = са cos! i) — 0.38 sec. 


2 2 
; : DM хү = Х 

from the centre are x; and х» respectively. Show that the period of motion is 27 T 2 | 
У2 = Y1 


Sol. The velocity v of the particle when it is at a distance x from the mean position is given by 


v= u? (а? - x’) , where a 15 the amplitude. 


yap? (а? - x) 441) add Уу (a* -x,.”) ...@ 
р 
Subtracting (1) from (2), we get ЙГ - v? = u? x? 4) or u? = 5 5 
м 2 
2 2.2 
Periodic time = цэн 2n х 5 : 
У =V 


Example 4. At the end of three successive seconds, the distances of a point moving with S.H.M. from its 


mean position are xy X5, хз respectively. Show that the time of a complete oscillation is 


2n 


-a[xptx 
cos ! | 1—3. 
2x, 


Sol. Let the moving point be at distances x, , x, , x3 from the mean position at the end of t, t-- 1, 1+2 


(P. T.U., Dec. 2011) 


seconds respectively. 
Using x-acosut, wehave x,=acos ut .441) 
x =acos И (1+ 1) ...(2) 
хз = а соз и (t+ 2) ...(3) 
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Adding (1) and (3), we get x, + хз = а [cos u (f + 2) + cos ut] 
u(t+2)+ut авд u(r-2)-ut 


=а.2 соѕ 
2 2 
= 2a cos И (t+ 1) cos u = 2x, cos u [Using (2)] 
=> u = cos | ЕЭ 
2x, 


: T 2 2 
Hence the time of a complete oscillation = Цэн : : 
[+ 
И совт 9+3 
2x, 
Example 5. A particle of mass m executes simple harmonic motion in the line joining the points A and B 


on a smooth table and is connected with these points by elastic strings whose tensions in equilibrium are 
each T. Ifl and l’ be the extensions of the strings beyond their natural lengths find the time of an oscillation. 


(P.T.U., May 2013) 
Sol. Let OA, OB be the two elastic strings with extensions Г and /’ and a particle of mass m is attached at О. 
T; T, 
2 
B ог X —-p A 
Let a be the natural length of the string OA and Ь be that of OB 
Let P be the position of the particle at any time f 
Let ОР- x 
OA= а+[, ; OB-b-«l 
АР-а-1-х ; BP=b+ľ +x 
When particle is at P let tension in the string AP be T} and that in BP be T, 
Then by Hook’s Law: 
: № · extension 
Tension = —— ———— — 
natural length 
Let Хү be the modulus of elasticity in the string AP and 2, be that of in string BP 
AP – 
Then qid) 
a 
ВР-Ь 
ee 21 ) 
b 
X A 
Т = = (a+l- x-a); T, 2 — (b+ x—- b) 
a b 
X X 
or T,2 10-х); T, = (+x) 
a b 
Since tensions are the only horizontal forces acting on the particle, 
: Е: d?x 
Equation of motion is т d» -Т,-Т, 
Ї 
Х Х 
а Ux) (1) 
a b 
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or 


In equilibrium position, tension in each string is T 


l Y 
T= Mt and Т= м 
а Ь 
м т. МТ 
1 оь Ë 
Substitude in (1) 
2 
T 
ubt elg cT qu 
d? l Г 
T T 
=T-—x-T-~x 
| Ї 


1 
| 
4 
oN 
~e 
+ 
le 
Ми 
= 


which shows S.H.M 


Time of oscillation 


TEST YOUR KNOWLEDGE 


(a) A particle is executing S.H.M. with amplitude 5 metres and time 4 seconds. Find the time required by the 
particle in passing between points which are at distances 4 and 2 metres from the centre of force and are on the 
same side of it. 

(b) A particle executing S.H.M. of amplitude 5 cm has a speed of 8 cm/sec when at a distance of 3 cm from the 
centre of the path. Find the period of motion of the particle. (P. T.U., Dec. 2013) 
A particle of mass 4 gm vibrates through one centimetre on each side of the middle point of its making 330 
complete vibrations per minute. Assuming its motion to be S.H.M. show that the maximum force upon the 
particle is 484 т^ dynes. 

A point executing S.H.M. passes through two points A and B, 2 metres apart, with the same velocity having 
occupied 4 seconds is passing from A to B. After another 4 seconds, it returns to B. Find the period and amplitude. 
A particle of mass of 4 gm executing S.H.M. has velocities 8 cm/sec and 6 cm/sec respectively when it is at 
distances 3 cm and 4 cm from the centre of its path. Find its period and amplitude. Find also the force acting 
on the particle when it is a distance 1 cm from the centre. 


At the end of three successive seconds, the distances of a point moving with S.H.M. from its mean position, 
А Ни : DNA 3 

measured in the same direction are 1, 5, 5. Show that the period of complete oscillation is a , where cos Ө = 5 : 

A particle is performing S.H.M. of period T about a centre О and it passes through the position P (OP = b) with 


. 3 "e : i : тиг! 
velocity v in the direction OP. Prove that the time which elapses before its return to Р is — (ап (27 : 
T T 
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A particle moves with S.H.M. in a straight line. In the first second starting from rest, it travels a distance ‘а’ and 


2a? 


3a-b' 


An elastic string of natural length 2a and modulus À is stretched between two points A and B distant 4a apart 


in the next second it travels a distance ‘b’ in the same direction. Prove that the amplitude of motion is 


on a smooth horizontal table. A particle of mass m is attached to the middle of the string. Show that it can 


vibrate in line AB with period 28 ‚ where à = 2k : 

Ф ат 
An elastic string of natural length 2/ can just support a certain weight when it is stretched till its whole length 
is 3I. One end of the string is now attached to a point on a smooth horizontal table and the same weight is 


attached to the other end. Prove that if the weight is pulled to any distance and then let go, the string will 


1 
become slack again after a time 5 Ё : 
Ү 


In case of a stretched elastic horizontal string which has one end fixed and a particle of mass m attached to the 
other end. Find the equation of motion of the particle given that / is the natural length of the string and e is its 
elongation due to a weight mg. Also find the displacement of the particle when initially s = s, v = 0. 


ANSWERS 


(a) 0.33 seconds (b) т 3. 16sec, 42 т 4. msec,5cm, 16 dynes 


d?s g gl g 
АЕ s= (5, -1) с0$| {2 Itl. 
а е е L e 


3.3. APPLICATION OF DIFFERENTIAL EQUATIONS TO ELECTRIC CIRCUITS 


We shall consider circuits made up of 


(i) Three passive elements — Resistance, Inductance, Capacitance 
(ii) An active element — Voltage source which may be a battery or a generator 


For the knowledge of the students we give a brief introduction of all those elements 


(1) Resistive circuit. It is an electrical circuit in which a resistor and a source of electricity (e.m.f.) are 
connected in series. For example when we switch-off an electrical appliance a current ‘i’ will flow 
through the resistor and hence there will be a voltage drop across the resistor i.e., the electrical 
potential at the two ends of the resistor will be different as some sort of cut will be dissipated 
through the air. The voltage drop across the resistor is proportional to instantaneous current ‘i’ 

У „= Ri, where R, the constant of proportionality is called Resistance of Resistor. 
(i) Inductive circuit. It is the circuit consisting of an electric source and an inductor. 
In inductive circuit, the voltage drop across the inductor is proportional to the instantaneous time 
rate of change of current ‘Г 


У! = L И ‚ Where L, the constant of proportionality is called Inductance of the Inductor. 
t 


(iii) Capacitative circuit. It is the circuit consisting of a source of electrical energy and a capacitor C, 


which is a device that stores energy. 


In capacitative circuit, the voltage drop across the capacitor is proportional to the instantaneous 
electric charge Q on the capacitor 


1 | S : 
У. = с Q , where C, the constant of proportionality is called capacitance. 
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3.4 BASIC RELATIONS BETWEEN ELEMENTS OF ELECTRIC CIRCUITS 


From (3.2) we conclude four most important basic relations between the elements of electric circuits. 
d 
pN y Q= [м 
dt 
(ii) The potential voltage drop across the resistance R is Ri 


(iii) The potential voltage drop across the induction L is L 2 
t 


(iv) The potential voltage drop across the capacitance C is = 


3.5. SYMBOLS AND UNITS USED FOR THE ELEMENTS OF ELECTRIC CIRCUITS 


Quantity of electricity coulomb 


Current j ampere (A) 


Resistance - ohm (О) 


— i 


L, * /$59950N — — 
3 henry (H) 


Induction 


Capacitance , j farad (F) 


Voltage or Electromotive —— im volt (V) 


Battery E constant 
force (e.m.f.) 5 Р 


Generator, E Variable 


Loop It is any closed path formed by 
passing through two or more 


elements in series. 


Nodes are the terminals of any 
of these elements. 


3.6. KIRCHHOFF'S LAWS 


Kirchhoff's Laws play an important role in the formation of differential equations for an electrical circuit 
which states as follows : 
() The algebraic sum of the voltage drops around any closed circuit is equal to the resultant 
electromotive force in the circuit. This law is known as Voltage Law. 
(i) The algebraic sum of the currents flowing into (or from) any node is zero. This law is known as 


Circuit Law. 


3.7. DIFFERENTIAL EQUATION OF AN ELECTRIC CIRCUIT IN SERIES CONTAINING 
RESISTANCE AND SELF INDUCTANCE (R,L SERIES CIRCUIT) 


Consider a circuit containing resistance R and inductance L in series with a voltage source (battery) E. 


Let i be the current flowing in the circuit at any time t. Then by Kirchhoff's voltage Law we have 
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di 
Ri+ L — =Е [.е., sum of voltage drops across К and L is E] 

d R. E 
or d pr (D) 


which is linear differential equation of first order in i 


: 4у Ш 
i.e., of the type Lt Q 


R R 8 
— dt ES ! ЗЕ 
Its pape ae 8 
доог 
DNE R, Е т 
Solutionis ie! = Ti dt +c E 
R 
LB E eT В 
іеї = т: R с 
L 
R 
cB s 
Or iel = т 
R 
E -—t 
Or i=—+ce L .40) 
R 
Initially if there is no current in the circuit i.e., i = О when t=0 
E 
Then 0 = Rte [From (2)] 
E 
с =-— 
R 
E E 
7. (2) becomes iz E 1-с © |, which shows that i increases with t and when t > œ ; i> R i.e., i attains 
the maximum value R 


ILLUSTRATIVE EXAMPLES 


Example 1. A constant electromotive force E volts is applied to a circuit containing a constant resistance 
R ohms in series and a constant inductance L henries. If the initial current is zero, show that the current 
builds up to half its theoretical maximum in (L log 2)/R seconds. 

Sol. Let i be the current in the circuit at any time f. 


| | di. di R, E 
By Kirchhoff's law, we have : Lj tRi-E Or т "ТҮ, ..41) 

Rt 

oL 


R 
Žar 
which is Leibnit’s linear differential equation, I.F. = J pom 


E 
-. The solution of equation (1) is i (L.F.) = IB (LE) dtc 
ог іеі = [лаже 2. eL te 
L L R 


or i =—+се L ИКО 
і R (2) 
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E 
Initially, when t =0,1=0 so ас = — E 


E 26 
Thus (2) becomes, i= ms L | .449) 


This equation gives the current in the circuit at any time f. 
Clearly, i increases with ¢ and attains the maximum value RC 
Let the current in the circuit be half its theoretical maximum after a time T seconds. Then 


RT RT 
1Е Е = = d RT 1 
—.— = — — L L — = = 
TR = | е | or e 5 ог log : log 2 


R 
Т =(Llog 2)/R. 


Example 2. The initial value problem governing the current ‘i’ flowing in series R.L. circuit when a 


di 
voltage v (t) = t is applied is given by iR + L а= t;t20;i(0) = 0, where R, Lare constants. Find the current 


d 
i (t) at time t. di (P.T.U., May 2006) 
i 
Sol. Given equation is iR + L um t;t20;i(0)20 
di . 1 
or — +—1 = —t, which is a linear differential equation in i 
dt 1. L 


А . . В; Е, 1 
Its solution is тег = fet Li**e 
1 Ry : 
TT tet dt+c (Integrate it by parts) 
1| SE 12 x, t 185, 
4e | е = R R? eb +c 
1 L -È 
1= в’ = + Се 
L 
Given i=0 when t=0 ~. c= R? 


Ш 
ja 
80 
о t 
тетт 
— 
| 
5, 
ci 
Ld 


= Ї c 
R 
Example 3. The equations of electromotive force in terms of current i for an electrical circuit having 
resistance R and a condenser of capacity C, in series, is E = к dt . Find the current i at any time t, 


when E = Ep sin œt. (P. T.U., Dec. 2006) 
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: ' : : Ї , 
Sol. The given equation can be written as Ri + [ES dt = Eg sin wt 


Differentiating both sides w.r.t. t, we have Ro + c = QE, cos wr 
di i WE, 
or di'RC pp № Ф) 


which is Leibnitz's linear equation. 


1 t 
[с d > 
IF = е RC -gRC 


-. The solution of equation (1) is 


ie RC 


ФЕ L oE L 
[X cos wt .eFC dt = 0 [enc cos Qt dt 


| 

Q 
2 
8 
Е 


Е er . ax E 
2 fe cos bx dx = =F. ao (a cos bx + bsin bx) = E cos} bx — tan ! ? 
a *b а? +5? 


1 


Е 2 
=. ВИ eC cos(œt — ф) + k , where tan ф =RC@ 
1+ В2С20> 
СЕ -5 
or i= 2 cos(w@t — ф) + ke FC 


Je R)C? 


which gives the current at any time f. 


: й А : 
Example 4. Solve the equation Lo +Ri = Ед sin wt, where L, К and Eg are constants and discuss the 


а 
case when t increases indefinitely. (P.T.U., May 2007) 
HL n s 
Sol. Ly + Ri = Eg sin wr .. (1) 
di R, E, . 125 ait : | : Я е 
di + т! = т. sin ox , which is linear differential equation of first order in ‘i 
t 
[ie R 
LE2 eb =el 
Its solution is 
R R 
—t — E 
тег = Jel р sin ог dt +C 


=t E 24, 
iel = Pje sin ог dt +C 
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R 
=f 
Г, ах 
= Bo. t E end Qcos wt |+C ge sin bx dx= < E [asin bx —b cos bx] 
LR aLL a +b 
gr 
5 
E,Le’ ÍR 
=» X sin Wt — 0 cos wt |+ C 
R^«L'o|L 
R 
E, L R. aot 
18 == - | sin ot 212 E 
R +L œ LL 
R : 
Let т = 960$ $, @=asingd 
Squaring and adding 
2 
а? = pe 
Dividing, we get 
Lo 
tang =— 
R 
R 
EjL -5t 
i = ——————.|а cos $sin œt — a sin ф cos œt |+ Ce © 
Roa Lg? oso фсова | 
Ё 
EoL : E 
= ———— —-.asin(or - ф) + Ce L 
R? + o 
E,L В? +1202 L = 
= 0 | x M dim decia а 
к? +L o E R 
R 
E -=t 
i= В sind ax — tan! Lo + Се L 
(eal O R 
Now, when f increases indefinitely i.e., t > оо 
R 
IE E 
Then e L >07. i= 0 si tan | и 
R?«Do R 


TEST YOUR KNOWLEDGE 


1. When a resistance R ohms is connected in series with an inductance L henries, an e.m.f. of E volts, the current i 
. T di | : : -— : 
amperes at time f is given La + Ri =E. If E = 10 sin г volts and i = 0, when t = 0, find i as a function of t. 


is applied at t = 0 to a circuit containing inductance L and resistance К. Show that the current 


E cR 
at any time f is x Де ze | | 
-а 


а! 


2. A voltage Ее 


122 


АТЕХТВООК OF ENGINEERING MATHEMATICS 


When a switch is closed in a circuit containing a battery E, a resistance R and an inductance L, the current i 


di 
builds up at rate given by Lo + Ri = Е. Find i as a function of t. How long will it be, before the current has 


reached one-half its maximum value if E = 6 volts, В = 100 ohms and L = 0.1 henry ? 
Show that the differential equation for the current i in an electrical circuit containing an inductance L and a 


. . | . ! 22 | а - 
resistance R in series and acted on Бу an electromotive force E sin wf satisfies the equation. L— + Ri = E sin ot. 


dt 
Find the value of the current at any time f, if initially there is no current in the circuit. (P.T.U., May 2006) 
: E si Lo 
[Hint : Consult example 4; in the result put i = 0 when t = 0, get C = NU when ф = tan! — ] 
В? +1202 R 


di 
Solve the equation LS + Ri = 200 cos 300 t, when В = 100, L = 0.05 and find i given that i = 0 when t= 0. 


What value does i approach after a long time? 

A resistance R in series with inductance L is shunted by an equal resistance R with capacity C. An alternating 
e.m.f. sin pt produces currents i, and i» in the two branches. If initially there is no current, determine i, and 7, 
from the equations : 


аъ 


di : 
LČ 4 Ri, = E sin pt and о ЕВ = p Ecos pt 
dt C dt 


E 
Verify that if R2C =L, the total current i 1+5 will be sin pt. 


R 
ANSWERS 
10 2 
i = — —(Rsint - Lcost - Le L 3. 0-0006931 sec 
L +R 
Rt 
— L 
i- E sin(or — ф) +ѕіпфе © |, where ф = tan | 2— 
В? +071. R 
i- 50 p cos 300r + 3 sin 3007] — a, а 
409 409 4409 
i = Ев sin pt — pL cos pt] = 2-РЁС [cos pt * RC рэп pt]. 
d LU 21+ р2 2? 


3.8(а). DIFFERENTIAL EQUATION OF AN ELECTRICAL OSCILLATORY CIRCUIT 


CONTAINING INDUCTANCE AND CAPACITANCE WITH NEGLIGIBLE 
RESISTANCE (L.C. CIRCUIT) 


Consider an electrical circuit containing an inductance L and capacitance C. 


Let q be the electrical charge on the condenser plate and i be the current in the И 
ИИ : . di q 

circuit at any time г. The voltage drop across L and C being Ly and с 

respectively and since there is no applied e.m.f. in the circuit, we have by L 


Kirchhoff's Law, 
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8.4 
Late =0 .4401) 
2 
dg d? 4 4 4а, а 
Since py equation (1) becomes L Ёс + С =0 ог РЕ МИГЕ 0 
Writi 2- itb da, 20-0 0) 
riting 0) ic , it becomes p Qq- iud 


Equation (2) is of simple harmonic form. It represents free electrical oscillations of the current having 


period zm - л -27-1С. 
© | 1 
ЇС 


Solution of (2) is obtained as follows: 


Itis a linear differential equation with constant coefficients 
Its symbolic form is (D2 + 002) 4-0 
А.Е. is 02+ o? = 0orD- t № 
Solution of (2) is 


1 NE 
4-0 cos Of t c sin (0f = c, COS ——— f + c, sin —— f 
: 2 JLC Лс 


This solution can also be put into the form 


q= А cos (07 + B) = A cos -l 44B 
ү/1С 


where с p C2 OF A, B can be determined from initial conditions of the problem. 


3.8(b). DIFFERENTIAL EQUATION OF AN L.C. CIRCUIT WITH E.M.F. k COS nt 


Consider an electrical circuit containing an inductance L and capacitance C. Let q be the electrical charge 


on the condenser plate and i be the current in the circuit at any time г. The voltage drops across L and C being 


di 
L^ and c respectively and since e.m.f.=kcosnt -. by Kirchhoff's Law 
di q 
Lo F c= k cos nt 
: _ 44 19 2 +4 С 
Since xb g СТ kcos nt 
d 24 1 К L k cos nt 
ог ——-——4q = —cosnt 
d? LC? L 
1 k 
DNO 2 EUREN mud 
Writing 0 = LC and Е- Г? уе һауе 
20 
d + o? а= Ecosnt , which is a linear differential equation with constant coefficients — ...(1) 


S.F. is (D? + 02) q= E cos nt 
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AE. 2-0 -0 . Dc-toi 
С.Е = С] COS Qf + C5 sin Qf 
1 
PIs RN E cos nt 2102) 
рг +0 
Put р2--и2 
IN GE E cos nt when 9? z n? 
Qo -n 
Case (i) When 02 = n? 


Solution of (1) is 
q= Су COS Of + С) sin Qt + PONE E cos nt 


С] COS Wt + c» sin œt can be put into the form A cos (wr + B) 


E 
q= А соз (61+ B) + => —3 cosnt 
Оо -n 


Substituting the values of œ and E 


а= zi aj 
JLC (те-"”) 


Case (ii) When 02 = п? 


РЇг- ЭБ Е cos ox [i.e., in (2) multiply numerator by f and differentiate the 


denominator w.r.t. D] 
sino Et. 
= — sin wt 

© 20 


SE соз ot dt = tE 
2 2 
C.S. of (1) is 


: Et . 
q= c COS Ot + c, sin OX + — sin Wt 
20) 
Et |. 
= ci COS Of +| c; + —— |510 OX 
20 
which can again be reduced to the form 
: А : Et 
=r sin (Of + ф) by putting с] =r sin Ọ | c; + p 
(A) 
=rcos ф 


2 
Et 6 
where г= + Co +— | ,00ф----с-. 
20) Е 


20 
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3.9(a). DIFFERENTIAL EQUATION OF ELECTRICAL SERIES CIRCUITS CONTAINING 
INDUCTION, CAPACITANCE AND RESISTANCE (L.C.R. CIRCUIT) WITH 
NEGLIGIBLE E.M.F. (P.T.U., Dec 2006, May 2007) 


L.C.R. Circuit : Consider the discharge of a condenser C through an inductance L and the resistance R. 
Let q be the charge and i the current in the circuit at any time f. The voltage drop across L, C and В are 


di а? 4 4 dq 20. dq 
respectively. L 23 = Ri , which аге same as L nc and R d "ш 
By Kirchhoff's Law, we have 
C 
d^q 444 424 Rdg 1 
рва ат 1 = 
ie ae eg Ta ып я 1 
E R 1 2. d°q d4 2 
Writin —=2p and —— = 0, it becomes соё -0:4-0 ИН! 
i p Veg ад Ра" " 


which is a linear differential equation with constant coefficients 
S.F. is (02 + 2рр + 02) = 0 
А.Е. is D? + 2pD + @? = 0 


QNUM. pho 


(1) If p > 02, then solution is 


R ЕЭ в2 41 1 2 R2- 4 t 
=a" 2L С 21. С 
се 


4= е 21. +e 


Е p?< œ? then D= — pti, o — p? =atif type 
=-р.В= үө? —р° 


q= e Pt |a cos lV "na - р? ) + Cy COS \\ Ф - р? [ 


Solution is 


It p? = 02, then both roots of (1) are equal and each = — p 
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Then solution is 
R 


= f 
а= (cu + су) e P! = (eq er) e 2 


3.9(b). DIFFERENTIAL EQUATION OF L.C.R. CIRCUIT WITH E.M.F. k COS nt 


Consider an electrical circuit consisting of induction L, capacitance C and resistance R, which contains an 
alternating e.m.f. k cos nt. 


Let q be the charge and i the current in the circuit at any time f. The voltage drop across L, C and К are 


di 5 d 
respectively LĒ, 4 Ri , which are same ав L ai А Ч ,R dq аѕ і = Ч 
dt C d? C dt t 
By Kirchhoff’s Law we have 
di С В L 
LZ +44Ri=kcosnt ...(1) 
dt C 
2 
or L ^к ы keh 
а? dt С 
2 
dn 44 Е 4 4 _ kcos nt 
d? Ldt LC L 
R 1 : К cos nt 
Writing — =2р, — = o? and —=E 
L LC L 
dq, dq.» 
—+2p — +04 =Ecosnt 5542, 
ад at 2 e 
which is a linear differential equation with constant coefficients 
S.F. is (D? + 2pD +02) а = E cos nt 
AE. is D? + 2pD + 92-2 0 
-2pt4 4p’ — 4o 
D= P z =~ pty р2 о? 
| a s I5 02 |t 
СЕ= m TOM NE. к if p2 > @2 
2 o 2? o 
ог ске erfad” QE Ж 


ог СЕ= PET 49? - р? t* csin o? - p^ lit p«o? 


or СЕ= (ср + с) eP ifp? = 02 ...(3) 
1 
РІ. = ay Ecos nt 
D* +2рр+о 
Put D2 = - п2 
1 1 
= Е — —— eos = Е ——- cos nt 


-n +2рр+ о> 2рр+ (o? — п?) 
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2pD- (9? — п?) 
4р2р? — (o? — n? 
Put D2 = — п2 


cos nt 


2 pD (cos nt) — (©? = n? )cos Цаа EZ 2pn sin nt — (o? = п?) cos nt 


= Е = 
—4р?п? — (02 - п?)? -[4p?n? + (©? =) | 


2 pn sin nt + (o — n?) cos nt 
Api? (o? п2)2 
2 


= Е 


For simplification put 2pn = г sin ф апа o? — n? = r cos ф 
2 
2 = 4p?n? + (002 — n2)? and tan ф= —; ри 5 
© -n 
: : Е 
pr- Е 79 ф sin nt us cos ф cos nt mm (nt 0) 
r r 
E 2 
= cos [^ tan ! 5 pn 3 ..44) 
JApi? + (6? – п2)2 © -=n 


Solution of (1) 18 
4= С.Е. +РІ. 
Substitute the value of С.Е. and P.I. from (3) and (4) respectively. 


ILLUSTRATIVE EXAMPLES 


Example 1. The voltage V and the current i at a distance x from the sending end of the transmission line 


dV - di 
satisfy the equations — pM = Ai; = = ВУ, where A, В are constants. If V = Vg at the sending end 
x x 


sinh п(1 - x) 
(x = 0) and V = 0 at the receiving end (x = l), then show that V = Vo e , where n? = АВ. 
i 
(P.T.U., May 2010) 
Sol. Given equations are 
ау а 
SE Ape =BV 
ах ах 
1 а?у 
Р 10У вам) нү 
А ах dx\ A dx 
2 2 
or 14У = pv or - ABV =0 
A dx dx 
2 
У 
ог "I -nV =0 (given AB = n?) 
x 


which is a linear differential equation with constant coefficients 
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Its Auxiliary equation is 


р2-п2=0 2 р=+п 
Its solution is V= суе! + сое" (1) 
When x= 0, V = Vo, then from (1) Vy c4 * c5 
When x= l, V 20, then 0 = ce" + се"! 
Solve the equations for сү and со, we get 
Vo e" Vo e"! 
C17 "Wu -nl ? 62 = ы -nl 
e —e e e 
V. ew у e" 
of IT -. 
^ 2sinhnl 2 sinh nl 


Substituting the values of c, and c» in (1) 


V, Ч V, Hu = х пх 
V= - 0 [- е" eu Le | = 0 Ё 8 ( ) че (1 1 
2 sinh nl 2 sinh nl 
V, пі = х =A=% V, . 
- 0, ( Lag ( о 2sin (1-а) 
2 sinh nl 2 sinh nl 
т V, sinh п(1— x) 
d Ни 


Example 2. Show that the frequency of free vibrations т a closed electrical circuit with inductance 1, 


30 
ny LC 


per minute. (P.T.U., Dec. 2001, May 2010) 


and capacity C in series is 


Sol. Let i be the current and q the charge in the condenser plate at any time t. The voltage drops across 


: 2 
Г. апа С аге L » =L = 4 апа c respectively 
Since there is по e.m.f. in the circuit .. by Kirchhoff's Law 
ад q d^q 1| 
ED RP Or Poli в. 
s 1 2 dq a 474 2 
Writin —~=@° wehave —>+@°q=0 or —---0 
LC ae ад 2 


It represents oscillatory current with period T = A = an -2n4LC 
© 1 


ЇС 


Ї 
2. Frequency = = рег second = 


т per minute = 


per minute. 


60 30 
27-/1С ус 
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Example 3. An electric circuit consists of an inductance of 0.1 henry, a resistance of 20 ohms and a 
condenser of capacitance 25 micro-farads. Find the charge q and the current i at any time t, given that at 


d 
1-0, q=0.05 coulomb, i= "X when t — 0. 


Ч. р 4,4 
5 +R di + с = 0 
2 

ог 0.1 - 1 + а 4 Е =0 [ ^ 1 micro-farad = 10-6 Тагаа8| 
dt dt 25x107 
ад 44 1 10000000 

ог “4 1 20072 1.409.000 =0 21 = =400,000 
42 dt 4 “ЭГ assu 25 

Its А.Е. is р? + 200D + 400,000 = 0 


D- -200--/40000-1600000 | —200+ 4-156000 
2 


E + j 
2 ЕД --100-100-/39 i 


pae la cos(100./39 г) +c, sin (100/39 7 


2 


Its solution is q= e 


.. (2) 
Differentiating w.r.t. t, we have a. = —100 07! la cos (1004/39 t)+e, sin (1004/39 | 
t 
+ etm] 100/39 с, sin (100/39 r) + 100.39 с, cos(100 89 2] 49) 
Since q =0.05 when t=0, From (2), су = 0.05 
а 
Also, 0 when t=0 From (3), 9 =- 100 су + 1004/39 c, 
c 0.05 
ог Со = —=——= 0.008 
2 9 {39 
Непсе а= г [0.05 cos (624.51) + 0.008 sin (624.5 27 
and ; _ 44 _ -100r J39 J39 . 
i = S = -100e 1-9 с, cos (624.50) «(A39 су +с sin (624.50) 
= — 0.32 e! sin (624.57). (- 489 са) 
: : | di 
Example 4. Solve the differential equation L — 


di + 2 |: dt = 0, which means that self inductance and 


capacitance in a circuit neutralize each other. Determine the constants in such а way that ig is the 
maximum current and і = 0 whent=0 


(P. T.U., Dec. 2011) 
Sol. LS += «| dt = 
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| | d d d^ i 
Differentiate L—> + с=0 от 75 
dt 
which is linear differential equation with constant coefficients 


1 1 
AE.is D? +—=0 e Dei 


LC VLC 


Its solution is 


1 ‚Л 
j —C,C0S——— t + c4SIn——— t 
axi E" ЫЕ 
1 
When t=0, i=0 > ġ=0 ~. i= c, sin——t 


а 
JEC ш 


1 
Now, Max value of i=i,. Also sin t has max value 1 
° JLC 


ig = Сә -. From (1) solutionis i= ig sin 


1 
і. 
VLC 


Example 5. An uncharged condenser of capacity C is charged by applying an e.m.f. E sin 


ТС? 
through leads of self-inductance L and negligible resistance. Prove that at time t, the charge оп one of the 


t Ї Ї 
lates is sin COS : 
4 2 | AIC «LC VLC | 


Sol. Letq be the charge on the condenser at any time t. The differential equation for the circuit is 


d?q q 1 
L— + = = Esin 241 
d? С VLC 9 
Its А.Е.іѕ LD? m ое C 
5 с I. 
t 
СЕ = с, cos——= + c, sin ——— 
1 / 2 ТС 
ГА 
апа PL = Esin 
1 / 
LD? +- LC 
C 
2 1 : 
Put D^ z- — ;Caseoffailure 
LC 
1 t Et t Et [c t 
PI. = Е. sin - АТС cos = cos 
2LD лс 2L | ma 2 VL VLC 
t t Et |С t 
The complete solution of (1) is q = c; cos —— + c, sin cos a) 
Ме ° JIC 2\ Lc 
Initially, when 1-0,4-0 - 


. с =0 
Differentiating (2) w.r.t. t 
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а а sin Д + с cos : EE [es : : sin i | 
Лс лс VLC «LC 2YL МС лс „ЛС 


а 
T dq_._ _ 
Initially, a =0 when 1-0 
EC 
2 2 сый or Со зу + 


Substituting the values of c, and c, in equation (2), the charge q on the condenser plate, at any time г, is 


given by EE sin : E Ё cos | or dq EE E | | cos : | 
q = — . 
2 лс 2\L JLC 2 VLC VLC — «LC 


Example 6. In an L-C-R circuit, the charge q on a plate of the condenser is given by 


2 d 
18 24 +В 44 + = E sin Qt, where i= ad . The circuit is turned to resonance so that 
42 dt С dt 
1 БЭР 
LC: If R 4-0-1 
ZU R 
when t=0, show that q= —cos@t+e ES COS pt +—— sin pt 
2Lp 
"EET Шо p R (P.T.U., Jan. 2010, Dec. 2013) 
i- sino e 2 sin pt |, = ——-—. T.U. 5 А Я 
К РУС LC 41 | 
ага dq | q Я 
Sol. The given differential equation is L= +R — 9 *c =E sin ot 
dt? 
2 1 : а 
ог LD* +RD+— |4 = Еѕіпо, where D= — Ф) 
C dt 
А -к+ |В2 LEE TT ыг В? AL 
Its AE. is LD2+RD+ = =0 sothat D= Суз С , since В2 < — 
С 21, 21, С 
R i R? -R 1 R 
= ti z= tip, since —-——— =p? 
2L LC 4? 2L LC 4P 
E 
Its СЕ=е 7 (a COS рї + су sin рї) 
1 | 
апа РІ. = ———————_- Esin ox 
2 = 
LD^ +RD+ С 
Е EM n gina i ic 
=E. =R D ‚ since 0 = үр 
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E 
= —— cos wt 
Во 


The complete solution of equation (1) is 


ORI 


- 1 ( COS pf + c, sin 1) - cos wt 
q-e с, pt +c, sin p He 


"me 


E 
Initially, when £20, 4-0 -. cy = — 
Ко 
Differentiating (2) w.r.t. t 


Rt Rt 


44. 5 : т. à E. 
—-e — pc, sin pt+ pc, cos pt)J- — е 25 (c cos pt+c, sin рї)+ — sinwt 
5 (— ра sin pt-- pc; cos pr) 29 (a cos рї+ с, sin pt) Е 


Initially, when /-0 


R T R E E 
€,— — C = C= : = 
Pap 2^ IL’ Ro 2pLo 


Substituting the values of c, and c, in equation (2), we get 


E . E 
а= e? E соз pt 7 22 г cosQt 
© pLo © 


ог a "— cos CEN t (3) 
1= Ro diri S UU 


Differentiating (3) w.r.t. ї 


dq E| ов - в. с. В 
—=—— Gsinor- — e cos pt - ——sin pt |+e — psin рі+ — cos pt 
а Ro 21, 21р 21, 


E at R2 E -& В2+412 p? 
ог i=— |gsingr—e 28 + p |sin pt |= — | osingot — e 2. sin pt 
Ro | AU p | Ro 42р 
Г Rt 2 2.2 
R 41: 1 
2 sin wt 2L sin pt |, since = 5 P 
po 4L LC 
Г Rr 
E 1 
= sin@t—e 21. sin pt |, since @2 = == 
R ps P | LC 


R pNLC 


Rt 
. СЕ. 1 -3L 
or 1 = sin (of е sin pt 5 
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Example 7. A constant E (e.m.f.) at = 0 is applied to a circuit consisting of an inductance L, resistance 
R and capacitance C in series. The initial values of the current and the charge being zero, find the current 
at any time t, if CR? « 4L. Show that the amplitudes of the successive vibrations are in geometrical 
progression. 


Sol. The differential equation for the circuit is 


A.E.is LD?+RD+ 


41. 2 
Given R2<— 2 D= 5 ний! 1 = 
C 2L LC 4L 


R 
D= ——+ip, where 2 = 
21, р р 


d RÊ 
LC 412 


R 
->t 
СЕ=е 21 Га COS рї + c, sin р | 


PI= | t= : Ее” put т=0 

LD?+RD+— LD*+RD+— 
С С 
= Е о gc 
1 
С 
.R 
C.S.is а= e? [a COS pt +c, sin pt ЕС 
Now, when 1= 0, 4=0 -.0-с,4ЕС 
су= -EC 


R 
-—t 
а= e) [- ЕС cos pt + c; sin pt |+ EC 


. dq -К, . R -È: | 
Now, i= 209 ын | EC psin pt 4 c posp Hz e 2L [— EC cos pt + c, sin pt] 
t 
When 1-0, 1-0 
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R 


peg 


REC R - REC 
: _ КЕС _ К я! | _ _ REC . 
E Cpsin pt op CS 2 oL 6 | Ecos pt үр "л 2 
R 2 
{ые leon стены o йш 
P Sin p 2L р 2L р 412р р 


R 2 2 
-— КЕ T R 
ize T ECpsin pt + REC in pr =ЕСе EX p+—; lsin pt 
412 р 417 p 


Ab wp +R? -È 


- EC e ?L sin pt 
4L? p 


Substituting the values of р? 


R 
apt us | "D E -4* : 
i= 1E ?L sin pt, where amplitude of successive vibration is given by — e ?- , which 
p 


decreases as f increases. 
2 Е = 13 : 
Amplitudes are — e 2L 4. ^. e L 4-1 e 2L 


which forms а С.Р. series. 


Example 8. An e.m.f. E sin pt is n at t — 0 to a circuit containing a capacitance C and inductance L. 


1 
The current i satisfies the equation i + = ZI dt — E sin pt. If p? = 1C and initially the current i and the 


Et d 
charge q are zero, show that the current at time t is 2L sin pt, where i= - ; 
(P.T.U., Dec. 2003, 2012, 2013, May 2012 ) 
Sol. i + к i dt = Esin pt 
dt C 


Substituting the value of i= a 
t 


Гад 1 
eae) 2279 Езш рї 
а CJ dt 
2 
Or ЕО T 


S.F. is (> z q = Esin pt 
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1 1 
AE. is LD?+ = =0 2 D=ti =+ip, where p= —— 
С VLC VLC 
CE =c} cos pt + c, sin pt 
1 
РІ. = ———~Esin pt Put D2 =- р? 
2 — 
LD* + С 
1 ECsin pt 1 
= ———— Esinpt= — — 5 ut p= == 
= LC 
E: р? m3 1-1С р 
С 
Case of failure 
t 
РІ. = 2LD Esin pt [Multiply by ¢ and differentiate the denominator] 


Et -cospt  Есор 


2L° p 2Lp 
: . Et cos pt 
CS. is q = Су COs pt + с) sin pr — ро 
When t =0, q4=0 - O=c, 
T" Et cos pt 
q-C Рї- ре 
2 2Lp 


1- 49 _, по [-! psin рг+соѕ pt] 
5 21р 


dt 
t 0, i20 
" E . E 
ЕС - = .. Cy = 
2Р 21р 2 21р? 


B pcos pt Er sin pt E COS рї 
~ 21р? 2р 21р 


ЕЕ Ї 
2р рі. 


d'q ор уч 


Example 9. /n an L-C-R circuit, the charge q on a plate of a condenser is given by 23 dc 
t 


= E sin pt. The circuit is turned to resonance so that р? = iz . If initially the current i and the charge 4 


R Et 
be zero, show that, for small values of Т? the current т ше circuit at time t is given Бу — sin pt. 


2L 
(РТО. May 2010) 
Sol. Given differential equation is 
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d? d 
+В д + CEsinpr 


sEis | LD?+RD++ q =Esinpt 
С 


1 


A.E.is LD?+RD+ c; =0 
4L 
= -R4 R?- 2 
Ба ЕК гж 
21, 2L \а2 LC 
D= R + ЭРЭР issmall - = is neglected 
- eL V nC. ` L v № 
1 
= ——_+] 5,5 dum 
л.” ` FIG 


R 
->t 
СЕ =e 25 [¢,cos prtc, sin pt] 


1 


Р]. = — — — —4 Esinpt Put D2z- p? 
LD? +RD +4 
® 
1 
= ———————- Esinpt 
—Lp* +RD+— 
4 С 
1 1 Е -cos pt 
= ВУ ри = ——Essin pr= =, 9 

-L—+RD+— ЕР К p 

LC С 
| E | Е 
CS. is q =e 25 (c cos pt + c;sin pt) --рү 995 р 
R 2 
-> R 1( R p l2 13 
Now, e ?L =1+ t |+ Ll ues [ е *=1-х+ х5 - +... d 
Cx zx) 5 "в в” 
R в. 
=1-— t "7" т issmall 
2L L 


= 1-2, (с cos pt + с» sin je «ds t 
а= 21, 1 Р 2 Р РЕ р 


When #=0, 440 ... 01 - к БХ ^ 


| у шин" Tu 
E 2L J pR S =} ug P 
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TE. 1 t E sin pt + cos рї — E cos pt + c, sin pt |+ E sin pt 
РЕ Е 2 2Р p 2L\ PR Р 2 p R p 


E 


t=0,i=0 2. O=c, p-—— ie, 9 pi 


j 1 R t E sin pt + B со$ рї а cos pt + 5 sin pt |+ 5 sin рї 
1 = = —— —– === = — | — I 
m | R us | aD C 5 | R 


и. pe hog ppt sin рї 1 соз 1 E COS pt LES. pner dual 
RT 2Lp Цай тана Р 21р В 412 р? R 


42р 
22 sin pt cos pt sin pt 
= Р Р Р 
21, 412 р 412 p? 
22 fo 3 5, ll 
= >, Sin P F p issma 
H _ Et, 
ence i= зү sin pt. 
TEST YOUR KNOWLEDGE 
LEM 
1. The differential equation for a circuit in which self inductance and capacitance neutralize each other is L pu: + p^ 0. 
(4 


Find the current i as a function of t, given that Lis the maximum current and і = 0 when г = 0. (P.T.U., Dec. 2011) 
[Hint: Consult S.E. 4] 


2. А condenser of capacity C discharged through an inductance L and resistance R in series and the charge q at time 


t satisfies the equation log =10210 =0. Given that L = 0.25 henries, В = 250 ohms , C 2 2 x 10-6 farads and 


d 
that when t = 0, charge q is 0.002 coulombs and the current q =0, obtain the value of q in terms of t. 


3. Ifan e.m.f. Е sin œt is applied to a circuit containing a resistance R, an inductance L and a condenser of capacity C, 


: - : 40 | 
the charge on the condenser at time t satisfies the equation log ч = 10210 = E sin wt. ТЁК = 2 VLC , solve the 


differential equation for д. 


4. A circuit consists of an inductance L and condenser of capacity C in series. An alternating e.m.f. E sin nt is 


applied to the circuit at time t= 0, the initial current and the charge on the condenser being zero. Prove that the 


current at time fis i= 5 5 (cos Of — cos nt, where CLo?- 1). Prove also that п = œ, the current 
ціп - 0 | 
7” 4 Et sin ot 
at time fis —————. 
2L 


5. Ап alternating e.m.f. E sin pr is applied to circuit at t = 0. Given the equation for the current i as 


di di i | | 
L po + Ry + с = р Ecos pt, find the current i when 


(i) СЕ? >4L (ii) CR2<4L. 
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2. а=е 500! (0.002 cos 1323 t + 0.0008 sin 1323 r) 


1 
ESI E 


_ В ( — ©? CL)sin or- 2VLC созот 
3. q= (с 1221) e 2L c EC 


2 
( +0? cL) 
5. (i) i= Ae % cosh (Br y) 


E 
(ii) i= A e^ 9 cos (Bt +y) + Re Фф sin (pt + ф) , where 


3.10. SIMPLE PENDULUM (P.T.U., May 2005) 


If a heavy particle is attached to one end of a light inextensible O 
string, the other end of which is fixed, and oscillates under gravity in 
a vertical plane, then the system is called a simple pendulum. 

Let O be the fixed point, / the length of the string and m, the 
mass of the bob (heavy mass). Let P be the position of the bob at any 
time f. Let arc AP = s and / АОР = Ө, where ОА is the vertical line 
through O. 

The forces acting on the bob are: 


mg sin 9 mg cos 0 


(i) its weight mg acting vertically downward mg 
(1) the tension T in the string. 
The components of weight along and perpendicular to the path of motion are mg sin 0 and mg cos 0 
respectively. The component mg cos 0 is balanced by the tension in the string. 
2 


The equation of motion of the bob along the tangent is m — =- mg sin Ө 
й 
ог d^ 09) =—@ 51160 (с^ 5=1) 
dr? | 
2 
ог 2 - = T sing =-— | 0-— +....... =-80 toa first approx. 
dt 1 
2 
ог 49 е 0, where œ? = “4 
dt l 


Its A.E.is D?+@? =0, whence D- t io. 


Its solutionis Ө = С] COS Wt + Су sin Qf 


ог Ө = с cos £65 sin JE 
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2 l 
The motion of the bob is simple harmonic and the time of an oscillation is 222 2n ү Р 
© 8 


The motion of the bob from one extreme position В to the other extreme position B' is called a beat or a 
swing. 


1 1 
The time of one beat = 5 (time of one oscillation) = л Ї : 


A simple pendulum which beats once every second is called а second's pendulum. Thus а second's 
pendulum beats 86400 times a day, the number of seconds in 24 hours. 


Since the time for one beat in a second's pendulum is | second, taking g = 981 cm/sec?, we have 


Hence the length of a second's pendulum is 99.4 cm. 


3.11. GAIN OR LOSS OF BEATS 


Let a simple pendulum of length / make n beats in a time f, so that 


1 t 
t = ПП |— Or n= — 8 
(2 TNI 


1 
Taking logs, logn= ю | + ~ (log g - log I) 
T 
dn l[dg dl dg dl 
Taking differentials on both sides, we get 21 or dn= 1 ES 
n 218 1 2 
which is the change in the number of beats. 


If only g changes, | remaining constant, Шеп dn — 


a C^ dl=0) 
g 


л 

2 
23 n dl 
If only / changes, g remaining constant, then dn = sx 
ILLUSTRATIVE EXAMPLES 


Example 1. Find how many seconds a clock would lose per day, if the length of its pendulum were 
increased in the ratio 900 : 901? 


Sol. Let / be the original length and / + dl, the increased length of the pendulum, then 


| 900 „ 144 901 
1+ 901 1 900 
di 90 , 1 


Let n be the number of beats per day, then п = 86400. 


n dl 86400 1 
= х 


If dn is the change in the number of beats, Шеп dn = : - 
2 4 2 900 
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Since dn is negative, the clock will lose 48 seconds per day. 


Example 2. A pendulum oscillating seconds at one place is taken to another place where it loses 
2 seconds per day. Compare the accelerations due to gravity at the two places. (P. T.U., Jan. 2009) 


Sol. Let g be the acceleration due to gravity of the pendulum which beats once every second at one place 
and g + dg be the acceleration when pendulum loses 2 seconds per day at another place 


п = 86400 seconds only and dn = – 2 


We know em - IER 
n 2g 
_ 2 x2- 8 
86400 8 
FOE 21600 
dg — 1 
8 —21600 _ 21600 


g-*dg  —21600+1 21599 
Hence the required ratio of the accelerations due to gravity at the two places is 21600 : 21599. 


Example 3. A pendulum of length l hangs against a wall inclined at an angle 0 to the horizontal. Show 


l 
that the time of complete oscillation is 27 2 
\ g sin® 


Sol. Let the position of the bob of mass т, at any time 1, be P апа О be the point of suspension so that 
ОР = І and 2 АОР =Q, where OA is the line of greatest slope through О. 


mg 
The component of weight of the bob along the plane is тё sin Ө. The equation of motion of the bob along 
425 
the tangent at P is т—у c-mg sin Ө sin О. 
dt 


2 3 
4 00) 6 


dr? 
2 
Or SS =— gino to a first approx. 
t 
2 А 2 р 
ог ae „н NU -Q or ae 9 оа, where 69? = шинэ 
а? 1 E l 


l 
2510 


2 
The motion of Фе bob is simple harmonic and the time of one oscillation = e 2T 
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TEST YOUR KNOWLEDGE 


7. 


10. 


п. 


12. 


А pendulum gains 10 seconds at one place and is taken to another place where it loses 10 seconds per day. 
Compare the accelerations due to gravity at the two places. 


A clock with a second's pendulum is gaining 2 minutes a day. Prove that the length of the pendulum must be 
increased by 0.28 cm to make it go correctly. 


Calculate the number of beats lost per day by a second's pendulum when the length of the string is increased 


1 : 
Бу 10.000 of itself. 


If a pendulum clock loses 9 minutes per week, find in mm, what change is required in the length of the 
pendulum in order that the clock may keep correct time ? 


A clock is taken from one place on the earth's surface to another. If the value of g is thus increased by one per 
cent, find what increase must be made in the length of the pendulum in order that the clock may keep correct 
time? 


A pendulum whose length is / makes m oscillations in 24 hours. When its length is slightly altered, it makes 
2nl 
m + n oscillations in 24 hours. Show that the diminution in length is = nearly. 


А second’s pendulum was too long on a day by a quantity k, it was then over corrected next day so as to become 
k 2 

too short by k. Prove that the number of minutes gained in these two days is 1080 127 ‚ Where 118 the true length 

of the pendulum. 


A pendulum of length / has one end of the string fastened to a peg on a smooth plane inclined to horizon to an angle 0. 
With the string and the weight on the plane, its time of oscillation is / seconds. If the pendulum of length Г’ 


2111 
oscillates in one second when suspended vertically, prove that Ө = sin : | z) 
l't 


If 4 be the length of an imperfectly adjusted second's pendulum which gains n seconds in one hour and [5, the 
length of one which loses n seconds in one hour, at the same place, show that the true length of second's pendulum 


g “ih č 
lt b, *24l 1, 


1 
A simple pendulum has a period T. When the string is lengthened by a small fraction a of its length, the period 


2(T' - T) 
ar 


A simple pendulum of length / is oscillating through a small angle Ө in a medium in which the resistance is 


1 
becomes T’. Show that approximately = 


proportional to the velocity. Find the differential equation of its motion. Discuss the motion and find the period 
of oscillation. [Hint: Consult art. 5.3 (ii) for oscillating motion] 
; Р : „ах 2 ; 
The differential equation of a simple pendulum is — + р х= sinnt, where бу and Fo are constants. If 
dt 


-— dx | : 
initially x = 0, FS = 0, determine the motion when Wp = n. 
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ANSWERS 

1. 4321:4319 2. 1.7mm 

d’ d 
п. ле. + 60 =0, where 2р= штээ 

dt dt m 1 

M : : 2т, 
Motion is oscillatory when p < @ and period = "PUDE 
© -=p 


Е 
12. х= 25 (sinnt - nt cosnt) : 
2п 
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5. 1% 


3.12. DEFLECTION OF BEAMS 


Consider a uniform beam as made up of fibres running lengthwise. 


When the beam is deflected, the fibres in some region are elongated 
and those in some region are contracted. In between these two, there 
15 a region of the beam where the fibres are neither compressed пог 
stretched. This region is called the neutral surface of the beam and the 
curve of any particular fibre in this surface is called the elastic curve or 
deflection curve of the beam. The line in which any plane section of the 
beam cuts the neutral surface is called the neutral axis of that section. 


Consider a cross-section of the beam cutting the elastic curve in P 
and the neutral surface in the line AB, the neutral axis of this section. 


a OMPRESSED p 


Y 


xy 


It is well-known from the mechanics of structure that the forces above and below the neutral surface 
acting in opposite directions have a tendency to restore the beam to its original position ; creating an interval 


EI 
bending moment M given by R? 


where Е = modulus of elasticity of the material of the beam 
I 2 moment of inertia of the cross-section of the beam about the neutral axis AB 
R = radius of curvature of the elastic curve at P (x, y). 
3 
212 
I + (2) | 
ах 
Now, К = —————— 
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2 
d 
If the deflection (slope) of the beam is small, (2) is very small and can be neglected, so that 


X 
1 
R = ui 
dx? 
2 
Thus, м = E zt 
X 


which is the differential equation of the elastic curve. 


Note 1. The moment M with respect to AB of all external forces acting on either of the two segments into which 
the beam is separated by the cross-section is independent of the segment considered. 


Note 2. The amount M is the algebraic sum of the moments of the external forces acting on the segment of the beam 


about the line AB. The upward forces give positive moments and the downward forces give negative moments. 


3.13. BOUNDARY CONDITIONS 


The general solution of the differential equation (1) will contain О Х P (х, y) X 
two arbitrary constants which, in any particular problem, are to be 
determined from the boundary (or end) conditions given below : 


(i) End freely supported. At the freely supported end О, 
there is no deflection of the beam, so that y = 0. Also there is no Y 


2 
bending moment at this end, so that 2 -0. 
ах 


(ii) End fixed horizontally. At the end fixed horizontally, the P(x, y) X 
deflection and the slope of the beam are zero. y 


=0 and 2 zi 
у=0 and 2250. 


(iii) End perfectly free. At ће free end A in the above figure, Y 


there is no bending moment or shear force, so that А 
d? d 
“*=0 and 7-0 
dx dx 


ILLUSTRATIVE EXAMPLES 


Example 1. The deflection of a strut of length l with one end (x = 0) built in and the other supported and 
2 2 


subjected to end thrust Р, satisfies the equation 2 > +а? у= E = (1 — x). Prove that the deflection curve is 
зїг ах | 
ye |" i cosax+ 1- x), where al ana. Р 
Р а с. VL Z 2 TRO RES SESS SSS 
A 
2 2 
R 
Sol. The given equation is ay + а?у ээ (1— x) 
ах? Р 


О(х, у) 
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2 
R 

or (2-42)у- 0-0) A) 


Its A.E.is р2+а2=0 sothat D= + ia 
СЕ = €, COS ах + со sin ax and 


2 
ЕЕ Е 8 урсан 
Daa P 
2 247! 2 
aR 1 R D R D R 
ss | D (1 9-5 [+2] (1 n= Bi P Gus |г-ө- а-ә 
а 1 + > 
a 
: Я . R 
The complete solution of (1) is y 2 с cos ax + c, sin ax + P (1— x) ..442) 
: "e dy | В 
Differentiating (2) w.r.t. x um ac, sin ax + acy cosax — E 5448) 
x 
Since the end О is buildin, у=0 and Е -0 at х= 0 
RI RI 
From (2), O=c,+ р -» c= "S 
Е 3 0- = | 
тот (3), = ас - p -» су= = 
-— : К (8шах 
Substituting the values of сү and c, in (2), we have у= Pla -1с08ах41-хХ (4) 
a 
which is the equation of the deflection curve. 
Also, at the end A, y=0 when x=1. 
В [ sinal 
From (4), 02 — E 22 
Р а 
sin al 
ог -[cosal 2. al-tanal. 


Example 2. A light horizontal strut AB of length l is freely pinned at A and B and is under the action of 
equal and opposite compressive forces P at each of its ends and carries a load W at its centre. 


W [1 1 l 
Prove that the deflection at the centre is 2P E tan i | , where п? = 


2 2 El: 


W 
Sol. At each end there is a vertical reaction >. At any point О (x, y) of the beam, the internal bending 


2 
moment is EI E and this must be equal to the moment of external forces taken to the left (or right) of the 
x 
section QQ'. 
: : А : : а?у уу 
The differential equation for the elastic curve of the beam 15 EI — = п х-Ру 


ах? 
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d'y P W 
or +— y= 
dx? EI 2EI 
2 2 
W P 
or d Hye X: wel =_= п? 
ах? 2Р Е 
Its A.E. is D? +n? =0 sothat D=+in. 
С.Е. = су cos nx + c, sin пх and 
2 2 
PL- 1 n W ies n W | 1 
D? +n? 2P 2P 5 р? 
п Е 
п 
w(, p? Wx 
= —— | l-—4...... х=-—— 
2Р п? 2Р 
: . . W 
The complete solution of (1) is y 2 c, cos nx + c» sin nx — эр“ ..442) 
W 
Differentiating (2) w.r.t. x ; 2 = —nc, sin nx + nc, cos nx — — ...(3) 
ах 2P 
At the end A, x=0, у=0, Нот (2), c(20 
1 ау 
Atx- 2 , dx = 0. 
nl W 
From (3), 0= nc, cos —5р (7 су= 0) 
уу 
ОГ Сэ = 
2Ри со$ u 
Substituting the values of c, and со in (2), we have 
W W | sinnx 
у = sin nx эр * ог У= 5р Т 
2Рп со$ > ncos > 
sin nè 
1 w| >> l Wifi 11 
Deflection at the centre = y| at x=- |= 2 = tan А : 
2 2Р LA 2 2P Vin 2 2 


TEST YOUR KNOWLEDGE 


1. Find the equation of the elastic curve and its maximum deflection for the horizontal, simply supported, 
uniform beam of length 2/ metres, having uniformly distributed load w kg/metre. 


2. А horizontal strut of length / is clamped horizontally at one end and carries a vertical load W at the other end. 


WwW 
If the horizontal thrust be P, prove that the deflect on at the free end is aP (tan nl — nl) , where n= БЇ 
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3. Along uniform strut of length / is clamped at one end, the other end being free. If a thrust P be applied at the 
free end, at a distance ‘a’ from the neutral axis, prove that the deflection at the free end is a (sec nl — 1), where 


4. А horizontal tie-rod is freely pinned at each end. It carries a uniform load w kg per unit length and has a 
horizontal pull P. Find the central deflection and the maximum bending moment, taking the origin at one of its 
ends. 


5. A horizontal tie-rod of length 2/ with concentrated load W at the centre and ends freely hinged, satisfies the 


2 
уу а 
differential equation ЕТ = -Ру- 75 х. With conditions х= 0, у-0 and х=1, 2 = 0, prove that the 
x 


W 


уу 
deflection 6 and the bending moment M at the centre (x = Г) are given by 6 = Эрл (п1—їапһ nl) and М = EF 


tanh nl, where n? EI - P. 
6. А light horizontal strut of length / is clamped at one end carries a vertical load УУ at the free end. If the horizontal 


d? 
thrust at the free is P, show that the strut satisfies the differential equation EI - -(6-у)уР-У(1-х) : 
Ix 


where y is the displacement of a point at a distance x from the fixed end and 6 the deflection at the free end. 


уу 
Prove that the deflection at the free end is given by aP (tan nl — nl), where n2EI =P. 


ANSWERS 


4 2 
Ши 3 4 3 м w al wl” w al 
1. у= т (40 x -*] S. 4 - (seen 1|+ весһ=- —1 |. 


3.14. CONDUCTION OF HEAT 


The fundamental principles involved in the problems of heat conduction are: 

(a) Heat flows from a higher temperature to the lower temperature. 

(b) The quantity of heat in a body is proportional to its mass and temperature. 

(c) Therate of heat flow across an area is proportional to the area and to the rate of change of temperature 
with respect to its distance normal to the area. 

Thus if Q (cal/sec) be the quantity of heat that flows across a slab of area A (cm?) and thickness 6x in one 


dT 
second, with faces at temperatures T and T + ôT, then by principle (3); О = =. ‚ where kis the coefficient 
Х 


of thermal conductivity and depends upon the material of the body. 


ILLUSTRATIVE EXAMPLES 


Example 1. A pipe 20 cm in diameter contains steam at 150°C and is protected with a covering 5 cm 
thick for which К = 0-0025. If the temperature of the outer surface of the covering is 40°C find the temperature 
half-way through the covering under steady state conditions. 

Sol. Let Q cal/sec be the constant quantity of heat flowing out radially through a surface of the pipe 


having radius x cm and length 1 cm. Then area of this cylindrical surface А = 27x sq ст. 
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Then Qz mes coe 
dx dx 
or dT = 20 ах 
2nK х 
Integrating both sides ; T= — 7 К Се x+C given = 150? when x = 10 ст. 
TU 
150 = — Q log, 10+C A) 
2nK 
when T =40, х = 15 we have 
40 = – Q log, 15+C ...(2) 
2nK 
Subtracting (2) from (1) 
Q 
ПО = ——— .1log, 10- log, 15 
zrg 198 10—10, 15} 
Q 5 Q 
- lo = log, 1.5 ...(3 
mK T0 mK ооо ©) 
Let Т =Т, when x=12.5 
T, =- Q log, 12.5+C (4) 
2nK 


Subtracting (1) from (4) 


___0 
Тү-150-- UAE log, 10} 


20110 чы 125 Rom Gy 
log, 1.5 0 
= 110 1924125 direction of flow 
log, 1.5 
log, 1.25 
T, 2150-110 25e = 89.5°С. T 
log, 1.5 


Example 2. A long hallow pipe has an inner diameter of 10 cm and outer diameter of 20 cm. The inner 
surface is kept at 200°С and the outer surface at 50°С. The thermal conductivity is 0.12. How mach heat is 
lost per minute from a portion of the pipe 20 metres long ? Find the temperature at a distance x = 7.5 cm from 
the centre of pipe. 


Sol. Here the isothermal surfaces are cylinders, the axis of each one 
of them is the axis of the pipe. Consider one such cylinder of radius x cm 
length 1 cm. The surface area of this cylinder is A = 27x sq cm. 
Let Q cal/sec be quantity of heat flowing across this surface, then 

О = -KA ET = – k.2mx Er 
dx dx 


ог gp ccce Ж... 
2mk x 
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Integrating, we have Т-- 279 xtc 44401) 
2nk 
Since Т 2200, when x=5 
Q 
200 = ———log, 5 +с ...(2 
nk °С“ e 
Also, Т 250, when x= 10 
Q 
50 = ——1og,10 + «2 
ank e TS d 
Subtracting (3) from (2), we have 
Q 
150 = ——(log,10—log,5 
эү ЧОЁ, 2,5) 
Q 
ог 150 = — log, 2 .. (4 
mk С“ © 
тл. е ае ен 0) 
log, 2 log, 2 
Hence the heat lost per minute through 20 metre length of the pipe 
= 60 x 20000 = 120000 х 163 = 1956000 cal. 1 min = 60 seconds 
Now, let T =ь when х=7.5 and 20 m= 2000 cm. 
__ QR 
From (1), | = — — log, 7.5+c .446) 
2nk 
Subtracting (2) from (5), t- 200 = — x (log, 7.5 — log, 5) 
T 
or t—200 = 2 iis ...(6) 
2nk 
- log, 1. 
О 
150 105,2 
ог t =200- 150х0.58 = 113 
When x =7.5 ст, Т= 113° С. 


3.15. NEWTON'S LAW OF COOLING 


Newton's law of cooling states that the temperature of a body changes at a rate which is proportional to 
the difference in temperature between that of the surrounding medium and that of the body itself. 
If To be the temperature of the surroundings and T that of the body at anytime f, then 


dT 
о k(T - To), where & is the constant of proportionality. 
t 
Example 3. /f the temperature of the air is 30°С and the substance cools from 100°C to 70°C т 


15 minutes. Find when the temperature will be 40°С. 
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Sol. Let the unit of time be minute and T the temperature of the substance of any instant 1. Then by 


Newton's Law of cooling we have s =-А(Т-30) 
Ї 


ат 


ог T-30 =-А 
Integrate log (T 30) = -kt +C 4441) 
Initially when t 2 0, T= 100 
л log702 С 
Substituting the value of C in (1) 
log (T - 30) = – kt + log 70 ...(2) 


Also, when t = 15, T= 70° 
: 10840--15К-410870 


Л 15К-10870-10840 
Subtracting the value of k in (2) 


log (Т-30) = 
When T= 40, we have 


- (log 70 — log 40) + log 70 


t 70 
log 10= — — log — + log 70 
: ig cag n 


t 7 
or — log — = log 70 – log 10 = log 7 
15 5 4 5 5 5 
[= 15 zd =15 ш =15(3.48) = 52.20 
log— logio = 
81 бол 


Hence temperature will be 40°С after 52.2 minutes. 


Example 4. A body originally at 80°С cools down to 60°С in 20 minutes, the temperature of air being 
40°С. What will be the temperature of the body after 40 minutes from the original? 


Sol. Let T be the temperature of the body at any time t then by Newton's Law of cooling 


т --k(T-40) 
dt 
“= kdt ; I both sid 
or T4 7 dt ; Integrate both sides 
log (T-40)=-kt +C 4401) 
Initially when #=0, Т= 80 
2, 10540 =С 
Substituting the value C in (1) 
log (T - 40) = — kt + log 40 -40) 
when t= 20, T2 60? 
From (2), log 20 = – 20 k + log 40 
20 k= log 40—1og 20 = log 2 
1 


k= 201982 
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1 
-. From (2), log (Т-40) = 5076 21+ 10840 


Now, when t = 40 min 


log(T-40)- ов? .40 + log 40 


—2 log 2 + log 40 = – log 4 + log 40 


log = 10510 


Т-40 
TEST YOUR KNOWLEDGE 


1. Calculate the amount of heat passing through 1 sq cm of a refrigerator wall, if the thickness of the wall is 6 cm and 
the temperature inside the refrigerator is 0?C while outside it is 2°С. Assume К = 0.0002. 

2. A pipe 10 cm in diameter contains steam at 100°C. It is covered with asbestos, 5 cm thick, for which k = 0.0006 
and the outside surface is at 30?C. Find the amount of heat lost per hour from a metre long pipe. 

3. А steam pipe 20 cm in diameter contains steam at 150°C and is covered by a layer of insulation 5 cm thick. The 
outside temperature is kept at 60?C. By how much should the thickness of the covering be increased in order 
that the rate of heat loss should be decreased by 25% ? 

4. Newton'slaw of cooling states that the temperature of an object changes at a rate proportional to the difference 
of a temperature between the object and the surroundings. Supposing water at a temperature 100°C cools to 
80?C in 10 minutes, in a room maintained at a temperature of 30?C, find when the temperature of water will 
become 40?C. [Hint : Consult example 3] 

5. Water at temperature 100°C cools in 10 minutes to 80°C in a room of temperature 25°C. Find (i) the temperature 
of water after 20 minutes, (її) the time when the temperature is 40°С. 

6. If the air is maintained at 30°C and the temperature of the body cools from 80°C to 60°C in 12 minutes. Find 
the temperature of the body after 24 minutes. 


10 /.Т-509С. 


ANSWERS 
1. 0.000667 cal/sec 2. 140000 cal/hr 3. 2.16 ст 
4. 57.9 minutes 5. (i) 65.5°C (її) 51.9 minutes 6. 48°С. 


3.16. RATE OF GROWTH OR DECAY 


If Фе rate of change of a quantity y is proportional to the quantity present at any instant, then we have the 


following differential equation : a =ky 


Ifk is positive, the problem is one of growth and if k is negative, the problem is one of decay. 


Example 1. Uranium disintegrates at a rate proportional to the amount present at any instant. If M , and 
M» gm of uranium are present at times T, and T, respectively, show that the half-life of uranium is 


(Т; - 11108 2 


log £53 
М, 


Sol. Let M gm of uranium be present at any time г. Then the equation of disintegration of uranium is 


aM 


Е em КМ, where К is a constant. 
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or эн --—k dt 
M 
Integrating, log M=—kt+c .441) 
Initially, when t=0, M = М, (say) 
From (1), c=log Mg 
Substituting the value of c in (1), we have log M = log Mọ — kt 
or kt = log My—logM ...(2) 
Now, when t=T,,M=M, and when t = Т, M = M, 
From (2), we have KT, = log Mọ -log M} ...(3) 
апа kT, = log Mo - log M, ...4) 
231) 


Subtracting (3) from (4), we get k(T, - Tj) = log M; -log M, or k = T 


Let T be the half-life of uranium i.e., when t = T, М = Mo А 


M 
-. From (2), we get КТ = log Mọ- log = = 1052 


T- 1022  (T;—T))log2 
M) 
213 
3.17. CHEMICAL REACTIONS AND SOLUTIONS 


The problems of chemical reactions and solutions are especially important to chemical engineers. These 
problems can be well explained through the following example: 

Example 2. A tank contains 5000 litres of fresh water. Salt water which contains 100 gm of salt per litre 
flows into it at the rate of 10 litres per minute and the mixture kept uniform by stirring, runs out at the same 
rate. When will the tank contain 200000 gm of salt ? 

How long will it take for the quantity of salt in the tank to increase from 150000 gm to 250000 gm ? 


Sol. Let Q gm be the quantity of salt present in the tank at time f, then = is the rate at which the salt 


: : а : К 
content is changing and 49 = rate of salt entering the tank-rate of salt leaving the tank. 


Now, the rate at which the salt increases due to the inflow = 100 x 10 = 1000 gm/min. 

Let C gm be the concentration of salt at time f. 

The rate at which the salt content decreases due to the outflow = C х 10 2 10 C gm/min 

Since the rate of inflow is the same as the rate of outflow, there is no change in the volume of water at any 
instant. 
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Q 
ы С = 5000 
The rate of decrease of salt content = 10 x Q = ES gm/min . 
5000 500 
dQ — 1000 Q Эл dQ _ 500000-О 
й 500 dt 500 
" dQ 24 
500000-0 500 
Integrating, — log (500000 - Q) = Ян +с 441) 
Initially, when t =0,Q=0 
: c =-105 500000 
From (1), we have ET = log 500000 — log (500000 - О) 
500000 
or t= 500108 500000--0 ...(2) 

Let t = T, when О = 200000 
From (2), T = 500log ш = 500109, (5) 

300000 3 

= 500 х 2.303log;, (5) =500 х 2.303 х 0.2219 
= 255.5 minutes = 4 hours 15.52 minutes. 

Let t = Tj, when = 150000 and t = T5, when О = 250000 
From (2), we have T, = 500108 LUULE 5001og 0 

350000 7 

T, = 500105 200000 = 5001092 
250000 
: : 10 7 

-. Required time =Т,-Т = 500 [loe 2-1о8 2) = 500105, B 


= 500 x 2.303 log у 1.42 500 x 2.303 x 0.1461 
= 168.23 minutes = 2 hours 48.23 minutes. 
Example 3. A tank contains 100 litres of fresh water. Two litres of brine, each containing 1 gm of 
dissolved salt, run into the tank per minute, and the mixture kept uniform by stirring runs out at the rate of 


1 litre per minute. Find the amount of salt present when the tank contains 150 litres of brine. 


Sol. Let Q gm be the quantity of salt present in the brine at time f, then ын is the rate at which the salt 


content is changing. 
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The rate at which the salt content increases due to the inflow = 2 X 1 = 2 gm/min. 
Let C gm be the concentration of brine at time f. 


The rate at which the salt content decreases due to the outflow = C X 1 = C gm/min 


40 
40 -2-с (D) 


Now, the initial volume of liquid is 100 litres. In one minute, 2 litres of brine enter the tank and 1 litre of 
brine leaves the tank so that the volume of liquid in the tank increase at the rate of (2 — 1) = 1 litre/min. 


The volume of liquid at time t is (100 + г) litres containing О gm of salt. 


= 0 
C= T0042 
dQ _ Q ао Q | 
From (1), we have di =? 10041 or g + 100 47 =? ...(2) 


which is a linear equation in Q апат. 


| dt 
ТЕ =е 100+ = g eg (01007 7) —1004 f 


-. The solution of (2) is О (100 + 7) = [2 (00-21) dt +с 


2 
ог (100-00 = 212 ...(3) 
Initially, when = 0, О =0 ѕо that c=0 
2 
2 пов 
Егош (3 =“ .. (4 
e Q 100+; © 


Now, if V is the volume of liquid at time t, then V = 100 + f 


When V = 150 litres, t= 150 — 100 = 50 minutes 
2 
LZ х50+ e» 
and salt content Q 100 +50 g 


TEST YOUR KNOWLEDGE 


1. The number N of bacteria in a culture grew at a rate proportional to N. The value of N was initially 100 and 


1 
increased to 332 in one hour. What was the value of N after 15 hours ? 


2. Inaculture of yeast, at each instant, the time rate change of active ferment is proportional to the amount present. 
If the active ferment doubles in two hours, how much can be expected at the end of 8 hours at the same rate of 
growth. Find also, how much time will elapse, before the active ferment grows to eight times its initial value. 

3. Radium decomposes at a rate proportional to the amount present. If p per cent of the original amount disappears 
in / year, how much will remain at the end of 21 years ? 
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If 30% of a radioactive substance disappeared in 10 days, how long will it take for 90% of it to disappear. 

Under certain conditions cane-sugar in water is converted into dextrose at a rate which is proportional to the 

amount unconverted at any time. If of 75 gm at time t = 0, 8 gm are converted during the first 30 minutes, find the 
2224 

amount converted in 12 hours. 

In a certain chemical reaction, the rate of conversion of a substance at time f is proportional to the quantity of 

substance still untransformed at that instant. The amount of substance remaining untransformed at the end of one 

hour and at the end of four hours are 60 gm and 21 gm respectively. How many grams of substance were present 

initially ? 

A tank contains 1000 litres of fresh water. Salt water which contains 150 gm of salt per litre runs into it at the rate 

of 5 litres per minute and well stirred mixture runs out of it at the same rate. When will the tank contain 5000 gm 

of salf ? 

A tank is initially filled with 100 litres of salt solution containing 1 gm of salt per litre. Fresh brine containing 

2 gm of salt per litre runs into the tank at the rate of 5 litres per minute and the mixture, assumed to be kept 

uniform by stirring, runs out at the same rate. Find the amount of salt in the tank at any time, and determine how 

long it will take for this amount to reach 150 gm. 

A tank contains 100 litres of an aqueous solution containing 10 kg of salt. Water is entering the tank at the rate of 

3 litres per minute and the well stirred mixture runs out at 2 litres per minute. How much salt will the tank contain 


at the end of one hour ? After what time will the amount of salt in the tank be 625 gm? 


ANSWERS 


604.9 2. 16 times the original, 6 hours 
2 
(0 = 2) 4. 64.5 days 5. 21.5 gm 
mS 
85 gm 7. 6.77 minutes 8. 100|2-е 20 |; 13.9 minutes 


3.6 kg ; 5 hours. 
REVIEW OF THE CHAPTER 


1. Simple Harmonic Motion: A particle is said to execute simple harmonic motion if it moves in a straight line such 


that its acceleration is always directed towards a fixed point in the line and is proportional to the distance of the 
2 


particle from the fixed point. The differential equation of S.H.M. is LX = – их. Displacement of the particle from 
dt 
the fixed point at any time ¢ is x = a cos ut. Velocity of the particle at that point is v = —Ң‹/ gx 
| : 2 — 
Period of motion = 22 and frequency of motion is п = т = Ax 
T 


Basic Relations between Elements of Electric Circuits: 


di 
(i) i= aQ or Q= fia 
dt 
(ii) The potential voltage drop across the resistance, R = Ri 
di 


(iii) The potential voltage drop across the inductance, L = L p 
t 


(iv) The potential voltage drop across the capacitance, C = 2 
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3. Kirchhoff's Laws: 
(1) The algebraic sum of the voltage drops around any closed circuit is equal to the resultant electromotive force 
in the circuit. This law is known as Voltage Law. 
(ii) The algebraic sum of the currents flowing into (or from) any node is zero. This law is known as Circuit Law. 
R 


di В. E E 
4. Differential Equation of an R, L Series Circuit is - + т ї= L and its solution is i = r3 1-с L 
t 


5. Differential Equation of an L, C Circuit is L К Е = 0 when there is no e.m.f. and its solution is 
t 


1 
q = А cos (at + B), where 0 = ——— 
af LC 
6. Differential Equation of an L, C Circuit with e.m.f. k cos nt is 
L 2 + 4 — К cos nt and its solution is 
dt C 


4- Acos == 2d + КС cosnt 
J LC 1-LCn 


= 2 
when LC Жи 
1 2 ЗЭ 
and when — =n’, then solution is 
LC 


q = r sin (Qt + à), where 0 = 


1 
VLC’ 


2 
r= C+ бул ао ан Ч 
20) ER L 
2 


20 
аа „аа q 
7. Differential Equation of L.C.R. Circuit is L pr +R d + с = 0 when there is по e.m.f. and its solution is 
Л t 
а ai) m E eZ), 41, 
а= e 2 | Се? +Cye 2 when Eu 
when R2« = , then solution is 
RT 
=з 1 [4L 1 J4L 
а= e % | Сүсо8|--,|-2-В t£ C5 sin] — S—— - R? fr 
2LY C 2L C 
when R2- = , then solution is 
R 


->t 
q= (С, +С Пе 2L 
8. Differential Equation of L.C.R. Circuit with e.m.f. k cos nt is 


d? d 
L 25 +К = t = k cos nt and its solution is 
t 


dr? 
q- e Pt [се eee di 
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E 
+ cos | nt — tan 


2 
m + (o? - п?) 


ог q= e” [Cicos fo? = рг + Casin До - p? 1 


Е 
+ 5 cos | nt — tan 


m + (o? = п) 


9. Simple Pendulum: If a heavy particle is attached to one end of a light inextensible string, the other end of which 


-1 2pn 


0? -n 


го and p? > o 


-1 2pn 


6? -n 


2 


3 when p? «2 and 02 + п 


is fixed, and oscillates under gravity т a vertical plane, then the system is called а simple pendulum. The differential 


d? 
equation of the simple pendulum is = == х Q, where / is the length of the string 
dt 


Time of oscillation = 27 L 
8 


10. Gain or Loss of Beats: If a simple pendulum of length / makes n beats in a time г, then change in number of beats 


dn  n(dg dl 
n 2\е 1 


а 
If only g changes, / remains constant, then dn = 2 there is gain in number of beats. If only / changes, 
8 


is given by 


Р n dl : : 
g remains constant, then dn = — — т? there is loss in number of beats. 
8 


11. Deflection of Beam: (Read art. 3.12) 
12. Conduction of Heat: If Q (cal/sec) be the quantity of heat that flows across a slab of area A (cm2) and thickness 


dT 1 На” 
бх in one second with faces а temperatures T and T + ôT, then Q = — kA »^À , Where k is the coefficient of thermal 
x 


conductivity and depends upon the material of the body. 
13. Newton's Law of Cooling: It states that the temperature of a body changes at a rate which is proportional to the 
difference in temperature between that of the surrounding medium and that of the body itself i.e., if Tọ is the 


temperature of the surroundings, and T that of the body at any time f, then I = - KT - Tg). where k is the 
(4 


constant of proportionality. 
14. Rateof Growth or Decay: If the rate of change of a quantity y is proportional to the quantity present at any instant 


then ay = 
dt 
If k is positive, then problem is one of growth. 


If k is negative, then problem is one of decay. 


SHORT ANSWER TYPE QUESTIONS 


1. (a) Define simple harmonic motion. Give one example. 


(b) If the displacement of a particle in a straight line is given by x = a cos ur + b sin ut, then show that it 
describes S.H.M. with an amplitude Ja? + P? (P. T.U., Dec. 2013) 
[Hint: S.E. 1 art 3.2] 
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2. A particle moving in a straight line with S.H.M. has velocities v, and v, when its distances from the centre are x, and 


; Cae x 
x» respectively. Show that the period of motion is 2n a 
Za Vl 
[Hint : S.E. 2 art. 3.2] 
3. Find differential equation of S.H.M. given by x = A cos (nt + 0) ; n is constant. (P.T.U., May 2007) 


dx | d?x 
(Hint: — = -An sin (nt +) ; mum —Ап? cos(nt +0) = — п2х which is S.H.M.] 
1 


4. Whatis differential equation of R.L. series circuit ? Find its solution. 
5. The initial value problem governing the current i, flowing in a series R-L circuit when a sinusoidal voltage 


di р 
v (t) = sin œt is applied is given by iR + L - = sin of, t 2 0i (0) = 0 ; find the current і. 
t 


[Hint : Consult S.E. 4 art. 3.7 find the value of C by putting i = 0 when żt=0] (P.T.U., May 2006, Dec. 2006) 
6. Show that the frequency of free vibration in a closed electrical circuit with inductance L and capacity C in series 


30 
is ЛС per minute. [Hint : See S.E. 2 art. 3.9] (P.T.U., May 2010) 


| : Е di lj. : : А : — 
7. Solve the differential equation L p += fi dt 20, which means that self inductance and capacitance in a circuit 
t c 


neutralize each other. Determine the constants in such a way that ip is the maximum current and i= 0 when t = 0 

[Hint: S.E. 4 art 3.9] (P. T.U., Dec. 2011) 

8. Define differential equation of L-R-C circuit. (P.T.U., May 2007) 

9. А simple pendulum of length / is oscillating through a small angle 0 in a medium in which the resistance is 

proportional to the velocity. Find the differential equation of motion. Discuss the motion and find period of 
oscillation. 

10. Discuss the motion of a simple pendulum and find the period of oscillation. 

11. A clock with a second’s pendulum is gaining 2 minutes a day. Prove that the length of the pendulum must be 
increased by 0.28 cm to make it accurate. 

12. How many seconds a clock would loose per day, if the length of the pendulum were increased in the ratio 900 : 901? 
[Hint : S.E. 1 art. 3.10] 

13. A pendulum oscillating seconds at one place is taken to another place where it loses 2 seconds per day. Compare the 
accelerations due to gravity at the two places. (P. T.U., Jan. 2009) 
[Hint : Consult S.E. 2 art. 3.11] 

14. Explain Newton's law of cooling. Write its differential equation. 


ANSWERS 


d? d? 
1 (а) E — 

dt? e dt 

L t . 

5 3-3 5] ие | —@cos Qr + — sin wr 

L œ +R 
7. i-iysin T 

um JLC 

2 
9. | -2р a + 60 = 0, where 2p = La «== motion is oscillary when p < @ and period = PN 
d? dt m l o? — p? 
10. 2л Ї 12. 48 seconds 


13. 21600: 21599. 


PART-B 


4. Linear Algebra 

5. Infinite Series 

6. Complex Numbers and Elementary Functions of 
Complex Variable 


4 


Linear Algebra 


4.1. WHAT IS A MATRIX? 


A set of mn numbers (real or complex) arranged in a rectangular array having m rows (horizontal lines) and 
n columns (vertical lines), the numbers being enclosed by brackets [ | or ( ) is called m X n matrix (read as “m 
and n” matrix). An m X nis usually written as 


а, 9 аз а 
Qj 05 аз e 89, 
аз 03 аз = 83, 
А = [а] =|а‚ ap аң oe Ee. Here each element has two suffixes. The first suffix indicates 
| am 4,2 4,3 мын а тп | 


the row and second suffix indicates the column in which element lies. 
(0) Square Matrix : А matrix in which number of rows is equal to the number of columns is called a square 
matrix. 
(i) Multiplication of a Matrix by a Scalar : When each element of a matrix A (say) is multiplied by a 
scalar К (say), then k A is defined as multiplication of A by a scalar К. 
(iii) Matrix Multiplication : Two matrices А and B are said to be conformable for the product AB if 
number of columns of А is equal to the number of rows of B. 
Thusif A = [а] апаВ = [Pj] x р wherel Xi т,1 <] = п, 1 < К <р. Теп AB is defined 


тхп 
as the matrix C = [с] их p 
where Cik а bit Abo, + dabat БЭРЭН, + Gin Bnk 


= p» а,Ь jk 
j=1 
(iv) Properties of Matrix Multiplication : 
(a) Matrix multiplication is not commutative in general i.e., АВ # BA 
(b) Matrix multiplication is associative i.e., A (BC) = (AB)C. 
(c) Matrix multiplication is distributive w.r.t. matrix addition i.e., A (B + С) = АВ + АС 
(d) If A, I are square matrices of the same order, then AI = IA = A 
(e) If A is a square matrix of order n, then AXA-A?; АХАХА=АЗ; "€ ‚ АХАХАХ.......... ХА 
(m times) = A" 
0) Transpose of a Matrix : Given a matrix A, then matrix obtained from A by changing its rows into 
columns and columns into rows is called the transpose of A and is denoted by A' or АГ. 
(vi) Properties of Transpose of Matrix : 
(а) (АУ =A, 
(р) (А+В)'=А'+В', 
(c) (АВ) 2 B'A'known as Reversal Law of transposes. 
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(vii) (a) Symmetric Matrix : A square matrix is said to symmetric if A' = A i.e., if A = [a; ijl then aj-aj У Lj 
(b) Skew Symmetric Matrix : A square matrix is said to be skew symmetric if A' =— A i.e. ЁГ A [а; jb 


then aj=- 4 V i, j and when i =j, Шеп a;; = О for all values of i. 
Thus in a skew symmetric matrix all dnd elements are zero. 
(viii) Involutory Matrix : A square matrix A is said to be involutory if A2-I 


(ix) Adjoint of a Square Matrix : The adjoint of a square matrix is the transpose of the matrix obtained by 
replacing each element of A by its co-factors in IAI 
A (Adj A) = (Adj A) A = |A| I, ; п being the order of matrix A 
(x) Singular and Non-Singular Matrices : A square matrix is said to be singular if [Al = 0 and non- 
singular if |Al z 0. 
(xi) (a) Inverse of a Square Matrix : Let А be a square matrix of order n. If there exists another matrix B 
of the same order such that AB = BA =I, then matrix А is said to be invertible and B is called inverse of A. 
Inverse of A is denoted by А-1. Thus, В = A7! and A A7! = A7! A =I. From (xv) we see that A (Adj A) = IAI 
-| _ AdjA 
IAIL C 
(b) The inverse of a square matrix, if it exists, is unique. 
(c) The necessary and sufficient condition for a square matrix A to posses inverse is that IAI = 0 
i.e., Ais non-singular. 
(d) If A is invertible, then so is А! and (A)! = А 
(xii) Reversal Law of Inverses : If A and B are two non-singular matrices of the same order, then 
(AB)! =B! А-!. 
(xiii) Reversal Law of Adjoints : If A, B are two square matrices of the same order, then Adj (AB) = (Adj B) 
(Adj A). 


4.2. ELEMENTARY TRANSFORMATIONS (OR OPERATIONS) (P.T.U., Dec. 2004) 


Let A=[a ад be any matrix of order m x n i.e., 1 <1< т, 1 <j <n, then anyone of the following operations 


on the matrix is called an elementary transformation (or E-operation). 
(i) Interchange of two rows or columns. 
The interchange of ith and jth rows is denoted by Rj- 
The interchange of ith and jth columns is denoted by Ci;. 
(ii) Multiplication of (each element of) a row or column by a non-zero number К. 
The multiplication of ith row by К is denoted by kR;,. 
The multiplication of ith column Бу k is denoted Бу КС, 


(iii) Addition of k times the elements of a row (column) to the corresponding elements of another row 
(or column), К = 0. 


The addition of k times the jth row to the ith row is denoted by В; + KR. 
The addition of k times the jth column to the ith column is denoted by C; + КС, 
If a matrix B is obtained from a matrix А by one or more E-operations, then В is said to be equivalent to A. 


Two equivalent matrices A and B are written as A ~ B. 
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4.3. ELEMENTARY MATRICES 


The matrix obtained from a unit matrix I by subjecting it to one of the E-operations is called an elementary 
matrix. 


1 0 0 
For example, let 1= 10 1 0 
0 0 1 
1 0 0 
(i) Operating Кз or C55 on I, we get the same elementary matrix |0 0 1j. 
ого 


It is denoted by E55. Thus, the E-matrix obtained by either of the operations В; ог Cy on 118 denoted by Ej. 


1 0 0 
(ii) Operating 5R, or 5C, оп I, we get the same elementary matrix |0 5 OJ. 
0 0 1 


It is denoted by 5E». Thus, the E-matrix obtained by either of the operations KR; or KC; is denoted Бу KE;. 


1 0 0 
(iii) Operating R, + 46; on I, we get the elementary matrix |0 1 4j. 
0 0 1 


It is denoted by Ез (4). Thus, the E-matrix obtained by the operation К; + kR; is denoted by Ej (К). 


1 0 0 
(iv) Operating C, + 4C3 in I, we get the elementary matrix |0 1 0), which is the transpose of 
0 4 1] 


1 0 0 
0 1 4|-Е, (4) and is, therefore, denoted by Ес, (4). Thus, the E-matrix obtained by the operation 
0 0 1 


C; + КС, is denoted by Ejj(&). 


4.4. THE FOLLOWING THEOREMS ON THE EFFECT OF E-OPERATIONS ON MATRICES 
HOLD GOOD 


(a) Any E-row operation on the product of two matrices is equivalent to the same E-row operation on 
the prefactor. 

If the E-row operation is denoted Бу R, then К (AB) = R(A) : B 

(b) Any E-column operation on the product of two matrices is equivalent to the same E-column operation 
on the post-factor. 

If the E-column operation is denoted by C, then C(AB) = A · C(B) 

(c) Every E-row operation on a matrix is equivalent to pre-multiplication by the corresponding 
E-matrix. 

Thus the effect of E-row operation К; ОПА = Ej -A 
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The effect of E-row operation kR; on A = KE;- A 

The effect of E-row operation R; + kR; оп А = Ej (k)- A 

(d) Every E-column operation on a matrix is equivalent to post-multiplication by the corresponding E-matrix. 
Thus, the effect of E-column operation С; onA =A- Ej 

The effect of E-column operation KC; on А = А. (КЕ) 

The effect of E-column operation C; + КС, опА=А. E; (k). 


4.5. INVERSE OF MATRIX BY E-OPERATIONS (Gauss-Jordan Method) 


The elementary row transformations which reduce a square matrix A to the unit matrix, when applied 
to the unit matrix, gives the inverse matrix A71, 

Let A be a non-singular square matrix. Then A = IA 

Apply suitable E-row operations to A on the left hand side so that A is reduced to I. 

Simultaneously, apply the same E-row operations to the prefactor I on right hand side. Let I reduce to B, 
so that I -BA 

Post-multiplying by А-1, we get 

ТА-! =ВАА-! = А-!=В(АА-!) = ВІ= В 
В =A. 

Note. In practice, to find the inverse of А by E-row operations, we write A and I side by side and the same 

operations are performed on both. As soon as A is reduced to I, I will reduce to АЛТ, 


4.6. WORKING RULE TO REDUCE A SQUARE MATRIX TO A UNIT MATRIX I BY 
ELEMENTARY TRANSFORMATIONS (For Convenience We can Consider a Matrix A 
of Order 4 x 4) 


(i) Ifin the first column, the principal element (i.e., a,,) is not ‘one’ but ‘one’ is present some where else in 
the first column then first of all make *one' as principal element (by applying row transformations К. 
(ii) Operate R, on К„ R,, В, to make elements of C, ай zero except first element. 
(iii) Then Opens R, on Re R, to make elements of C, all zero except first and second elements. Similarly, 
operate R, on R, to make elements of C, all zero except ‘Ist, 2nd and 3rd. 
(iv) Reducé cachi diagonal element to element one’. 
Then reverse process starts : 
(v) Operate R, on R,, R,, R, to make all elements of C, zero except last. 
(vi) Then oper ute R, on Ё, and R, to make all elements of C, zero except last but one. Similarly operate R, on 
R, to make all elements of С, Zero except last but second and the matrix is reduced to unit matrix. 
Note. We can apply the above rule to any square matrix of any order. 


ILLUSTRATIVE EXAMPLES 


1 0 0 
Examplel./fA-|/] 0 1|, then show that 
0 1 0 
Ап = A" -? + А? —I forn 23. Hence find А.  (P.T.U., Jan. 2008) 
1 0 0 
Sol. А= |1 0 1 
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We will use induction method to prove A" = A" ^ 2+ A?-Iforn23 


for n = 3 we will prove АЗ = А+ А?—1 
п о 01110 0 1 0 0] 
Now, А2-11 0 1||1 0 1|=|1 1 0 
101 ото пот 
m o oli о о 1 0 0] 
АЗ-11 1 Ol O 11-12 0 1 
| 0 1||0 1 0 1 1 0| 
m o ороо поо 
Now, А+А2-1= |1 0 11411 1 01-10 1 0 
отоо 1| оо 1 
п о 0] 
=|2 0 1|=А? 
|1 1 6| 
АЗ=А+А?-1 .. (1) 


Result is true for n 2 3 

Let us assume that the result is true for n = k 
їе. Ak = Ak-2 + A2 -I ..0) 

То prove result is true for n = k + 1 i.e., to prove 

Aktla= AK-l,A2.] 
Now, АК+І = AK. А=(АК-2+А?-ПА [Using (2)] 
= 4*-1+ АЗ_А 

5, Akt! АТА ЕТ [Using (1)] 

Hence the result is true for n = k + 1, so the result is true for all values of n 23 

Now, А50 = A48 + A2 — 1, [Using (2)] 
or A90 — A48 = A? -I 
ог А48(А2 -D= (A2 - I) 
ог А48(А2 -D = (А2—1) 

5 A48 =I 
1 0 0 

A50 = А48. A? =1A? = A? =|1 1 OF. 


= 
о 


Example 2. Reduce the following matrix to upper triangular form: |2 5 7|. 
3 1 2 


Sol. (Upper triangular matrix) If in a square matrix, all the elements below the principal diagonal are zero, 


the matrix is called upper triangular. 


1 2 3 1 2 3 
: К,-2К, 
2 5 71-10 1 1| by operations 
К, ЗК, 
31 2 0 -5 -7 
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1 2 3 
-10 1 1| by operation Кз + 5R, 
0-0 -2 
which is the upper triangular form of the given matrix. 


Example 3. Use Gauss-Jordan method to find inverse of the following matrices : 


1 3 
dà |1 3 3| (PT.U.|Dec.2010 ji n d 
i) (P.T.U., Dec. ) (ii) 1 4 1 2 
-2 -4 -4 


Sol. (1) Let A=| 1 3 -3 
-2 -4 -4 
Consider A-IA 


To reduce LHS to a unit matrix 
Operate К-К, К +2R} 


1 1 3 1 0 0 
0 2 -6|1-1-1 OIA 
QO -2 2 | 2 0 1 
Operate К. +R, 
1 3 [1.0 0 
0 2 —6|= |-1 1 ОА 
0 -4 | 1 1 
1 1 
Operate R, | |, В. | – — 
T 19 1 1) 
[ 1 0 0] 
1 3 1 1 
1 -3| = |-— = ОА 
2 2 
0 4 1 1 1 
| 4 4 4 | 
Operate В, - 3R3, В, + 3R3 
|7 3 3 
1 0 4 : 4 
0 0 = 2 5 А 
0-0 1 4 4 4 
1 1 1 
| 4 4 4 | 
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Operate Ку – К, 
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14 -1 -2 оо то 
0 1 0 Ed : 0 1-0 
Operate R4 (2); Я = : А 
0 0 і == aa 1 2 0 
2 2 
o о о 1 1-1 0 -2 2| 
1 1 
Operate Ку + 2Ry, К -3R« К, + zR ; 
[1 -4 -1 0 2 0 +5 4 
0 1 0 0 1 0 2 = 2 
0. 0 1 0| |4 1-4 1 
o 0 0 1 1 NE 2 
[1 -4 0 0 6 1 -8 5 
0 1 0 0 1 0 2 -l 
Operate R 1+ R3 : 0 0 T = Р | 3 A 
0 0 0 1 =. №: = 2 
то о о [2 1 0 1 
0 1 0 0 1 0 2 ES 
Operate R 1+ 4R^ : 3d 0 = ый i А i A 
o 0 0 1 1 0 2 2 
2 1 0 1 
1 0 2 | 
I= BAandB=A7!= 
4 1 -3 1 
1 0 2 22 


4.7. NORMAL FORM OF A MATRIX 


Any non-zero matrix A,„xn can be reduced to anyone of the following forms by performing elementary 
(row, column or both) transformations : 


Г. 1 0 
(i) 1, (ii) п, 0] (iii) k | (iv) E | ‚ where І, is a unit matrix of order r 
All those forms are known as Normal forms of the matrix 


I 0 
Note. The form р | is called First Canonical Form of A. 


4.8. FOR ANY MATRIX A OF ORDER m x n, FIND TWO SOUARE MATRICES P AND 
О OF ORDERS m AND л RESPECTIVELY SUCH THAT РАО IS IN THE NORMAL 


FORM ie 
оо 


Method : Write A =ТАТ 

Reduce the matrix A on the LHS to normal form by performing elementary row and column transformations. 
Every row transformation on A must be accompanied by the same row transformation on the prefactor on 
RHS. 
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Every column transformation on A must be accompanied by the same column transformation on the post- 
factor on RHS. 

Hence, A = JAI will transform to I = PAQ 

Note. A1 = ОР “Р(АО)-1-АО =Р-! ог (AQ)! =P їе, О А1 =Р :. Al = QP. 


4.9. RANK OF A MATRIX (P.T.U., May 2007, 2008, 2011, Dec. 2010) 


Let A be any m X n matrix. It has square sub-matrices of different orders. The determinants of these 
square sub-matrices are called minors of A. If all minors of order (r + 1) are zero but there is at least one поп- 
zero minor of order г then r is called the rank of А. Symbolically, rank of A = ris written as p(A) =r. 


From the definition of the rank of a matrix A, it follows that : 
(i) IfA is a null matrix, then p(A) 20 
[^ every minor of A has zero value. ] 
(ii) If Ais nota null matrix, then p(A) > 1. 
(iii) If A is non-singular X n matrix, then p(A) =n 
[^ [Al 0 15 largest minor of A.] 
ТЕТ, is the n X n unit matrix, then 11 =1 # 0 > р(І,) =n. 
(iv) ША isan m X n matrix, then р(А) < minimum of m and n. 
(v) If all minors of order r are equal to zero, then p(A) <r. 


To determine the rank of a matrix A, we adopt the following different methods : 


4.10. WORKING RULE TO DETERMINE THE RANK OF A MATRIX 


Method I: Start with the highest order minor (or minors) of A. Let their order be г. If anyone of them is non- 
zero, then р(А) =r. 

If all of them are zero, start with minors of next lower order (7-1) and continue this process till you get a 
non-zero minor. The order of that minor is the rank of A. 


This method usually involves a lot of computational work since we have to evaluate several determinants. 
Method II : Reduce the matrix to the upper triangular form of the matrix by elementary row transformations, 
then number of non-zero rows of triangular matrix is equal to rank of the matrix. 


I, 0 
Method III : Reduce the matrix to the normal form | M | by performing elementary transformations 


(row and column both), then r is the rank of the matrix. [^ rth order minor II] 2 1 #0 and each (r + 1)th 
order minor = 0] 


4.11. PROPERTIES OF THE RANK OF A MATRIX 


(i) Elementary transformations of a matrix do not alter the rank of the matrix. 
Gi) p(A') - p(A) ; (A9) = p(A) 
(iii) p(A) 2 number of non-zero rows in upper triangular form of the matrix A. 
Example 4. /f A is a non-zero column matrix and B is a non-zero row matrix, then p (AB) = I. 


Sol. Let A be a non-zero column matrix 


170 


ATEXTBOOK OF ENGINEERING MATHEMATICS 


а 
ay : 
Let А= |; and В be a non-zero row matrix 
Чт тх1 
Let B- [5 b, b, | | x Where at least one of a’s and at least one of b’s is non-zero 
Now AB will be a matrix of order m x n 
4 a b a b, ab, 
1 
a b ay by ab, 
ay 
АВ= |; |[& b в, |= 
ат b b 
y Oy Чт 92 Amn 
а a a 
ay a 0, 
E bib, UT b, 
ал an an 


AB has at least one element non-zero and all minors of order = 2 are zero because all lines are identical 


: р (АВ) = 1. 
Example 5. Find the rank of the following matrices: 
1 4 5 
(i) А= 2 6 8 (P.T.U., Dec. 2004) (ii) Diag. matrix 1-1 0 1 0 0 4]. 
3 7 22 
1 4 5 
Sol. (016:А-12 6 8 
3 7 22 
А 15 of order 3 x 3 р (A) <3 
Reduce the matrix to triangular form 
1 4 5 
Operate R,—2R), R3 -38,А-10 -2 -2 
[0 -5 7 
[fi 4 5 
Operate R, (-1) -10 1 1 
[0 -5 7 
1 4 5 
Operate R,*5R,-|O0 1 1 
|0 0 12 
1 4 5 
Now, minor oforder3=|0 1 1) =1240 
0 0 12 


р(А)-3 
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(ii) Let A=diag. matrix [-1 0100 4] 


-1 0 0 0 0 0 
0 0 0 0 0 0 
0.0 1 0 0 0 

= 000000 , which is a square matrix of order6 X 6 ~. p(A) x6 
0 0 0 0 0 0 
| 0 0 0 0 0 4 


Also, it is a diagonal matrix so triangular matrix .". р(А) = Number of non-zero rows of triangular matrix = 3 
hence p(A) = 3. 
Example 6. Reduce the following matrices to normal form and find their ranks. 


0 1 -3 -l 2 3 -1 -I 
„|1 0 1 1 . 1 -1 -2 -4 
(i) 3 i Фф (P.T.U., May 2012, Dec. 2012) (ii) - ; 2 25 (P.T-U., May 2007) 

1 1-2 0 6 3 0 -7 

0 1 -3 -l 
10 1 1 
Sol. (i) Let A= 
3 1 0 2 
1 1 -2 0 
10 1 1 
| 0 1 -3 -l 
Operate Кү, ; “в 1 0 2 
1 1 -2 
го 1 1 
Operate R,-3R,,R,-R,; ~ о а Ва. 
3 547315 0 13 4 
[D 1 -3 E 
1 0 1 Tl 
0 1 -3 -l 
Operate R3 - К, R4- R3; ~ 0 0 0 0 
(0-0 0 0 
[1 0 0 0 
0 1 --3--1 
Operate C4 – Cj, C4- С; - 0 0 0 0 
(0-0 0 0| 


1 


Operate C3 +3С., C4 + C3 ; 


о о| н o 
о оо о 
о оо © 
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О, О, 


which is the required normal form and p(A) = 2 
2 3 -1 ч 


» -1 -2 -4 
(ii) Let A= 
3 1 3 -2 
6 3 0 -7 
Operate Rj» ; ЕР 


Operate R;-2R, R4-3R,.R4-6R, ; c 


Operate C, + Cy, C5 * 2C, C,*4C;; ~ 


[Now to change 5 to І, instead of operating by К | 


column) to 1 operate R4 — 2R5] 


Operate К, - К;, R4-2R;; - 
Орегаїе R3 — 4R3, R 47 R, ~ 


Operate C5 +6С5, Cy + 3C, ; ~ 


1 1 
Operate G| — |, С,|——|; b 
pues (s) (5) 


lo: O5.» 


O соосотү-соосуо- 


© о о н 


о о о н 


АТЕХТВООК OF ENGINEERING MATHEMATICS 


-1 -2 -4 
3 -1 -l 
3 -2 
3 -7 
-1 -2 -4| 
5 3 7 
4 9 10 
9 12 17| 
0 0 
5 X 7 
4 10 
9 12 17 


operate R, — К; and similarly to change 9 (in 2nd 


0 0 0 
1 -6 -3 
4 9 10 
1 -6 -3 


© СБ _ эг Б БО o о но 
jo») 
(95) 
N 
N 


оно о 
© _ о о 
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1 ооо 
0 1 010 hi Оза I, 0 
и "|o o afo 1802 oH | 
0.0 0/0 
which is the required normal form and rank of A = 3. 
1 0 2 1 
. | нэ? 1 -2 1 
Example 7. Reduce the following matrix to normal form and hence find its rank 1 4 0 
-2 2 8 0 
_ _ (P.T.U., May 2004) 
0 2 1 
0 1 —2 1 
Sol. Let A= "m 0 
|-2 2 8 0| 
[t 0 2 2 
Operate R3—R,,R4+2R, ; ~ | i : 
0 -l 2 -1 
0 2 12 2] 
ооо 
Operate Сз – 2С, C4- C, ; - ? ы ем ! 
0 -1 2 -1 
0 2 12 2| 
го 0 0 
Operate R3 + К», R 47 26, - тун 
0-0 0-0 
(0-0 16 0 
го о 0] 
Operate C5 +2C,,Cy—C,; ~ Ө : Ө Ө 
[0 0 16 0| 
го о 0] 
Operate R34 ; - Ce де 
0 0 16 0 
0 0 0 Of 
[1 0 0 
са TO _ |01 0 4 ын 
16 0 0 0 031 O; х1 
0-0 0 
L 0 -- А 
= 0 | ‚ Which is the required normal form and p(A) = 3. 
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1 1 2 


Example8. Fora matrix = | 1 2 3 |, find non-singular matrices P and Q such that РАО is in 


the normal form. Also find A^ (if it exists). 
Sol. Consider A = IAI 


1 1 2 1 0 0 1 0 0 
1 2 31-10 1 ОАО 1 0 
0 -1 -1 0 0 1 0 0 1 
R 


Operate R, — К; (Subjecting prefactor the same operation) 
1 1 2 1 оо 1 0 0 
0 1 1-1-1 1] ОАО 1 0 
0 -1 -l 0 0 | 0 0 | 


Operate C, С, C, - 2C,; (Subjecting post-factor the same operation) 


1 0 0 1 0 0 1 -1 -2 
0 1 1-1-1 1 ОАО 1 0 
0 -1 -l 0 0 1 0 0 1 
Operate К, + R,; (Subjecting same operation on prefactor) 
1 0 0 1 0 0 1 -1 -2 
0 1 1|[2|-1] 1 ОАО 1 1 
ооо -] 1 1 0 0 1 
Operate С, — C,; (Subjecting same operation on post-factor) 
1010 1 0 0 1 -1 - 
o 110|-1-1 1 ОАО 1 - | 
0 0:0 |-1 1 1| (0 0 1 
L, 9, 1-0 0 1 -1 -1 
О = РАО, where P= | — 1 1 0/,Q2/0 1 -1|. 
1x2 1x1 — 1 1 1 0 0 1 


p (A) 22 -. Ais singular and А”! does not exist. 


TEST YOUR KNOWLEDGE 


3 -4 -5 
1. (a) Reduceto triangular form Ё 1 4 | : 
=5 3 1 


2 0 1 2 3 
(6) НА-10 2 0|8-10 1 3|find|AB|. 
0 2 0. 0 2 


(P-T.U., Dec. 2013) 


(P.T.U., May 2009) 
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2. 


Use Gauss-Jordan method to find the inverse of the following: 


Find rank of the following matrices: 


204 
© |5 1 0 
lO 1 3 
[8 4 3 
(ий |2 1 1 
(1-2 1 
[2 4 3 
36 5 
M Io 5 2 
[4 5 14 
. [2 A4 0 
© jo 314 
2 4 
(iii) 1-3 -2 
| 6 ч 
[1 2 1 
w) |-1 0 2 
[213 
11 
(мй) |2 -3 


3 —2 


(1) 


(iv) 


(vi) 


(i) 


(iv) 


(vi) 


5 

4 

3 -2 
E 

7 2 

(P. T.U., June 2003) 
-1 
4| Ф.Т.0., Мау 2009) (viii) 


[2 
0 


1 
2 
2 


во 
шо > 


> > 


1 
-1 


ошо ш ш 
on Fw 


-1 
0 
1 


Reduce the following matrices to normal form and hence find their ranks: 


222 
@ |1 2 1 


(i)|2 1 4 


N 
- 


(v) |1 


НА=|2 -3 
0 -l 
[Hint: p(A) 23 


-10 


(P.T.U., May 2012) 


4 


(i) 


(iv) 


(vi) 


BwWN Re 
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(P.T.U., May 2012, Dec. 2013) 


(P.T.U., Dec. 2013) 


(P.T.U., Dec. 2011) 


(P.T.U., Dec. 2010) 


(P.T.U., Dec. 2012) 


4 | ; find two non-singular matrices P and Q such that PAQ =I. Hence find A^. 


1 
/. A^! exists = QP] 
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1 -1 -1 
6. Foramatrix = | 1 1 1 | , find non-singular matrices P and О such that PAQ is in the normal form. Also 
3 1 1 
find A“! (if it exists). (P.T.U., Dec. 2003) 
ANSWERS 
3 4 -5] [ 3 0 0 
0 13—11; -9 13 0 
100 lo o alls 29 11 wae 
Upper triangular Lower triangular 
| 3 -1 1 [8 -1 -3 
2 © |-15 6 -5 (1) |-5 1 2 
| 5 -2 2 [10 -1 -4 
[1 2 1 
| : А [7 -3 -3 
-1 4 0 ps ow 3 
-23 29 -64 -18 и 
1| 10 -12 26 7 „1р5 - 5 -2 
0) эт (vi) Tg 
25 1 -2 6 2 181-7 5 11 10 
2 -2 3 1 -1 -2 10 5 
3 (i) 2 (ii) 2 (iii) 3 (iv) 4 (v) 3 (vi) 3 (vil) 2 (vii) 2 
[1 010 
L Олд . L 0 
4 (i) ; rank =2 (шй) 10 1] Of= ;p=2 
Ок Ор 0 0 0 0 0 
1 О 
Gi) [I4 X 03x1]; р=3 12) 3 о }р=2 
| “2х2 2х2 
1 О " 
2 2x1 : 
ч EM o^" она сагта 
[1-1 0 1 9 0 1 -1 0 
5. Р=| 0 0 11;Q2]0 -1 1:А7-1-2 3 -4|. 
[^2 з -3 0 0 1 -2 -3 
[1 0 0 1 1 0 
6. P= -i 3 01:02:10 1  —1/; A1 does not exist ав р(А) = 2. 
[1 2 d 0 0 1 


4.12. CONSISTENCY AND SOLUTION OF LINEAR ALGEBRAIC EQUATIONS 


Proof. Consider the system of equations a,x+b, y+c,z=d, 


ax*tbycez-d, 


(3 equations in 3 unknowns) 


a,x t by +32 — d, 
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In matrix notation, these equations can be written as 


ajxtby-coaz d, ab alix а, 
AxXt+byy+c,z| = |4, | or} a, b су||у|=|% 
or АХ =B 
Г ава x 
where = | a, b, c, | is called the coefficient matrix, X = | y | is the column matrix of unknowns 
| 43 b, сз 2 
га 
В = | d, | is the column of constants. 
Ld; 


Па) = d, = d} = 0, then B= О and the matrix equation АХ = B reduce to AX = О. 
Such a system of equation is called a system of homogeneous linear equation. 

If at least one of d}, d», 4, 15 non-zero, then В = О. 

Such a system of equation is called a system of non-homogeneous linear equation. 


a 


Solving the matrix equation AX = B means finding X, i.e., finding a column matrix | B | such that 


Y 


x 0 
Х=|у| = В |.Тепх= о, у= В, <=). 
2 ү 


The matrix equation АХ = B need not always have а solution. It may have no solution or a unique solution 
or an infinite number of solutions. 

(a) Consistent Equations : A system of equations having one or more solutions is called a consistent 
system of equations. 

(b) Inconsistent Equations : A system of equations having no solutions is called an inconsistent system 
of equations. 

(c) State the conditions in terms of rank of the coefficient matrix and rank of the augmented matrix for 
aunique solution; no solution ; infinite number of solutions of a system of linear equations. 

(P. T.U., May 2005, Dec. 2010) 

For a system of non-homogeneous linear equation AX = B. 

(i) ifp [A : B] x p(A), the system is inconsistent. 

(ii) ifp [A : B] = p(A) = number of the unknowns, the system has a unique solution. 

(iii) if p [A : B] 2 p(A) « number of unknowns, the system has an infinite number of solutions. 

The matrix [A : B] in which the elements of A and B are written side by side is called the augmented matrix. 

For a system of homogeneous linear equations AX = О. 

(i) X = О is always a solution. This solution in which each unknown has the value zero is called the Null 

Solution or the Trivial Solution. Thus a homogeneous system is always consistent. 

(ii) if р(А) = number of unknown, the system has only the trivial solution. 

(iii) if p(A) < number of unknown, the system has an infinite number of non-trivial solutions. 
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4.13. IF A IS A NON-SINGULAR MATRIX, THEN THE MATRIX EQUATION АХ = B 
HAS A UNIQUE SOLUTION 


The given equationis AX=B .441) 
ч Ais a non-singular matrix, .`. АТ! exists. 
Pre-multiplying both sides of (1) by A! we get 
А-! (АХ) -AdB ог (А-1 А) Х=А-1В 
ог ІХ =А\В огХ=А-!В 
which is the required unique solution (since A7! is unique). 
Another Method to find the solution of AX = B: 
Write the augmented matrix [A : B]. By E-row operations on A and B, reduce A to a diagonal matrix thus 
getting 


p 0 0 га 
[AiB]«|O. p 0 144, 
0 0 д? 
Then рух 4p Py = 9, Рз© = 43 gives the solution of AX = B. 


ILLUSTRATIVE EXAMPLES 


Example 1. Solve the system of equations : 
5х + Зу 75 = 4, 3x + 26y +2z=9, 7х+2у+ Пз=5 


with ше help of matrix inversion. (P.T.U., Dec. 2004, May 2007, Jan. 2010, May 2014) 
Sol. In matrix notation, the given system of equations can be written as 
AX =B .441) 
[5 de 7] ii 4 
where А-|3 26 2|,X=|y|,B=|9 
|7 2 11| 2 5 
[5 3 7] 
Let А=|3 26 2 
|7 2 11| 
5 3 7 
26 2 3 3 26 
А! = |3 26 2=5 -3 +7 
211 7 1l T 2 
7 2 11 


=5(286-4)-3 (33 – 14) +7 (6- 182) = 1410-57 - 1232 = 121 #0 
= А is non-singular ~. АС! exists and the unique solution of (1) is 


X-2A!B ..0) 
Now co-factors of the elements of | А | are as follows: 
A 28:28 = 282, A : 19, A 5 176 
шщ 79—06: 2 
3 2 7 5 7 
7 11 7 11 3 2 
"ES a 176, С Jeane : 314121 
үн махан 2 «53 B 26 
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А В С A, A, А, 282 -19 -176 
adj А = transpose of | A B, С, |= |В, B, В.|=| —19 6 11 
А, 8, С, с C с; —176 11 121 


АС! = adj А = 19 6 11 
ГА! 121 
-176 11 121 
| 282 -19 —176|[4 282(4) -19(9) —176(5) 
From (2), Х = AT B = 157 -19 6 191533) —19(4) +6(9) +11(5) 
-176 11 121||5 —176(4) +11(9) +121(5) 
77 
—]| [7 
x] pm E. 11 
> у|= 33 |= =| 3 
121 121] |> 
2 0 0 11 
—| |0 
121 


H _ 7 _ 3 2-0 
ene х= т. У = тр. 2 0. 


Example 2. Use the rank method to test the consistency of the system of equations 4x — у = 12, 


x—3y-2z220,-2y + 4z = – 8. (P.T.U., Dec. 2012) 
Sol. In matrix notation, the given equations can be written as 
AX=B 
Га -1 0 x 12 
where А-1-1 -5 -2|1,Х-1у|),В-10 
[0 -2 4 Zz -6 
[4 -1 0 12 
Augmented matrix [A :B] = |-1 -5 -2 0 
[0 -2 4 —8 
[-1 -5 -2 : 0 
Operate Rj, ; ~] 4 -1 0 : 12 
о -2 4 : -8 
[-1 -5 -2 : 0 
Operate К, +4R, ; ~] 0 -21 -8 : 12 
|o -2 4 i -8 
Operate К (– 1), R : R 3r 
p 1 (A 21) 3 2]? 
15 2 0 
-10 1 8 y 4 
21 7 


0 1 -2 : 4 
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1 5 2 0 
о 1 8 4 
Operate R; – R3; - 21 ОЯ 
oo 3,2 
L 21 7 
1! S 2 i 0 
8 : 4 
21 0 dq 2 Ou: 
Operate R4! —— |; - : 
р | 2) 21 i 
0-0 1 —— 
L 25 
1 5 0 28 
25 
Орен ЭЛ 28, ; 0 1 0 : A 
à Ж m ey ae | 25 
48 
0 0 1 —— 
| 25] 
1 0 0 2 
25 
Operate Ку —5К„; -10 1-0 4 
25 
0 0 1 ав 
L 25] 


p(A) = 32 p(A : B) = number of unknowns 
The given system of equations is consistent and have a unique solution 


Hence the solution is x = 18 ‚у= а ‚= ” 
25 25 25 


Example 3. For what values of à and u do the system of equations : x + y + z 2 6, x+ 2y + 3z = 10, 


x + 2y + Az = И have (i) no solution, (ii) unique solution, (iii) more than one solution ? 
(P.T.U., Dec. 2002, May 2010) 


Sol. In matrix notation, the given system of the equations can be written as 


АХ=В 
1 1 1 х 6 
where А =1 2 3| Xz-|y, В= 10 
1 À E u 

Augmented matrix [A : B] 
] 1 1 6 
-11 2 3 : 10|Operating К, -R,,R, -R, 
1 2 à : yu 
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1 1 6 
-10 1 2 4 |Орегайпс R; -К,, К; - R; 
|0 1 3-1 : р 
1 0 ч: 2 
-|0 1 2 4 
|0 0 1-3 : p-10 


Case І. IfA = 3, = 10 

р(А) =2,р(А:В)=3 

Р(А) =р(А:В) 
-. The system has no solution. 
Case П. А, = 3, u may have any value 

р(А) =р(А : B) 23 = number of the unknowns 
-. System has unique solution. 
Case III. IfA = 3, u=10 

р(А) =p(A : B) = 2 < number of the unknowns 
-. The system has an infinite number of solution. 


Example 4. (a) Solve the equations X; 3x5 + 2x3 =0, 2х] —Х2 +3x3 =0, 3x) = 5х2 + 4x3 =0, хүрж 17x5 + 


4x5 = 0. 
3 
(b) Ета the real value of X for which the system of equations x + 2y + 3z = Ах, 3x + y + 2z = №, 
2х + Зу + z = Ас have non-trivial solution. (P. T.U., May 2010, Dec. 2012) 
Sol. (a) In matrix notation, the given system of equations can be written as 
АХ-О 
1 3 2 
м 
2 -1 3 
where А= ,X=| х, 
3 -5 4 
X 
1 17 4 j 
1 3 2 
OperaingR;-2R,R4-3R,R,-RQA -|0 7 ^1 
р 8M2 ^з p47 1 0 -14 -2 
0 14 2 
[1 3 2 
Operating R4 — 2R}, R4 + 2R ‚ЭЪ 
— 5 + ~ 
perating R4 >, Ёд 2 T 
о о 0 
[1 -1 0 
Operating R, +2R io б. 
егайп + - 
шингэж: ооо 
(0 0 0 


p(A) 22 «number of unknowns 


= The system has an infinite number of non-trivial solutions given by 
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Хү-11Х550, -7x5-x4-20 
ie., x= ПЕ, x) = К, хз =- 7k, where kis any number. 
Different values of k give different solutions. 
(b) Given equations are 
x+2y+3z= Ах 
3xty+2z=hy 
2x+3y+z= А 
ог (1-A)x+2y+3z=0 
3x+(1-A)y +2z=0 
2x + 3y+(1-A)z=0 
These equations are homogeneous in x, у, z and will have a non-trivial solution if p(A) < 3 (the number of 


unknowns) 
i.e., determinant of order 3 = 0 

1-A 2 3 
їе. 3 T 2 1-0 

2 3 LX 
e — 0-31(-3/-6|-430-3)-4|83(9-20-32-0 
or (1-3197-6-61-6-61-8-27-6-61-0 
ог 1-31-332-23-181-417-0 
ог 13-332-153:-18-0 
ог (А-6) (А +3),+3) = 0 

eitherA=6 or 12-31-3-0 
+ ti 

m E кы? 12 _ шив 


The only real value of À is 6. 
Example 5. Discuss the consistency of the following system of equations. Find the solution if consistent : 


(i) x+y+z=4 
2x + 5y- 2z=3 
(ii) 5х + 3y + 7224 
3x + 26у +2z=9 

7х + 2y + 105 = 5. (P.T.U., Мау 2005) 


Sol. (i) xty+z=4 
2x + 5y-2z- 3, which can be written as 


L3 d 4 i 
АХ = В, where A= and B = Х= |у 
2 5 -2 3 
A 
Consider augmented matrix [A : B] 
_ 11 1 4 
g 5 2 3 
Operating R5 — 2R 2 | i 
eratin - - 
цаасанд de ned -5 
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1 1 1 1 4 
Operating R5 | – | ~ = 2 
цаа 18 бї 1208 
3 
TE TE. 
Operating Ку —R, ~ : 3 
-4 -5 
0 1 — — 
3 3 


p(A) =2;p(A:B)=2 
р(А) =р(А : B) < number of unknowns 
Given system of equations are consistent and have infinite number of solutions given by 


fey 2 
ыг аа 
4 5 
op =- 
a 3 
17—7К 4k — 
Take z =k we have x= ‚ у= 3 
3 3 
Hence solutions is x= g T ‚ у= шэн z= К, where kis any arbitrary constant. 
(ii) Given equations can be put into the form AX = B 
5 3 7 х 4 
whereA=|3 26 2|,Х-1у|,8-191. 
7 2 10 2 5 
Consider augmented matrix 
5 3 7:4 
[А:В]= |3 26 2:9 
7 2 10 5 
. 3 7 
Operating R, – s R,,R,- F В, 
| 5 3 7 4 
121 11 
E E us 23 
- 5 5 5 
0 11 1 3 
L 5 5 5 
[5 3 7 4 
121 11 
Operate R, + 2 в; -|0 2 
> H 5 5 5 
| 0 0 0 0 
5 3 7 4 
Operate К, (=) -|0 11 -1 3 
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p(A)2 2,p(A:B)=2 
p (А) = p (A: B) 22«Number of unknowns 
Given equations are consistent and have infinite number of solutions given by 


5x+3y+7z=4 
lly-z=3 
3(k +3 
k+3 4-285 )-n 7 -16k 
Let z=k;y=— 1,2) х= = 
1 11 5 11 
т. 7 = 166 k+3 
Hence solution is x = y .£-—K. 
11 11 
Example 6. For what value of k, the equations x + y + z 2 1, 2x + y + 4z = k 4x + y 10: = 0 havea 
solution and solve them completely in each case? (P. T.U., Dec. 2005) 
Sol. x+y+z=1 
2x+y+4z= k 
4х+у+ 105 = К? 
which can be put into matrix form AX =В 
1 1 1 x 1 
where А-12 1 4|,X=|y]|,B=| К 
4 1 10 Z к? 
Consider ће augmented matrix 
[111 1 
[А:В]= |2 1 4 К 
[4 1 10 к? 
1 d ys d 
OperateR,-2R,R,-4R; -10 -1 2 i k-2 
[0 -3 6 : 6-4 
1 1 т 1 
Operate К, ЗК, ; -|0 -1 2 : k-2 
0 0 0 : &-3k42 


p (A) = 2 < number of unknowns 
System of equations cannot have a unique solution. 
These will have an infinite number of solution only if p (А : B) = p (A) = 2, which is only possible if 
02 -—3k+2=O0ie,k=lork=2. 


1 I: d * 1 
when k= 1; the augmented matrix=|0 -1 2 : -1 
0 0 0 : 0 


Equations arex+y+z= 1 
-y+2z=-l 
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Let z=A,y=1+42A,x=-3A, where A is an arbitrary constant 


1 ] 1 : i 
when k= 2; Augmented matrix=|0 -1 2 : 0 
0 0 0 : 0 


Equations are x +y * z 1 and - y + 2z = 0. 
Take z= У/,у=2)/,х= 1-3)/ 
where № is any arbitrary constant. 
Example 7. Find the values of a and b for which the equations x + ay + z = 3; x + 2y + 2z = b, 
X + Sy + 3z = 9 are consistent. When will these equations have a unique solution? (P. T.U., Dec. 2003) 
Sol. Given equations are 


X+ay+z=3 


x+2y+2z=b 
x+5y+3z= 9. 
The matrix equation is AX = B, where 
1 a 1 3 х 
А=|1 2 2|,8-15|,Х-|у 
1 5 3 9 2 
l a 1 3 
Augmented matrixis}1 2 2 b 
1 5 3 9 
[1 1 3 
Operate К,—К,К,-К-|0 2-a 1 b-3 
|0 5-a 2 6 
1 a 1 3 
5-а А 
Operate R, – mee 0 2-a 1 : 5-3 
5-а 5-а 
|0 0 2-5 а 8-5-2(8-3| 
1 а 1 3 
-10 2-а 1 Б-3 
-1-а 5-а 
(0 0 5 6-5— (b- 3) 
-1- 5-а 
Case I. If ——© 20and6- (5-3) -0 
2-а 2-а 


Thena=-1.. b=6i.e,a=-1,b=6 
р (A) =p (A: В) =2 < number of unknowns 
Given equations have infinite number of solutions given by augmented matrix 


1 -1 1 : 3 
0 3 1 : 3 
0 оо 0 


Equations are x-y +z = 3 
3y+z=3 
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-К -k 4 
Let хя =” аашаа? k =4 К 
3 3 3 


”” БЭ Jem 
СЕ 3 


, Z = kis Ше solution. 


Case II. Ifa = – 1, butb#6 
Then p (A) = 2, but p (A: B) 23 
p (A) s p (A: B) -. Equations are inconsistent, i.e., having no solution. 
Case III. If a # – 1, b can have any value, then p (A) 232 p (A: B) 
Given equations have a unique solution which is given by the equation. 


онер 

еы 
d | 6-06-36 5-6 52 3) 
а ze RC ud D J 


1 


ТА 3) (1+4) +6 (2-4) -(5- a)(b -3)] 


2(6-5) (5-3a) (6-b) 


у= 1+а а 


1+а 


TEST YOUR KNOWLEDGE 


1. Write the following equations in matrix form АХ = B and solve for X by finding A^. 


(G) 2x-2y+z=1 (ü) 2x] = X3 + X4 =4 
х+2у+2@=2 x+% +x =1 
2x+y-2z=7 х= 3х) - 223 = 2 
2. Using the loop current method on a circuit, the following equations were obtained : 
7i, -4 = 12, - 4i, + 12i, — бї; = 0, 6i, + 14i, = 0. 
By matrix method, solve for i p and із 


3. Solve the following system of equations by matrix method : 


G xty+z=8, х-у+ 25 =6, Зх+5у- 75 = 14 

(ii) xt+y+z=6, x-y+2z=5, 3xt+y+z=8 

(iii) x +2y + 3z=1, 2х + Зу + 2z z2, Зх + Зу + 42 = 1. 

(iv) Зх+ Зу + 22 = 1, x+2y=4, 10y -3z2-2,2x -3y-z-25 


4. Show that the equations x + 2y-z 23, 3x - y + 2z = 1, 2x -2y c 3zz2, x -y c z 2— 1 are consistent and solve them. 
5. Test for consistency the equations 2x — 3y + 7z = 5, Зх + y -3z = 13, 2x + 19 y - A7z = 32. 
(P.T.U., May 2012, Dec. 2012) 
6. Solve the equations x + 3y + 2z = 0, 2x y + 3z = 0, 3x -5y + 4z = 0, x + 17у + 4z = 0. 
7. (a) For what values of a and b do the equations x + 2y + 3z 26, x + 3y + 5z = 9, 2х + 5y + az =b have 
(i) no solution, (її) a unique solution, (iii) more than one solution ? 
(b) For what value of k the system of equations x + y + z 22, x + 2y +z 2-2, x + y + (Ё— 5)z = k has no solution ? 
(P.T.U., May 2012) 
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8. (a) Find the value of k so that the equations x + y + 3z = 0, Ax + 3y + kz 20, 2x + y + 2z = 0 have a non-trivial solution. 
(b) For what values of À do the equations ах + by = Ax and cx + dy = Лу have a solution other than x = 0, y = 0. 


(P.T.U., Мау 2003) 
9. Show that the equations 3x + 4y + 5z = a, 4х + 5y + 6z = b, 5x + бу + 7z = c do not have a solution unless 
а+с= 2b. (P. T.U., Dec. 2011) 


10. Investigate the value of A and y so that the equations 2x + 3y + 5z = 9, 7х + Зу – 2z = 8, 2х + 3y + Ас = и have 
(1) no solution, (17) a unique solution, and (iii) an infinite number of solution. 


11. Determine the value of À for which the following set of equations may possess non-trivial solution. 


3x + ху — Ax = 0, 4x, – 2x9 — 3x4 = 0, 2х + 4x5 + Ахз = 0. For each permissible value of A, determine the general 
solution. 


12. Investigate for consistency of the following equations and if possible find the solutions. 
4x—2y 6х = 8, x cy - 3zz- 1, 15x - Зу + 95 = 21. (P. T.U., Jan. 2009) 
13. Show that if A = — 5, the system of equations 3x — y + 4z 2 3, x + 2y - 3z = – 2, бх + 5y + А = – 3 have a unique 
solution. If À = – 5, show that the equations are consistent. Determine the solutions in each case. 
14. Show that the equations 2x + бу + 11 = 0, 6x + 20y – 6z + 3 = 0, бу — 18z + 1 = 0 are not consistent. 
[Hint: To prove p[A : B] = p(A)] (P. T.U., Dec. 2003) 
15. Solve the system of equations 2x, + х, + 2x, + x, = 6; бх, — бх, + бх, + 12x, = 36 


4x, + 3x, + 3x, - 3x, = – 1; 2x, + 2x, — x, +x, = 10. 
ANSWERS 
| 2 . 390, 24, 72 
1. @x=2,y=1,z=-1 (i) x =1,x%,=-1,%3=1 2. 11517572 2573 175 
: NE Oe Re ОЕ. ОЙ. us 2 
3. @х=з,у= Ee (1) x=1,y=2,z=3 (iii) х= ae Va ase 7 
(iv)x=2,y=1,2=-4 
4. х--1,у-4,:-4 5. Inconsistent 6. x= 11k, у= К, z = — 7k, where k is arbitrary 
7. (а) Фа=8,Ь= 15 (ii) a £8, b may have any value (iii) a=8,b=15 
(р) k26 
8. (а) k28, (b)X=a,b=0,A=d,c=0 
10. ()A-5,nz9 (ii) X x 5, u arbitrary (Ш) K=5,X=9 


П. 421, – 9 for A= 1 solution is x = k, y = К, z= 2k. For A = — 9 solution is x = ЗК, y = 9k, z = – 2k 
12. Consistent: x = 1, y 2 3k 2, < = К, where К is arbitrary 


4 9 4-5k 13k -9 
13. A#-S,x= =, у 7:2 0; А=- 5, х= yaa 


15. Xl =2, хо = 1l, x3 =- 1, x4=3. 


‚ & = К, where К is arbitrary 


4.14. VECTORS 


Any ordered n-tuple of numbers is called an n-vector. By an ordered n-tuple, we mean а set consisting of п 
numbers in which the place of each number is fixed. If x,, x,, ......... ‚ X, be any n numbers then the ordered n-tuple 
X = (5, х... ‚ X,) is called an n-vector. Thus the co-ordinates of a point in space can be represented by а 
3-vector (x, у, <). Similarly (1, 0, 2, — 1) and (2, 7, 5, — 3) are 4-vectors. The n numbers Х,, x,,........ „х are called the 
components ofthe n-vector X = (x, Жор; х) . А vector may be written either as a row vector or ав a column vector. 
If A be a matrix of order m x n, then each row of A will be an n-vector and each column of A will be an m-vector. A vector 
whose components are all zero is called a zero vector and is denoted by О. Thus О = (0, 0, 0, ...., 0). 
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Let Х = (xj; Хун , хи) and У = (Ур Yos А У) be two vectors. 
Then X z Y if and only if their corresponding components are equal. 

ie., If X; =y;fori= 1,2, iine. ‚п 
If k bea scalar, then АХ = (х, Kx», 22222 2 Kx, ). 


4.15. LINEAR DEPENDENCE AND LINEAR INDEPENDENCE OF VECTORS 
(P.T.U., May 2004, 2006, Jan. 2009) 


A set of r, n-tuple vectors Xj. Х,, — X, 15 said to be linearly dependent if there exists г scalars 
(numbers) К 1› ky, EN А k, not all zero, such that 
kX] +0 Xo. +k, X, =0 
A set ofr, n-tuple vectors Ху, X», .......... , Х „15 said to be linearly independent if every relation of the type 
kX] thy Xo ..... Tk X,-O implies ку =k, z ..... =k,=0 


Note. If a set of vectors is linearly dependent, then at least one member of the set can be expressed as a linear 
combination of the remaining vectors. 
Example 1. Show that the vectors х= (1, 2, 4), х= (2, — 1, 3), X3 =(0, 1, 2) and x4 =(—3, 7, 2) are linearly 
dependent and find the relation between them. 
Sol. Consider the matrix equation 
ki xi + К x, tk x, + К, x4 = 0 
i.e., ki (1, 2,4) +k, (2,-1, 3) + k, (0, 1, 2) + К, (—3, 7, 2) =0 
i.e., k, + 2k, + 0-k, — 3k, =0 
2k, — k, + К. + Tk, =0 
4k, + 3k, + 2k, + 2k, =0 


which is a system of homogeneous linear equations and can be put in the form AX = 0. 


kı 
20 -3 0 
| ky} 
Le., 2 -l 1 7 = |0 
k; 
4 3 2 2 0 
ky 
Operate R, - 2R,, К, - 4R,; 
ГЕ] 
1 2-0 -3 0 
k 
0 > І 13 =|0 
ks 
0 - 2 14 0 
2 
Operate К, – Ҝ,; 
ГЕ] 
1 20 -3 0 
К. | _ 
0 -5 1 13 = |0 
kz 
0 0-1 1 k 0 
E44 
К + 2k, - 3k, =0 ...@) 
-5k + kz + 13k, =0 (ii) 
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" 12 
From (ii), Ska, = ky - 13k; =- 12k; ` = —-—Ь 
From (i), ky =+ 3k, - 2k) =—3k, + 2h -18 


9 


12 
ky = =, fcc k; =t, ky = -t 


5 


: : 09 12 
Given vectors are L.D. and the relation between them is ru - uu tfx,—ix, =0 


Example 2. Show that the column vectors of the matrix 
А = E 5 2| are linearly dependent. (P. T.U., Dec. 2002) 
1 2 3 
Sol. Let X,- -0| №= 1 ‚Ху= 2 
Consider the matrix equation 
1 2 3 
k | 5| + 1 + № 2 =0 
— 2k, +k, + 2k,=0 
kı 
12 3 
k, | 20 
-2 12 
k3 
kı 
Operate R, +2R eee k 0 
+ А = 
perate К, 1 oss 
k3 
or kı + 2k, + 3k; = 0 
5k, + 8k; = 0 
8 16 1 
k,=- = k; k = — k -3k;=- k 
2 a ai у з 53 
Let k; = 20 


8 


1 
k= -= ù k=- – №, = А 
1 5 2 5 3 


Given column vectors are L.D. 


Example 3. Determine whether the vectors (3, 2, 4), (1, 0, 2), (1, — 1, — 1) are linearly dependent or not. 


(where ‘t’ denotes transpose) 


3 1 


(P.T.U., May 2006) 
1 


Sol. Let Х,-03,2,4/-12|,Х,-01,0,2/-10|,Х,-01,-1,-1)-1-1 


4 2 


-1 
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Consider kı X, +k, X, +k; X420 
3 1 1 
ie., ki|2| +k |0| +К |-1|=0 
4 2 -1 
or 3k +k +k, =0 


2k, + 0.ky— k; = 0 
4k, + 2k, —k, = 0 


31 l|k 0 
ог 2 0 -И К, =|0 
14 2 1 LOJ 
[1 1 2][k,] [o] 
Operate R, – R; ; 2 0 -И К |= |0 
14 2 -1181 LOJ 
Operate R} - 2R,;, R4—4R;; 
[1 1 2][4]| [0] 
0 -2 -5 |5, |= [0 
[0 -2 -9j]&]| [0| 
Operate R; — R3; _ MEM 
1 1 21| ky 0 
0 -2 =5 [|А |= |0 
10 0--41|58| 0 
kı +k, + 2k, = 0 
—2k,—5k,=0| > k,=0,k,=0,k, =0 
— 4k, =0 
Given vectors are not linearly dependent. These are linearly independent. 
4.16. LINEAR TRANSFORMATIONS (P.T.U., May 2014) 


Let a point P(x, y) in a plane transform to the point P' (х', y) under reflection in the co-ordinate axes, or reflection 
in the line y = x tan Ө or rotation of OP through an angle 0 about the origin or rotation of axes, through an angle Ө 
etc. Then the co-ordinates of P' can be expressed in terms of those of P by the linear relations of the form 


x'=axtby 
y-axtby 
ИРТ : TEMP а, b || x 

which in matrix notationis | „|= or X'=AX 
y a, bly 

such transformations are called linear transformation in two dimensions. 

Similarly, relations of the form 

x'=axtbyy+cz 
y-axtbjytoz 
z' —a,xtb4y t с. 
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x’ a b с, 
which in matrix notationis | y’}=|a, b о | у| or Х’=АХ gives a linear transformation 
z’ а, b lx 
(x, у, 2) > (х', y, z')in three dimensions. 
MI а 4) din X 
| Y ву 0» а, » 
In general, the relation Y АХ, where Y = | ^ |, A= "X2. 
Уп апр Әһә --. Ann Xn 


defines a linear transformation which carries any vector X into another vector Y over the matrix A which is 
called the linear operator of the transformation. 


This transformation is called linear because Y, = AX, and Y, = AX, impliesaY, + bY, = A (aX; + bX,) for 
all values of a and b. 


. 2 1 -l M 1 -l| 2 5 
Thus, if X = and A = , then Y = = = 
-3 2 3 Уз 2 3|-3 -5 


so that (2, —3) —› (5, —5) under the transformation defined by A. 


If the transformation matrix A is non-singular, i.e., if | A | 0, then the linear transformation is called non- 
singular or regular. 


If the transformation matrix A is singular, i.e., if | A | 2 O, then the linear transformation is also called singular. 


For a non-singular transformation Y = AX, since А is non-singular, А! exists and we can write the inverse 
transformation, which carries the vector Y back into the vector X, as X -A Y. 


Note. If a transformation from (Ху, x»,.......... s Xp) tO (4. уд. ‚ Ур) is given by Y = АХ and another transformation 
from (уу, y5,.......... » Ул) tO (21, Z2, , z,) is given by Z = BY, then the transformation from (Хү, x»,.........., х) to 
(215 29i ,Z,) is given by Z = BY = B (AX) = (BA)X. 

4.17. ORTHOGONAL TRANSFORMATION (P.T.U., Dec. 2012) 


The linear transformation Y = AX, where 


MI а ау ++ аһ x 
Y= » "o а 4922 An X= “2 
Уп ап dy) = ат Xn 
is said to be orthogonal if it transforms m + у шоо + ЫН into x + х соо + x : 
4.18(a). ORTHOGONAL MATRIX (P.T.U., Jan. 2009) 


The matrix A of the above transformation is called an orthogonal matrix. 
м 


Now, XO eios 
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and similarly УУ = у? + us toby. 
If Y = AX is an orthogonal transformation, then 
XX = x? tap +... +х2 = ур +уу + m ty. 
Y' Y Z (AX) (AX) = (X'A) (AX) 


=Х'(А'А)Х [^ (AB) = B'A] 
which holds only when A'A =I or when А'А = ATA 
or when A'2Ad [ ATA=1] 


Hence a real square matrix А is said to be orthogonal if AA' =A'A =I 


Also, for an orthogonal matrix A, A' АЛ, 


4.18(b). PROPERTIES OF AN ORTHOGONAL MATRIX 


(1) The transpose of an orthogonal matrix is orthogonal. 
Proof. Let А be an orthogonal matrix 
^ АА' =I=A'A 
Taking transpose of both sides of AA' = I 
(АА) ZI or (A)' A' = I i.e., product of A' and its transpose i.e., (A) =I 
A'is an orthogonal matrix. 
(ii) The inverse of an orthogonal matrix is orthogonal 
Proof. Let A be an orthogonal matrix ~. AA'=I 
Take inverse of both sides (АА)! = Г! 
ог (A'Y! АГ! =I or (A Dy (A7!) =I 
i.e., Product of А-! and its transpose i.e., (АЛ!) 181 
А! is orthogonal. 
(iii) If A is an orthogonal matrix, then | A |=+1 
Proof. A is an orthogonal matrix 


AA'=I 
Take determinant of both sides 
IAAT III ог 1АНА1-1 [^ Ш=П 
ie., IAP =1 [^ 1А1-1А1| 
Le., 1А| =+1 


Note. An orthogonal matrix A is called proper or improper according аз | А |= 1 ог- 1. 
(iv) The product of two orthogonal matrices of the same order is orthogonal 
Proof. Let A, B be two orthogonal matrices of the same order so that 
АА' =ВВ'=1 
Now, (AB) (AB) =(АВ)(В'А’)=А (BB’) А' 
= А ( А'= (Ар А'=АА' =Т 
АВ is also ап orthogonal matrix. 
Example 1. Let T be the transformation from R! to ЕЗ defined by Т(х) = (x, x2, x3). Is T linear or not? 
(P.T.U., May 2010) 
Sol. Given T(x) = (x, x2, х3) 
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TG) = (ху, xf, xp 
T(x) = (ху, x2, x3) 
«Т(ху) + BT (xy) = ox, xz. XP) + B, x5, x3) 
= (оху + B, ax? + Вх, ах? + Вхз) 
Now, Т(оху Bx) = [(оху + Вх»), (оху + Вхо)?, (x, + хэ) | 
+ (оху + хэ, ax? + Вх2, ох + Bx3) 
aT) + ВТ) = T(ox, + Вх.) 
T is not linear 
Example 2. Show that the transformation y, = x, + 2х, + 5x; y, = —x, + 2xy y, = 2х, + 4x, + Их, is 


regular. Write down the inverse transformation. (P.T.U., May 2011) 
Sol. The given transformation in the matrix form is Y = AX, where 
11. 2- 5] X » 
А-10 -1 2|;X=|]x ;Ү= |у, 
(2 4 11] Ха Уз 
1 2 5 
[А = |0 —1 
24 1 
=1(-11-8)+2 (4+5) 
=- 19+18=-1#0 


Matrix А is non-singular. 
Hence given transformation is non-singular or regular. 
The inverse transformation of Y = AX is X = А-ГУ 


To find A! 

Consider A = IA 
1 2 5 1-0 0 
0 -1 2|=|0 1] ОА 
2 4 11 0 0 1 


0 0 19 2 -9 
0 -1 O/;=] 4 1 -2А 
0 0 1 -2 0 1 
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OpeateR(-1) |0 1 0 =|-4 -1 2 JA 
0 0 1 -2 0 1 
19 2 —9 
I=BA,whereB=|-4 -1 2 
-2 0 1 
АТВ 
19 2 -9 


X |-2 0 1 ji» 
Хрэ 19у + 2y5-9y5 
Хус -4y, -y5 +253 


ео: 
Example 3. (a) Prove that те following matrix is orthogonal 
j 1 2 2 
F 2 1 2 |. (P.T.U., May 2007) 
2 -2 1 
(b) Ета the values of a, b, c if the matrix 
0 2b c 
А=|а b -c|isorthogonal. (P.T.U., May 2009) 
a -b c 


Sol. (a) Denoting the given matrix by A, we have 


1 2 2 
A = ы 2 1 -2 
d (2 -2 1| 
1 2 2 1 2 2 
Now, АА' = ы 2 1 -2 x1 2 1 -2 
5 |2 -2 1| i 2 -2 1 
9 0 0 1 0 0 
= 5 090=0 1 0(1-1 
(0-0 9110 0 1 
Since AA' ZI, A is an orthogonal matrix. 
(р) Matrix A will be orthogonal if AA’ = I 
0 2b со a a 1 0 0 
ie., a b -с125 b -51 410 1 0 
a -b c c —с c [0 0 I 
4b? + c? 2b? =" —2Ь? + с? гг о о 
ог 2b? -¢? а Ч а^-Ь?—с?°|= 10 
Oe u^ b =e au wb e [0 0 1 
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or 


4р2 +с2= 1 апа 252-02-0 
а? + Ь? + с2= 1 а2-12-02-0 
1 
Solving c?- 252 2; 462 +252=1 ог b= c 
Or b= ok 
J6 
1 4 1 
2: +— = — = їі —== 
се = 2 сЕ с 53 
1 1 1 1 
У и Eu Lt -+4 
a рё + с = 6*3 5 а 572 
1 1 1 
Hence, а= +t—~,b=+ —,c=+—. 
42 46 43 


TEST YOUR KNOWLEDGE 


Are the following vectors linearly dependent ? If so, find a relation between them. 

© x1=(1,2, 1), x = (2, 1, 4), хз = (4, 5, 6), x4 = (1, 8, – 3) (P.T.U., Jan. 2010) 
(ii) x, = (2, –1, 4), xo = (0, 1, 2), x4 = (6, -1, 16), x4 = (4, 0, 12) 

(Ш) x = (2, - 1, 3, 2), x) = (1,3,4, 2), хз = (3, - 5, 2, 2) 

(iv) x, = (2, 3, 1, -1), x5 = (2, 3, 1, 22), хз = (4, 6, 2, 1) 


(v) x, = (2, 2, 1), x) = (1, 3, 1), хз = (1, 2, 2), where ‘t’ stands for transpose. [Hint: See S.E. 3] 
(vi) xi = (1, 1, 0), x5 =(1,- 1, 1), x3 = (3, - 1, 3) (P.T.U., Dec. 2012) 
For what value(s) of k, do the set of vectors (k, 1, 1), (0, 1, 1), (k, 0, k) in R3 are linearly independent? 

(P. T.U., May 2010, 2012) 


(a) Show that the transformation y, =x] — Ху + хз, уу = 3x —x5 + 2x3 y3 72x, - 2х) + 3x3 is non-singular. Find 
the inverse transformation. 

(b) Show that the transformation y, = 2x, + x5 + хз; ур = Х| + Ху + 2x3; уз = x, — 2x3 is regular. Write down the 
inverse transformation. 

Represent each of the transformation x, = Зуу + 2y5, y, = с + 252, x9 = — y, + 4y, and y; = 3z, by the use of 

matrices and find the composite transformation which expresses хү, x» in terms of z4, Zp. 


A transformation from the variables хү, x», x3 to y1, У, Уз is given by Y = AX, and another transformation from 


210 1 1 1 
Ут Уз» Уз 101, 52, 53 İs given by Z = BY, where A=| 0 1 2|,8-1 2 -3|. Obtain the transformation 
-1 2 1 1 3 5 
from Хү, X5, X3 tO Z1, 29, Z3. 
Which of the following matrices are orthogonal? 
1 -8 4 1 2 -3 1 
Ò = 1 4 -8 (G)|4 31. (P. T.U., Jan. 2009) 
4 7 4 -3 1 9 


Prove that the following matrix is orthogonal: 


(P.T.U., May 2011) 


мы w| - 
ИИ) 
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ANSWERS 
1. (i) Үеѕ; хз = 2x] +x, and x4 = 5x4 - 2x5 (i) Yes ; хз = 3x, + 2x, and x, = 2x] + х) 
(iii) Yes ; 2x) — x3 — x3 =0 (iv) Yes ; 5x] – 3х -x3 = 0 
(у) No; L.I. (vi) No; L.I. 


2. For all non-zero values of k 
1 1 
3. (а) х = 0 + y2 — y3), № => (7-59 + yo + уз), з 2 - 4y +253 


(b) x, = 2y4 — 2y5 — уз, x5 7 — AY + 5уу + Зуз, X3 = у Y2 Уз 


a 144 

x 

à |l a 5. Z- (ВА) Х, where ВА=| -1 9 -1 
№ 11 -2 22 3 14 4 


6. (i Orthogonal (ii) Not orthogonal. 


4.19. COMPLEX MATRICES 


If all the elements of a matrix are real numbers, then it is called a real matrix or a matrix over R. On the 


other hand, if at least one element of a matrix is a complex number a + ib, where a, b are real and i= 4—1 , then 
the matrix is called a complex matrix. 


4.20(a). CONJUGATE OF A MATRIX 


The matrix obtained by replacing the elements of a complex matrix A by the corresponding conjugate 
complex numbers is called the conjugate of the matrix A and is denoted by A . 


2+3 —7ї =. 2-3 Ti 
Thus, if A= ‚ then A= : 
5 1-1 5 1-1 


4.20(b). CONJUGATE TRANSPOSE OF A MATRIX 


It is easy to see the conjugate of the transpose of A i.e., (A^) and the transpose conjugate of A i.e., (AY 
are equal. Each of them is denoted by А’. 


Thus (A =(А)'= AT, 
4.21. HERMITIAN AND SKEW HERMITIAN MATRIX . (P.T.U., May 2002, 2007, Dec. 2010) 


A square matrix A is said to be Hermitian if A9 =A. i.e., if A = [a], then а за, V i,j and when i =j, then 


а; =а, > ais purely real i.e., all diagonal elements of a Hermitian matrix are purely real while every other 
element is the conjugate complex of the element in the transposed position. 


5 2-1 -3 
Еогехашрїе,А-|2-1 -3  l-i|isaHermitian matrix. 
ЁЛ 1-1 0 


A square matrix A is said to be Skew Hermitian if A? =— A i.e., if A= [a;], then ау ==0, V i,j and 


when i=j, then а; =—a,,i.e., ifa, =a + ib, then а; =a—iband a; =-а, 
> a-ib=-(atib)>a=0 
a. is either purely imaginary or zero. 
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In a Skew Hermitian matrix, the diagonal elements are zero or purely imaginary number of the form if, 
where В is real. Every other element is the negative of the conjugate complex of the element in the transposed 


position. 
3i 1-1 7 
For example, B = | —1+1 0 —2—1| isaSkew Hermitian matrix. 
7 2-1 i 
Note. The following result hold : 
0) (A)=A (ii) A+B=A+B (ii) XA = XA (iv) AB = AB 
(v) (A992 A (vi) (А+ B8 2 A9 - B8. (vii) (IAY = IA? (viii) (АВ) = B®A®, 


4.22(a). UNITARY MATRIX 


A complex square matrix A is said to unitary if A? A =I 
or we сап say (A) A=I 

Taking conjugate of both sides A'A =1 

Incase of real matrices : If A is areal matrix there A =A, then A will be unitary if A! A =I > A'A =I which 
clearly shows that A is also an orthogonal matrix. 

Hence every orthogonal matrix is unitary. 


4.22(b). PROPERTIES OF A UNITARY MATRIX 


(i) Determinant of a unitary matrix is of modulus unity 
Proof. Let A beaunitary matrix 


Then AA? =I 
Taking determinant of both sides IAA9| = ITI 


or АНА" =lorlAllAl=1 [^ 1А1-1АД 
ог 1А2| = 1 hence the result. 


(ii) The product of two unitary matrices of the same order is unitary 
Proof. Let A, B be two unitary matrices г. AA9 = A9A =I and ВВ9-В98-1 


Now, (АВ) (АВ) = AB(B9A9) = A(BB9) АЗ = (AI) A92AA9 = I 
Hence AB is unitary matrix. 


(iii) The inverse of a unitary matrix is unitary (P.T.U., May 2012) 
Proof. Let A be a unitary matrix г. AA9- АВА =1 


AA? =I 
Take inverse of both sides (AA9)-! = I or (A®)-!. A7! =I 
ог (А-1)9 (А-1!) =I ~. AT! is also unitary. 


ILLUSTRATIVE EXAMPLES 


2+1 3 -I+3i 
. . |, verify that A®A is a Hermitian matrix. 
-3 Ї 4 — 2i 
2+1 -5 
Sol. A'- 3 i 
—-]-3i 4-2 


Example 1. /fA = | 
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2-ї —5 
A9 = (А)=| 3 -i 
-1-3i 4+2 
| 2-i -5 
. 2+1 3 -143 
A®A =| 3 -i | | | 
—5 i 4— 2i 
|-1-3i 4+2 
| 30 6-8i -19+171 | 
=| 6-8 10 —5-5i |= В(ѕау) 
|-19-17i -5-51 30 | 
| 30 6-8:  -19-17i| 
Now, В = 6-8i 10 —5—5ї 
|-19-17i —5—5: 30 | 
30 8-8 —19+17ї 
B® =(B’)=| 6-8 10 -5-5 |=B 
-19-17 5-3 30 
= В (=A®A) is a Hermitian matrix. 


Example 2. /f A and B are Hermitian, show that АВ — ВА is Skew Hermitian. 
Sol. A and B are Hermitian. > A9 = A and В9= В 
(АВ - BA? =(AB)® (ВА) 
= B9A9 — A9 BP- BA — AB - (АВ ВА) 
=> АВ – BA is Skew Hermitian. 
Example 3. (a) If A is a Skew Hermitian matrix, then show that iA is Hermitian. 
(b) If A is Hermitian, then A® A is also Hermitian. 
Sol. (а) A is a Skew Hermitian matrix > АЗ =-A 
GA)8 = ТАЎ -(-0(-А)-1А 
> iAisaHermitian matrix. 
(b) A is a Hermitian Matrix ~. AP = A 
A®A will be Hermitian if (A? A)9 = A9 A 
(A9 А) = А9(д9)9 -А9-.-А 


Hence A? А is Hermitian 


Now, 


Now, 


Now, 


(P.T.U., May 2007) 


I+ Nis non-singular and (1+ М yl exists 


0 1+2i 
Example 4. If N = 1423 | ван the matrix (I — М) (1 «Ny, and show that it is unitary. 
—14 2i 

1-0 0 1+21 1 -1-21 
501. 1-М = - Е 

0 1 —1+2 0 1-2 1 

1-0 0 1+2 1 1+2 

I+N = + = 
0 1 —1+2 0 —1+2 1 
1 1+2 2 
|I+N| = | =1-(@°—1)=6.. 
—1+21 1 


Рун" 1-2 
+ = 
ш. 1—24 1 
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Lo i5 
(IN) = MUNI SS. ! 
II+NI 611-21 1 
| 1 gr 1 -1-2i 
(1 № (1+ М7 = 1 2 А 
1—2! 1 J6|1-2i 1 
1| — РА ад j 
ELT MEME 
АСТ 4 2-4] 
6|-2-4 — -4 | 
__ 1 -4 2+4 
Н = д – 
e “Бэй m | 


if 4 2«4]i[-4 2-4] 1(36 0111 o 
АЛЕ ; Plan vm = == = =I. 
6|-244i -4 [62-м -4 | 360 36 |0 1 


А -(I- №) (1+ №)! is unitary. 
Example 5. Prove that every Hermitian matrix can be written as А + iB, where A is real and symmetric and 
B is real and skew-symmetric. 


Sol. Let P be any Hermitian matrix. 


Then pep _ B 
| Р+Р Р-Р 
Consider, P= +1 — = А +В, where 
2 2i _ 
Р+Р Р-Р 
А= „B= - 
2 21 
То prove A and B are real. _ 
- + 
We know that z=xtiy.. z -x-iy,then ых (теа!) 
d =n P (real) 
an 9j; “ор =У 18а 
Similarly, _ 
is areal matrix and = is also real 
A, Bare real. 
To prove A is symmetric 
‚ [Р+Р) РР Р-Р 0 
- = = =А Со. Р”-Р) 
2 2 2 


Ais symmetric. 
| p р’ p? ^0 _p 
Р-Р] = — = х. = EE =-В .. Bis skew-symmetric. 
21 2i 2i 


2i 


Similarly, B’ = | 


TEST YOUR KNOWLEDGE 


-1 2+: 5-3 
1. If A=| 2-i 7 5i |,show that А is a Hermitian matrix and ГА is a Skew-Hermitian matrix. 


(P. T.U., May 2009, Jan. 2010) 
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2. IfA is any square matrix, prove that A + АӨ, AA®, АВА are all Hermitian and A — A9 is Skew-Hermitian. 
If A, B are Hermitian or skew-Hermitian, then so is A +В. 


Show that the matrix B9 AB is Hermitian or Skew-Hermitian according as A is Hermitian or 
skew-Hermitian. 
ИН =н |. : | 
5. Prove that —| . _ | is a unitary matrix. (P.T.U., Jan. 2009) 
2|l+i l-i 
If A is a Hermitian matrix, then show that iA is a skew-Hermitian matrix. 

Show that every square matrix is uniquely expressible as the sum of a Hermitian and a Skew-Hermitian matrix. 
A+A? „Же A9 
2 2 
where R9 = В, S® = — S to prove = P, S = QJ 


[Hint: (i) Let A = = P +Q, prove p® =P and Qe- — Q (ii) to prove uniqueness : Let A = В + S 


4.23. CHARACTERISTIC EQUATION, CHARACTERISTIC ROOTS OR EIGEN 
VALUES, TRACE OF A MATRIX 
If A is square matrix of order n, we can form the matrix A — AI, where A is a scalar and I is the unit matrix of 
order n. The determinant of this matrix equated to zero, i.e., 


ay -À 012 UO Чт 
451 dy —h c аз 
А-А = vee ZE ZE ZE = O is called the characteristics equation of A. 
Чт ал? мын ) 


On expanding the determinant, the characteristic equation can be written as a polynomial equation of 
degree n in A of the form (-1 )" A" +k, А 2 12) №2 + .......... +k = 


The roots of this equation are called the characteristic roots or latent roots or eigen-values of А. 

(P. T.U., Jan. 2009, May 2014) 
Note. The sum of the eigen-values of a matrix A is equal to trace of A. 
[The trace of a square matrix is the sum of its diagonal elements]. 


4.24. EIGEN VECTORS (P.T.U., Jan. 2009, Мау 2014) 
Consider the linear transformation Y = AX .. (1) 


which transforms the column vector X into the column vector Y. In practice, we are often required to find those 
vectors X which transform into scalar multiples of themselves. 


Let X be such a vector which transforms into AX (A being a non-zero scalar) by the transformation (1). 


Then У =AX ...Q) 
From (1) and (2, AX =АХ > АХ -АГХ=О = (A-AD X=O -40) 
This matrix equation gives п homogeneous linear equations 

(a, —Dx« арм + о Жас, X= 

AX + (ао = 0+... tà, х=0 A) 

Any X + ар t o 0 e + (а, =) x,-0 


These equations will have a non-trivial solution only if the coefficient matrix | A — А 115 singular 
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i.e., if ІА-МІ =0 (5) 
This is the characteristic equation of the matrix A and has n roots which are the eigen-values of A. 
Corresponding to each root of (5), the homogeneous system (3) has a non-zero solution 
* 


х 
Х = 3 , Which is called an eigen vector or latent vector. 


Xn 


Note. If X is a solution of (3), then so is АХ, where k is an arbitrary constant. Thus, the eigen vector corresponding 
to an eigen-value is not unique. 


4.25. PROPERTIES OF EIGEN VALUES AND EIGEN VECTORS (P.T.U., May 2008) 


If A is an eigen value of A and X be its corresponding eigen vector then we have the following properties: 
(i) OA is an eigen value of «А and the corresponding eigen vector remains the same. 
AX =X > а (АХ) = a (AX) = (GA) X = (QA) X 
QA is an eigen value of aA and eigen vector is X. 
(ii) А" is an eigen value of A" and corresponding eigen vector remains the same (P. T.U., Dec. 2004) 
AX AX = A(AX)- A (AX) > (AA) X =A (AX) 
2 АЗХ =A (АХ) = АХ > X is an eigen value of A? 
and eigen vector is X. 
Pre-multiply successively m times by A, we get the result. 
(iii) A-— k is an eigen-value of A — KI and corresponding eigen vector is X. 
АХ= АХ = AX-KIX 2 АХ-АХ 


ог (А-К) X = (А-К) X > А – kis the eigen vector of A — KI and eigen vector is X. 
1 
(iv) X is an eigen value of A^! (if it exists) and the corresponding eigen vector is X. 
(P.T.U., May 2005) 
АХ = AX; Pre-multiply by А”! 
A! (АХ) = A7 (AX) > (АТА) Х=А (A^ X) 
1 

ог IX-A(A!X) or Е 

X is an eigen value of A~ and eigen vector is X. 

1 
(v) Ac is an eigen value of (A — kI)" and corresponding eigen vector is X 
АХ =АХ = (А-4)Х-0-0Х 
Pre-multiply by (А — А), we get 
Х = (А –- К)! (А- к) Х 
1 
Divide by À – k, we get "m X =(A-Al)'X 
(A-kI)'X = : X 
(A-k 
1. : i : | 
3-4 is an eigen value of (A — КТ)! and the eigen vector is X. 
А | 
(vi) Eu is an eigen value of adj A. (P. T.U., Dec. 2003) 


AX = АХ ; Pre-multiply both sides by adj A 
(adj A) (AX) = (adj A) AX 
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> [(adj A) A] X =A [(adj A) X] 
= IAIX =A [(adj A) X] l- A (adj A) = (adj A) A=IAIII 
> (adjA)X = [Mx 
А 
ГА | 


> p is an eigen value of adj A and eigen vector is X. 


(уй) A and AT have the same eigen values 
ч eigen values of A are given Бу | A - AII 20 
We know that! A 1-1 AT | 
2 IA- MI zI(A-AD'IxIAT - (ADT ISI AT- ATI 
eigen values of A and АТ are same. 
(viii) For a real matrix A, if & + iB is an eigen value, then its conjugate œ — if is also an eigen value of A. 
Since eigen values of A are given by its characteristic equation | A—AI|=0 and if A is real, then characteristic 
equation is also a real polynomial equation and in a real polynomial equation, imaginary roots always occur in 
conjugate pairs. If о + iB is an eigen value, then о — if is also an eigen value. 


ILLUSTRATIVE EXAMPLES 


1 -2 
Example 1. (i) Find the eigen values and eigen vectors of the matrix А = | 5 4 | 


1 22 
(ii) Find the eigen values of the matrix |0 —4 21. (P. T.U., Dec. 2006) 
0 0 7 
Sol. (7) The characteristic equation of the given matrix is 
1—5 —2 
1А-ЛИ =0 ог =0 
—5 4-3 
ог (1-^)4-^№-10=0 or A?-5A-6=0 
ог (.-6) +1) -0 S А=6,-1. 


Thus, the eigen values of A are 6, — 1 
Corresponding to A = 6, the eigen vectors are given by (A - 6I) X = О 


1—6 -2 || -5 —2|лу 
ог -0 ог -0 
-5 4-6]| x, -5 -2||% 
we get only one independent equation — 5x, — 2x, = 0 
м 


P = 2 gives the eigen vector (2, — 5) 


2 |х 
Corresponding to À = — 1, the eigen vectors are given by | 5 | ; |- О 


We get only one independent equation 2x, — 2x, = 0. 
X, = ху gives the eigen vector (1, 1). 
(ii) The characteristic equation of the given matrix is | A - AII 20 
1-3 2 2 
L6, 0 —4-Л 2 | =0,expand w.r.t. Ist column, we get 
0 0 7-4 
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(1-A) (—4-A) (7—5) =0,т.е., A=1,A=-4,A57. 


Hence the eigen values are — 4, 1, 7. 
Example 2. Find the eigen values and eigen vectors of the following matrices: 


2 2 -3 1 1 3 
| 2 1 -6 ФЛА,Мау2012) |151. (P.T.U., Dec. 2012, 2013) 
аг 0 311 


Sol. (i) The characteristic equation of the given matrix is IA — MI = 0 


-2-4, 2 -3 


ог 2 1-Л -6| =0 

-1 -2 -À 
or (— 2—))[—%,(1—)—12]—2[—25,—6]—3[-4+1(1+)=0 
ог 13-22-211-45 =0 


By trial, А = – 3 satisfies it. 

: 0.-3)02-23-15) 202 (43) (23) (4-5) 202 12 -3, -3,5 
Thus, the eigen values of A are — 3, – 3, 5. 
Corresponding to À = —3, eigen vectors are given by 


Г 234 Х 
А-ЗрХ =O Е 2 4 -6|x|-0 


We get only one independent equation x, + 2x; – 3x4 = 0 
Choosing x, = 0, we have x, — 3x4 = 0 
“272... 
3 0 
Choosing хз = 0, we have x, + 2x5 = 0 


2 giving the eigen vector (3, 0, 1) 


"z^ = Е giving the eigen vector (2, —1, 0) 


2 -l 
Any other eigen vector corresponding to À = — 3 will be a linear combination of these two. 
-1 2 -Зл 
Corresponding to À = 5, the eigen vectors aregivenby |2 -4 -6|x 120 
-] -2 5 |А 
— — 7x1 + 2X9 — 3x3 =0 
2х] — 4x3 — бхз =0 
=x] — 2х) — 5x3 =0 
^2 X 


RN _ 
-12-12 -6-42 28-4 


From first two equations, we have 


ог T = — = giving the eigen vector (1, 2,— 1). 
(ii) The characteristic equation of the given matrix is | A - AII 20 
1-3 1 3 
ог 1 5-4 1 (40 
3 1 1-3 


9 


г 0-33((5-3) 1-2)-1)-1(1-3-31-311-15-33)-0 
ог (1—)){4—6),+7}+,+ 2—42 +9),= 0 
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or 4— 10A + 722—7 + 101.—402 0 
ог 13-7124 36 = 0 
ог (A +2) Q2 291.418) 20 
or (% +2) (А-6) 0—3) 20 
. Ж=—-2,3,6 


Thus the eigen values of А are — 2, 3, 6 
Corresponding to A = —2, eigen vectors are given by (А + 2D) X = 0 


з 1 31 х 
ог 1 7 1 №|=0 
з 1 Зі 
We get two independent equations 
3x1 +ху+3ху= 0 
ху +7ху+ху= 0 
uoc 5%. 5% 
-20 0 20 
м _ № Л 
от 
-1 
Eigen vector corresponding to A=—2is | 0 
1 
-2 1 зх 
Eigen vector corresponding to À = 3 is given by 1 2 Ех, | =0 
3 1 —-—2||җ 
= 2X1 +ху+3х;=0 
Xi +2) +х3= 0 
3x1 +X -2x3 =0 
From first two equations Ae а 
-5 5 -5 
ог Mo Hea 
1 -1 1 
It satisfies third equation 
1 
Eigen vector corresponding to № = 3 is | -1 
1 


—5 1 31| х 
Eigen vector corresponding to À = 6 is given by 1 -1 Их, | =0 
3 1 -5| x; 
= 5X1 +Хху+3х; = 0 
хү-Ху+Х{=0 
3x1 + хХ)— 5x3 = 0 
From first two equations 
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The values of Xp Ху, X3 satisfy third equation 
1 
Eigen vector corresponding to À = 6 is | 2 
1 
-1 1111 
Hence the eigen vectors are 0|,|—1|,|2 
1 1| |1 
Example 3. 7f is an eigen value of the matrix A, then prove that g(X) is an eigen value of g(A), where 
g is polynomial. (P.T.U., May 2010) 
Sol. Given A is an eigen value of matrix A 
There exists a non zero vector X such that 
АХ = АХ 4401) 
Now, A(AX)- A(AX) => А2Х-ХАХ) 
-AQX) 
=^2Х No 
№ is an eigen value of matrix А? 
Аваш A(A2X) = A(A2X) 
=> АЗХ = AXAX) = А(АХ) = АХ ‚..@) 
22 is an eigen value of matrix АЗ 
Continue this process we can prove that 
АПХ = ХХ i.e., A” is an eigen value of A” .. 4) 
As g is а polynomial 
Let 80)- ау + a4 aM + а” 
> 8(А)= ард + a4A + a5 A? +... a, A" 


&(АХХ = [agl + a4A + a5A2 +... a, A"]X 
= ay(IX) + а|(АХ) + а„(А?Х) +... a, (A"X) 
=ауХ +4 (АХ) +а(2Х)+...а, (АХ) — [Byusing(1), (2), (3), (4)] 
dá g(A)X2 (ag + a4 ау? +... a, A7 )X 
i.e., g(A)X = gQ)X 
= (A) is an eigen value of g(A). 


Example 4. Show that eigen values of a Skew Hermitian matrix are either zero or purely imaginary. 


(P.T.U., Dec. 2012, 2013) 
Sol. Let A be a Skew Hermitian matrix 


Ea A9 =-А PU 
Let À be an eigen value of A, then there exists a non-zero vector X such that 
АХ -АХ 
(AX = (АХ)? or X? A9 = А x? 
or —X9A =) x? [By using (1)] 


Post multiply both sides by X 
-(ХбА)Х = (.x*) X 


or -Х (АХ) = А (X93) 
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-X9 (АХ) = А (XX) 


ог -A(X9x) = А (ХХ) 5 А =-А 
— A+A =0 
Now if à -acib 
then ù -a-ib 
141 =0 => а+№+а-№=0ога=0 
i.e., à =ib,i.e., Vis purely imaginary. 


Hence either eigen values are zero or purely imaginary. 


4.26. CAYLEY HAMILTON THEOREM 
(P. T.U., May 2004, 2006, 2007, Jan. 2009, May 2011) 


Every square matrix satisfies its characteristic equation. 


i.e., if the characteristic equation of the nth order square matrix A is 


IA-All = (C D'A* + AT! +k, A7? tk =0 44) 
then CD" A" c KA"! + А" 2+... +k IO .. 2) 
Let Р =adj (A-A D 


Since the elements of A — AI are at most of first degree in À, the elements of P = adj (A — АТ) are polynomials 
in A of degree (n — 1) or less. We can, therefore, split up P into a number of matrices each containing the same 
power of А and write 

P = PA"! ЕД" Зө A SEL EE, 

Also, we know that if M is a square matrix, then M (adj M) 2 IMI X I 

(A-ADP =IA-AII XI 
By (1) and (2), we have 


(А-А) (P7 e P772 +P GV +P А+Р,) = [С 1)" А" e kA" +k ek, 2 


п-1 п-2 
+k, jAt+k JI 
Equating coefficients of like powers of А оп both sides, we have 
-P =(—1)"1 [ IP, =P,] 
АР,-Р, =k, I 
АР,-Р, - EI 
AP, »-Р, , -k, I 
AP, ,-P, -k, jI 
АР, =k, 1 
Pre-multiplying these equations by A", А"-!, А”-2,.......... ‚ A’, A, I respectively and adding, we get 
О= (- 1)" A" ck, A" e GA" 2e ek, ,A? +k,_,A+k" I terms on the LHS Cancel in pairs 
ог (-1)"A" +k, A"! +k, A”? +... +k" 'A+kI=O -443) 


which proves the theorem. 
"- E -1 -2 42 
Note 1. Multiplying (3) Бу A^, wehave(- 1)" A^ +k A" ^c tk, (14 KA =O 
I] 


п-1 


1 2 - 
> А = - (=) А "1+ A"? e. +k 
К, 
Thus Cayley Hamilton theorem gives another method for computing the inverse of a matrix. Since this method express 
the inverse of a matrix of order in terms of (n — 1) powers of A, itis most suitable for computing inverses of large matrices. 


Note 2. If т be a positive integer such that m > n, then multiplying (3) by A" ^", we get 


LINEAR ALGEBRA 207 


(-L)" A" + ky A"! +, A"? +.......... +k А" +k A" "ZO 
showing that any positive integral power A" (m » n) of A is linearly expressible in terms of those of lower degree. 
Example 5. Verify Cayley Hamilton Theorem for the following matrices and find A in each case 


1 1 3 3 2 d 
j| 1 3 -3 (P.T.U., May 2014) ()4 3 2). (P.T.U., Dec. 2006) 
mc d. «4 2.4 3 
1 1 3 
Sol.()LetA-z| 1 3. =3 
-2 -4 —4 
Characteristic equation of A is 
ГА-11-0 
1-3 1 2 
ог 1 3-А -3| =0 
2 4 4-3 


ог 0-3(-3-3)(44-4)-121-1-4-3-6)-31-4-20-1))-0 
(1-2)02-3-24)41-410-6-61-0 
ог №-20).+8=0 
To verify Cayley Hamilton Theorem, we have to show that A? – 20 А + 81=0 


1 1 211 1 3 
А?=| 1 3 -3| 1 3 -3 
|-2 -4 -41-2 -4 -4 
[-4 -8 -12 


-4 -8 -12 1 1 3 


12 20 60 

=| 20 52 —60 

-40 —80 -88 
12 20 60 1 1 3 1 0 0 
АЗ-20А+81=| 20 52 -60|-20| 1 3 -3+80 1 0 
—40 —80 -88 -2 -4 -4 0 0 1 

0 0 

=|0 0 -0 
0-0 


A^-20A +81=0 
Operate both sides by A7 


A2-2012-8A! 
4 s 12] ро 0 0 
8A!-2|-10 -22 -6/+| 0 20 0 
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24 8 р 
=|-10 -2 —6 
-2 -2 -2 

3 

ài © 2 
-l_|_5 _1 _3 
a се =. 
LE 22 24 

4 4 4 


3 2 4 
()LetA-|4 3 2 
2 4 3 


Characteristic equation of A isl A - AII2 0 
3-4 2 4 
or 4 3-1 2 |z0or(3-X) {(3 л)? 8|)-2(12-43:-41)-41(16-6-21)-0 
2 4 3-3 
ог 22-902-31-27-0 
To verify Cayley Hamilton Theorem, we have to prove 
А? -9A? 3A - 271-0 


[3 2 4][3 2 4] [25 28 28 
А2-14 3 2|4 3 2|=|28 25 28 

12 4 3112 4 3] [28 28 25 

[25 28 28 2 4] [243 246 240 
АЗ=|28 25 28 3 21-1240 243 246 

[28 28 25 4 3| |246 240 243 


3 

4 

2 

E 246 240 25 28 28 


2024 100 
А?-9А243А-271-1240 243 246|-9|28 25 28|+3|4 3 2|-27|0 1 0 
246 240 243 28 28 25 243 0 0 1 
ооо 
= о 0 01-0 
ооо 


Hence theorem is verified. 

A? 9A? - 3A - 27120 
Operate both sides with A 

А2 —9А +31 = 27A! 


Г25 28 28 3 2 4 1 0 0 
27А = | 28 25 28|-9|4 3 21-3(/0 1 0 
|28 28 25 2 4 3 оо 
[1 10 -8 
=|-8 1 10 
[10 -8 1 
А 1 10 -8 
А" =—|-8 1 30 
27 
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Example 6. /f A = : | then use Cayley Hamilton Theorem to find the matrix represented Бу A”. 
3 5 


Sol. Characteristic equation of A is 


IA-AII 20 
| 2-3 3 4 
i.e., 3 5-3 -00:1-71-41-0 
By Cayley Hamilton Theorem А2-7А-1-0 
B A? =7А-1 ssl 
A^ 249A? - 14A +I 
-49(7A-D)-14A-«I [Using (1)] 
= 329A – 48I 


A? 2 A^. A- (329A -48D А 
=329А? — 48A = 329 (7A - I) -48A =2255A – 3291 


| js»! р. | 
3 5 0 1] 16765 10946 


1 2 3 
Example 7. Verify Cayley Hamilton Theorem for the matrix A = |2 4 5| and hence find 
3 5 6 
B = A5 — ПА? — 446 + А? + A* ПАЗ ЗА? + 2А + I; also find A™ and A*. (P.T.U., May 2011) 
Sol. The characteristic equation of А is 
1-3 2 3 
А-11-0,| 2 4-4 5 140 
3 5 6-4 
ог (1—5) (4-2) (6-№)-25}-2 (2(6-2) 215) + 3(10-3 (4-2)] 20 
or 22-1132-431-41-0 e 
Cayley Hamilton Theorem is verified if A satisfies the characteristic equation i.e., (1) 
A*- 11A? -4A +1=0 ae) 
[1.2 ЗЕ 2 
Now, А2=|2 4 5|2 4 
| 3 6513 
[14 25 3 
i.e. А2= |25 45 56 
(31 56 70} 
14 25 31 2 3 
А?= |25 45 56|2 4 5 
[31 56 70:13 5 6 
157 283 353 
=| 283 510 636 


210 
157 283 353 14 25 31 1 2 3 1-0 
Verification: | 283 510 636|-11|/25 45 56|-4|2 4 5+0 1 
353 636 793 31 56 70 3 5 6 0-0 
0 0 0 
-10 0 0 =0 
0 0 0 
Cayley Hamilton Theorem is satisfied. 
Now, B= A? (A-1142 -4A +I) +A (A? - 11A? -4A +I) - A2 AT 
= А?-0+А-0+ А2+А +1 
=А?+А+1 
14 25 31 1 2 3 1 0 0 16 27 
= |25 45 56+2 4 5+0 1 0|=|27 50 
31 56 70 3 5 6 0 0 1 34 61 
Бот (2), А7 = -А?+11А+41 
14 25 31 123 1 0 0 1 
A's-|o95 45 564112 4 5440 1 01-1-3 
31 56 70 3 5 6 0 0 1 2 
From (2), A = 11А?+4А?-А 
157 283 353 14 25 31 1 
= 11| 283 510 0636|-4|25 45 56-12 
353 636 793 31 56 70 3 
1782 3211 4004 
А“ = | 3211 5786 7215). 
4004 7215 8997 
4 3 1 
Example 8. Using Cayley Hamilton Theorem find the inverse of | 2 =2 |; 
1 2 1 
4 3 1 
Sol.Let А=|2 1 -2 
12 1 
Characteristics equation of A is IA — AIl = 0 
4-4 3 1 
ог 2 1-3 -2 | = 0 
1 2 1-3 


4-3 {а АРАД -3(2(1-20)-21-1(4-1431-0 
(4-2)(5-21-12)-3(4-2)2)-(43-13-0 
20 – 13А + 62 - 19-12 643€ A20 
3-6) -6Х-11-0 
Ву Cayley Hamilton Theorem 


or 


or 
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0 
0 
1 
[Using (2)] 
34 
61 
77 
-3 2 
3 -1 
-1 0 
2 3 
4 5 
5 6 


(P. T.U., Dec. 2012) 
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А?-6А2-6А-111-0 
ог 111= A?- 6A? +6А 
Operate both sides by А! 
11A!» A?-6A +61 
[4 3 Il[4 3 1 
А2=|2 1 -212 1 -2 


23 17 d 
= d.e 
Lo 7 -2| 


11A7=| 8 3 -2|-62 1 -2+0 6 0 
[9 7 -2| 1 2 1 10 0 6 
[5 —1 -7 
m з 10 
| 3 -5 -2 
5 —1 -7 
дә a з 10 
11 
3 -5 -2 


TEST YOUR KNOWLEDGE 


5 4 
1. Findthe eigen values and eigen vectors of the matrix | | А 


1 2 
2. Find the eigen values and eigen vectors of the matrices 
|8 -6 2 6-2 2 
0) 1-6 7 -4| (P.T.U., June 2003, Jan. 2010) (i) |-2 3-1 (P.T.U., Dec. 2013) 
| 2 — 3 2 1..3 
[2 0 1 2 11 314 
(ш) |0 2 0 (iv) |] 2 1 (0) |02 0 
|1 0 2 001 0 0 5 
1 0 -i 8 -8 -2 
ijl 2 1| (P.T.U., May 2006) (10) |4 -3 -2 (P.T.U., May 2012) 
2- 22 3 3 -4 1 
3. Prove that the characteristic roots of a diagonal matrix are the diagonal elements of the matrix. 
4. Show that 0 is a characteristic root of a matrix if and only if the matrix is singular. 
5. Show that if A is a characteristic root of the matrix A, then A + k is a characteristic root of the matrix A + KI. 
6. ШЕЛ, p An, 22122 f Le are the given values of a matrix A, then A” has the eigen values Ж Ї Алт, а ; A (m being 


a positive integer). 


7. Show that eigen values of a Hamilton matrix are real. 


. Show that the equation is satisfied by A and 


=. wn 


1 3 
8. Find the characteristic equation of the matrix А = |4 2 
12 


hence obtain the inverse of the given matrix. 
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10. 


п. 


12. 


п. 


12. 
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1 2 3 
Find the characteristic equation of the matrix А = |2 -1 4 |. Show that the equation is satisfied by A. 
3 1 -l 


1 2 
IfA= ! | use Cayley Hamilton Theorem to find А. [Hint: А? = 51] (P.T.U., Dec. 2003, May 2010) 


Using Cayley Hamilton Theorem, find the inverse of 


14 7 -1 3 2-1 1 
(i) 7 ; (P.T.U., Dec. 2013) (1) |6 1 4 (11) |-1 2-1 
= 2 4 8 | = 2 
(P. T.U., Dec. 2005, Jan. 2009) 
120 [2 5 3 
(v) |-1 1 2) (P.T.U., Мау 2010) (0) |3 1 2 (P. T.U., Dec. 2005) 
| 12 1 [12 1 
[2 3 4 
(vi) |3 1 2 | (P.T.U., May 2006) 
|| 2 3 
2 1 1 
Find the characteristic equation of matrix A=|0 1 0 | and hence find the matrix represented by A — 5А? 
1 1 2 
+7А —3A° + А* - 5А? + 8А? - 2A +1. 
ANSWERS 


1,6; (1, - D. (1, 4) 
© 0,3, 15; (1, 2, 2), (2, 1, 2) (2, —2, 1) (ii) 2, 2, 8 ; (1, 0, —2), (1, 2, 0), (2, —1, 1) 


(iii) 1,2, 3; (1, 0, 1), (1, 0, –1), (0, 1, 0) (iv) 1,1,3; (1, 2, D (1, 1, 0) 
(у) 2,3, 5; (1, -1, 0), (1, 0, 0), (2, 0, 1) (i) 1,2,3 ; (1, -1,0,(-2 1,2), (1, -1, - 2) 
(vii) 1, 2, 3; (4, 3, 2), (3,2, 1), (2, 1, 1) 
-4 Ш -5 
37-41 – 20А – 35 = 0, B 1 -6 25 
-6 1 -10 
Л = 2 - 184, - 40= 0 10. 6251 
2 2 9 
-3 i 6> P E» 31-1 (73 -2 4 
(i) 2 1 (її) ^65 13 “130 (i —| 1 3 1 (iv) 2 3 1 -2 
8 "S 2.3 2 хаа, лав. 
13 13 13 
=3 № 7 
| ; А 1 7 —5 
(v) Gr 09 16 7 —5 1 
5 1-13 E : 2 
8 5 5 


)3j-5)3242474-320;|0 3 01. 
5 5 8 
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4.27. DIAGONALIZABLE MATRICES 


A matrix A is said to be diagonalizable if there exists an invertible matrix B. Such that B^ AB =D, where D 
is a diagonal matrix and the diagonal elements of D are the eigen values of A. 


Theorem. A square matrix A of order n is diagonalizable if and only if it has n linearly independent eigen 
vectors. 


Proof. Let X,, X,, ......, X, be n linearly independent eigen vectors corresponding to the eigen values À, А,, 
аә я Х, (not necessarily distinct) of matrix А 

E: AX, =A, Х,АХ,=^,Х,,...... AX =A Х, 

Let B= [Ky Хе ‚Хх J and D = Diag. [^., A, ....... ‚А, ] formed by eigen values of A. 


then =A[X,, X, ....... X] -2[AX, AX,, ....... ‚АХ | 
=[ X x. Х,,....... A,X] 
= [K, X,, ......, X Diag [А À,, ......, A. ] 
AB =BD 4(1) 
Since columns of B and L.I. .. p(B) 2n ~. Bis invertible 
Pre-multiply both sides by B^! 
B~“ АВ =(B'B)D=D 
The matrix B, formed by eigen vectors of A, reduces the matrix A to its diagonal form. 
Post multiply (1) by B~! 
А (BB) =BDB" or A=BDB". 
Note 1. The matrix B which diagonalizes A is called the Modal Matrix of A, obtained by grouping the eigen values of 
A into a square matrix and matrix D is called Spectral Matrix of A. 
Note 2. We have А = ВОВ! 
A? = А. А = (ВОВ!) (ВОВ”') = вр (B~! В) DB! 
= B (01р) В = BD? В! 
Repeating this process m times, we get 
A" = BD" B^! (m, a +ve integer). 
If A is diagonalizable so is А”. 


Note 3. If D is a diagonal matrix of order n and 


His өс 2 0 м p (55554 0 
0 № 0 22 0 от о... 0 
р-10 0 А "des 0 |, then D” = 0 0 БР мы. 0 
LO 0 QS и hn | 0 0 о... Ал, | 
AP = вр” p! 
Similarly if Q (D) is a polynomial in D, then 
Q (4) 0 0 222 0 
0 Q (А 2) O° S 0 
О (Р) = 0 0 Q (4) aum 0 
0 0 Тэ Q (An) 


Q (A) = В [Q(D) |B" 
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ILLUSTRATIVE EXAMPLES 


3 1 -Il 
Example 1. Show that the matrix A = |-2 1 2 | is diagonalizable. Hence find P such that P^! AP 
0 1 2 
is a diagonal matrix, then obtain the matrix B 2 A? + 5A + 31. (P.T.U., May 2008, 2012) 
Sol. Characteristic equation of A is 
3-3 1 -1 
АШ 2 № 2-1 68: -820 
0 1 2-3 
ог Ж, = 1,2,3. 


Since the matrix has three distinct eigen values 
It has three linearly independent eigen values and hence A is diagonalizable. 
The eigen vector corresponding to А = 1 is given by 
2 1 -1|х 0 
(А-АрХ-|-2 0 21| 31:10 
0-1 11| а 0 
Le., | ‚ 2x *y,-z,20;-2x,*2zg 20 and y,+z,=0 
which gives the solution. 
х, zl, уү=-1, 2-1 
The eigen vector corresponding to À = 2 is 


1 1 -11х 0 

(А-20Х3Х-1-2 -1 21» |1-10 

0 1 01| л 0 
ie., x +y -<, =0 
-2x -y +2, =0 
у, =0 


which gives the solution 
x =l, y,70, 2-1. 
Eigen vector corresponding to À = 3 is given by 
0 1] -l1| л 0 
(A-3DX2|-2 -2 21| 1710 
0 1 -lj z 0 


ie., y, -4 =0 
-2x —2y,+2z, =0 
y-z =0 


which gives the solution 


x,=0, y,=1, &=0. 


This modal matrix P=[X T X, X] 
110 
=|-1 0 1 


1 1 1 
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| -1 -l1 1 
Now, paso! 2 1 —1 
P| 1 
ep 0 1 
es =1ї 1 3-1-11 1 0 
Р! АРр=| 2 -1||-2 1 2-1 0 d 
|-1 0 Uo: 1. Sih 1 1 1 
[1.0 о 
-10 2 0O!|-diag[1,2,3] 
о 0 3 


| Hence А is diagonalizable and its diagonal form matrix contains the eigen values only as its diagonal 
elements. 
Now to obtain B = A? + 5A + 3I we use О (A) =P [Q (D)]P! [Art. 4.27 Note 3] 


D =diag (1,2,3) 
D? = ар (1,4, 9) 
A34 5A +31 =P (D? + 5D + 3I) P! 
ft о O| [5 о О [3 o o 
р2+50+31= |0 4 9+0 10 01-10 3 0 


10090 0 15 |0 0 3 


9 о 0 
=|0 17 0 
|0 0 27] 


В=А2+5А+31=|-1 0 10 17 01| 2 1--1 


25 8 -8 
=|-18 9 18 
|-2 8 19 
1 1 3 
Example 2. Find a matrix P which transforms the matrix | 1 5 1 | into a diagonal form. 
3 1 1 
(P.T.U., Dec. 2003) 
1 3 
Sol. Let А= |1 5 1 
3 1 
Characteristic equation of A isl A—AI|=0 
1-3 1 3 
i.e., 1 5-A 1 [s200r3- 732 43620 
3 1 1-3 
ог 042) 02-9Х-18)-0 
ог (+2) A-3) @,— 6) = 0 Le. A =— 2, 3, 6 are the eigen values. 


When A = – 2; eigen vectors are given by 
3x, +y + 3z, 20 
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X, t Ty, +z, =0 
3x, +y + 3z, 20 
Solving first and second equations (3rd is same as first) 


aoe x 55100 
-20 0 20 
When À = 3; eigen vectors are given by 
2x, * y, 3z, =0 
X,+2y,+z, =0 


Solving first and second equations : 


м » 4 : Е 
сег, Х,-К(-1,1,-1) 
When A = 6; eigen vectors are given by 
-5x +y, +3z, 20 
x =y +z, =0 
3x, +y -5z =0 
Solving first and second equations 


Xx MoS, 
сле эй X 50.2. 15 
-1 d 4 
Modal matrix P-[X; X, X,]]| 0 1 2 
1 = d 
| 2 al 3 0 -3 
pee 8 Ё -I o oe xBeL 2 -2 3 
p 0 $ =l в T = 


3 0 -311 1 3-1 -1 1 
=~ : 2 -2 | 510 1 2 
: -1 -2 -1|3 1 1 -1 1 
12 0 0 
= – 5 0 —18 0 
0 0 —36 
-2 0 0 
=| 0 3 OJ], which is formed by the eigen values of A. 
0 0 6 
-2 2 -3 
Example 3. Diagonalize the matrix | 2 1  —6 | and obtain its Modal Matrix. 
-1 -2 0 


-2 22253 
Sol.LetA=| 2 1 -6 
-1 -2 0 
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-2-4 2 -3 
Characteristic equation of A 181А-411:407е,, 2 1-rA —6 1 =0 
1 2 À 
o (-2-А[- ACL 22) -12]-2[-2A-6] -3[- 4+1-А= 0 
or —(24+A)(V-A-12)+4(A43)4+3(A43)= 0 
or —(2+A)(A+3)(A-4)+7(A4+3)= 0 
or (А+ 3) (=Л2+2^+8+7)= 0 
or —(A+3)(A+3)(A-5)= 0 
N= -3,-3,5. 


Characteristic vectors corresponding to А = — 3 are 


1 2 -31|х 
2 4  —6]| x, |= 0 
-1 -2 31| | 
Operating R, - 2R,, R, + К,, we get MEM 
1 2 -3|1х 
0-0 Ох, |=0 
оо 01| 38 | 
X, + 2x, —3x,= 0 
X, = —2x, + 3x, 
= 1x, + 0-х, 
x = 0-х, + х, 
x] -2 3 
ж |= | 1|+%|0 
№ 0 1 


Eigen уесюгз аге X,=(—2, 1,0) and X, = (3,0, 1). 
Characteristic vector corresponding to À = 5 is 
-7 2 -3|| 
2 -4 -6|x20 
-] -2 -5 || x, 
-1 -2 -S]l[» 
Or —7 2. —-3]|| x; | = Oby operating R, and К. 
2 =4 -6]|l5 
Operate К, - 7К,, R} + 2R,, we get 
-1 -2 5х 


0 16 32] х=0 
| 0 -8 -16| x, 


1 
Operating R, + J R, , we get 


=] -2 =5| x 


о 
— 
е 
шә 
N 
Ax 
Ш 
© 


-x — 2x,- 5х, = 0 
16x, + 32x, = (0) 
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Or X, + 2x, +5x,= 0 
x, + 2x,= 0 
or x= =x, 
x, = —2x, 
X — № 1 
ж |= |-25|=-љ| 2 
X | № = 
Eigen vector Х,- (1,2,-1) 
|-2 3 1 
Modal Matrix P = 10 21:1Р1-8 
| 0 1 -I 
T -2 4 6 
piece x 5 
P| 
] 2 -3 


-2 61-2 2 
- : 1 5 2 1 
8 
[1 2 -31-1 -2 
Г- 24 0 0] [-3 
= 5 0 —24 0 = 0 
| 0 0 40 0 
А 0 0 
= 10 A, 0 
0 0 A, 
1 6 1 
Example 4. Diagonalize A= |1 2 
0 0 3 
Sol. The characteristic equation of A is IA — AII 2 0 
1-3 6 1 
i.e., 1 2-1, 0 |=0 
0 0 3-3 


Expand the determinant w.r.t. R4 
(3-À)((1 22) (2-4. 26) =0 
or (3—1) (02 -34-4) =0 
ог (3-2) 0,—4) (A+ 1)} =0 
Eigen values are A =- 1, 3, 4 
For A = –1; the eigen vector is given by 


2 6 Их 
1 3 011 »!zO 
0 0 4 x; 
Or 2x, + бх += 0 
xX, +3х› = 0 


4х. = 0 


0 | and hence find Аё. Find the Modal Matrix. (P'T.U., May 2011) 
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For À-3;eigen vector is given by 
-2 6 l|» 
1 -1 0х | =О 
0 0 ољ 
Or — 2x, + 6x, +x; = 0 
х- = 0 
ху = x, and x4 = — 4x, 
1 
Х,= 1 
– 4 
For À = 4; eigen vector is 
-3 6 1х 
1 -2 Ох, | =O 
0 0 -1|[x, 
-3x + 6x, +x,=0 
Хү-2Х:-0 
-х3= 0 
ху = 2х, 
хз = 0,x, = 2x, 
[2 
Х.= |1 


10 
Thus фе Modal Matrix P is 


Expand w.r.t. Ку, we get ЇРЇ--20 


0 
0 
5 
4 -8 -1 
0 
4 


-12 —4 
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-4 8 1 
1 
= — 0 -5 
20 
12 4 


Now the diagonal matrix D is given by 


- п 6 1][—3 1 2 
РТ АР= = o 0 -511 2 0 1 
12 410 0 31| 0 -4 0 
4 -8 —-1][—3 1 2 
EE, 0 -15 1 1 
20 
[16 48 161| 0 -4 0 
|-20 0 Ol|-1 0 0 
-11 об olo 3 0 
20 
| о о 80| 0 0 4 
The diagonal matrix formed by eigen values of A 
To find A8; А = PDP-! 
: АЎ = pp’ р-! 
-3 1 21 0 011-4 8 1 
stg a we 6% 1 0 0 -5 
20| д -4 00 0 65536|| 4 12 4 
[=3 6561 131072][-4 8 1 
- = 1 6561 65536] 0 0 -5 
| 0 -2644 0| 4 12 4 
[524300 1572840 491480 
= x 262140 786440 229340 
| 0 0 131220 
26215 78642 24574 
АЎ = | 13107 39322 11467 |. 
0 0 6561 
4.28. SIMILAR MATRICES (P.T-U., May 2007) 


Let A and B be square matrices of the same order. The matrix A is said to be similar to B if there exists an 
invertible matrix P such that A = РТ BP or PA = BP 
Post multiply both sides by P-!, we have 
РАР"! -В(РР”)-В1-8 ~. B=PAP" 
A is similar to B if and only if B is similar to A. The matrix P is called the similarity matrix. 


4.29. Theorem, Similar Matrices have the same Characteristic Equation (and hence 
the same Eigen Values). Also if X is an Eigen Vector of A Corresponding to 
Eigen Value A, then Р-' X is an Eigen Vector of B Corresponding to the 
Eigen Value À, where P is Similarity Matrix 


Proof. -.. В is similar to A and P is similarity matrix. ~. AP =РВ or Р-ЇАР =B 
Let A be the eigen value and X be the corresponding eigen vector of A 
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5 АХ -АХ ...(D 
Now, В-М =P! AP -M =P"! AP -P~ (AIP) =P! (A-AD P 
IB-AII ZIP (ACAD PIZIP- IL A-AIIPI 
=IA-AIIIP'PI=IA-ALIITI 
=1А-МІ 
Similar matrices have same characteristic polynomials. 
Pre-multiply (1) both sides by an invertible matrix Р-1, 


Р- (АХ) ЕР (АХ) = Ap"! X 


Let Х-РҮ ~. Р-КАРУ) = AP-! (PY) 
ог (P-lADY =), (Р-!Р)У 
ог ВУ =ЛУ, where B =Р-!АР ...(2) 


В has the same eigen value À as that of A which shows that eigen values of similar matrices are same. 
Similar matrices have the same characteristic equation and hence the same eigen values. 
Now, from (2) Y is an eigen vector of B corresponding to À, the eigen value of B. 
Eigen vector of B = Y = РЇХ 
Hence, the result. 
Note 1. Converse of the above theorem is not always true i.e., two matrices which have the same characteristic 
equation need not always be similar. 
Note 2. If A is similar to B, B is similar to C, then A is similar to C 
Let there be two invertible matrices P and Q. 
Such that А =РЇВР and B-Q'CQ 
Thus, A =P! (Q! CQ) P-(P'Q)C(QP)- (ОР)! C (ОР) 
; A = КІСЕ, where В = QP 


Hence А is similar to C. 


4.30. The Necessary and Sufficient Condition for an n Rowed Square Matrix A to 
be Similar to a Diagonal Matrix is that the Set of Characteristic Vectors of A 


Includes a Set of n Linearly Independent Vectors 


Proof. Necessary Condition : A is similar to a diagonal matrix D(say) ~. there exists a non-singular matrix 


P such that P- AP = D = diag (Ay, 2.,,........... Ay) 
AP =PD 
Let Р = [С},С,.......... ,C,l 
A [Cy, C5........... s Cad = IC, C5........... , C„] Diag [A], А,......... 451 
АС, -А(С,:АС, =A, C5; AC, = C3, —— , A Cp = An Ch 
which shows that Cy, С»,.......... , C, are n characteristic vectors corresponding to eigen values №, №, es А Х, 
of A. As С, С», — А C, are columns of a non-singular matrix -'. they form а L.I. set of vectors. 
Sufficient Conditions : Let C,, C»,.......... C, ben L.I. set of n characteristic vectors and let X4, J»,......... ‚А„ 
be the corresponding characteristic roots. 
We have AC | =), Cy, АС. = A5C»............ QAC,2 AC, .. (1) 
If we take P = [C], C»,.......... ‚С 
Then system (1) is equivalent to AP = PD ...) 
where D = Diag [M], А№,.......... ‚ А] 
Also штэ 1 ш as its columns are L.I. ~. Р”! exists and we may write (2) as 
Р- = 


Hence А is similar to D. 
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Example 5. Examine whether A is similar to B, where 


i) A= их dB= 5. Н) Аз die ав = ис (P.T.U., May 2010) 
(i) ра а ЕРЕ .T.U., May 


Sol. We know that A will be similar to B if there exists a non-singular matrix P such that А = P-! BP ог 
РА-ВР 


а Б 
Let P| | 
c d 
| a bj|5 5 1 21а b 
(i) РА =BP > = 
с 4а1-2 0 -3 Alle d 
54-25 5a а+ 2с р+ 2d 
or = 
5c—-2d 5с -Заж4с -35-44 
5a-2b-a-2c 5а= b+2d 
5с-24--За-4с 5с= -3b + 4d 
or 4a =2b+2c ie., 2a=b+c 
За =-с+2а i.e., За= -с+ 2d 
ог equations аге 24-5-с-04-0 


За-0.-с-24-0 
5a-b *0.c-2d- 0 
0.a+3b+5c —4d=0 
which is a set of homogeneous equation 


2 -1 -1 01 а -1 2 ~ 01 а 
da E. d =Оог Жл. = 0 by operating Сү, 
5-1 0 -21с -1 5 0 -2 
оз 5 -4jid зо 5 -4||a 
[312 ча 0] 
Operate R3-R,,Ry+3R;;| 9 3 1 | b o 
3 -21| с 
|0 6 2-4|4 
-1 2 -1 Olja 
Operate R4 – R}, R4 - 26, ; m. -2 || =0 
00 0 ос 
оо о 014 
-а +2р-с=0 
35-сС-24-0 


Ifa=1,b=1, we getc=1 andd=2 
1 1 
Р = l А , Which is non-singular 


Hence A, B are similar 


ә 1 ЇР 4 
= 


a=a+c>c=0 
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b=b+d>d=0 


а b a b "E . . 

Р = = ‚ Which is a singular matrix 
c d 0 0 

7. A, B are not similar matrices. 


Example 6. Examine which of the following matrices are similar to diagonal matrices 


8 6 2 23 4 
(i) |-6 7-4 (ii) |O 2 —1|. 

2-4 3 00 1 

8 6 2 
Sol. (i) Characteristic equation of = | -6 7 —4 | і51М-А1=0 
2 -4 3 
Х-8 6 -2 
Le., 6 А-7 4 |=0 ie, A-182? +45à=0; )=0,3,15 


-2 4 À-3 
Characteristic vectors corresponding to A = 0 is given by (MI - A)X =0 Put 1. = 0 


-8 6 -2|x 
6 -7 Ау =0 
1-2 4 -3|| 3] 
|-2 4 -3][x] 
Operate К, 6 -7 Ау =0 
|-8 6 -2| | 
-2 4 -3|x| 
Operate R, + 3R,, К, - 4R, 0 5 -5|y|[20; 
0 -10 101 | 
-2 4 -3|x| 
Operate В, * 2R;; 0 5 —5|у|=0 
0 0 ojiz] 
or —2x+ 4y-3z=0 
Sy—5z=0 
2 
у= 2, ин 
x] |= 1 1 
ЕТ > Х=®|2 
K 2 2 
5 Р 2 2 
1 
-. We may take single L.I. solution : 
-5 6 -2|x 
Similarly for À = 3; 6 —4 +4]у =0 


—2 4 012 
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-2 4 0х 
Operate Кз; 6 -4 A4|ylz0 
1-5 6-2] < 
А А [1-2 Ох 
Operate К, (541 ) 3-2 2|у|=0 
[-5 6 --21 | 
1-2 0|[х] 
Operate R, – ЗК, R3 + 5R]; 0 4 2| y -0 
0 -4 —2||| 
1 -2 Ох] 
Operate К; + R3; 0 4 21| у[=0 
0 O Ojiz] 
i.e., х-2у-0 ог х= 2у 
4y+2z=0 т=—2у 
х 2у 
Х= у|= у = y| 1 
2 — 2у —2 
2 
Eigen vector corresponding to À = 3 is 1 
-2 
7 6 -2|х -12 6|х i i 
For A= 15 6 8 4|у(4-00:| 3 4 2|y|z0byoperating SOLIDES 
-2 4 12|с 7 6 —2||4 
-1 2 6|х 
Operate Ra + ЗК, К,+7Ку; | 0 10 20у! =0 
0 20 40 || = 
j -1 2 6|х 
Operate R5 — 2R3, 80) 0 1 2|y|z20 
0 0 Ojiz 


—х+2у+ 65 =0, y+2z=0 


х 2z 2 

y=-2z, x=2z ©. X =|yļ|=|-2z|=z|-2 
2 © 1 
2 


Eigen vector corresponding to Л = 1515 |-2 
1 


Set of L.I. characteristic vectors is 
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1 2 2198 -6 211 2 2 00 0 
РЇАР-12 1 -2|-6 7 -4|2 1-2|1-10 3 0 
2 —2 1] 2-4 3,2 -2 1 0 0 15 

= diag (0, 3, 15) i.e., diagonal matrix formed by eigen values 


Hence A is similar to diagonal matrix. 


2.3 4 
(ii) А = 0 2 -I 
00 1 
Characteristic roots of A are |AI— Al=0 
Х-2 -3 —4 
0 2-XA 1 | =0 or (A-2)*(A-1)=0 
0 0 Х-1 
A =1,2,2 
-1 -3 —4||х 
Eigen vector corresponding toA=1lis| 0-1 ППу| =0 
0 0 01 
Le., —x—3y-4zz0 
-y+z=0 
y2zx--3y-4z--7z 
х —7 —] 


Х = у |= =z 
© 


Z 

2 
7 
Single eigen vector corresponding to А = 1 is | 1 
1 


0 —3 -4 || х 

For А= 2, 0 0 1 у[=0 
0 0 Iz 

– 3у-4:= 0 
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X х 
Х=|у|=10|= х0 
5 0 0 
1 
Corresponding to A = 2, we get only one vector | 0 
0 


As there are only two L.I. eigen vectors corresponding to three eigen values. 
There does not exist any non-singular matrix P. 
Hence À is not similar to diagonal matrix. 
Example 7. Prove that if A is similar to a diagonal matrix, then A' is similar to A. 
Sol. Let A be similar to diagonal matrix D, then there exists a non-singular matrix P such that 


Р-ІАР =D 
or A -РОР”! 
A' = (РРР!) = (Рт!) D'P = (P^) РР” (* Disa diagonal matrix ~. D' 2 D) 


= A'is similar to D 
= Dissimilar to А 
Now A is similar to D ; D is similar to A' 
=  Aissimilar to A' 
i.e., A'is similar to A. 
Example 8. Show that the rank of every matrix similar to А is the same as that of A. 
Sol. Let B be similar to A. Then there exists a non-singular matrix P such that 


B= Р-ЇАР 
Now, rank of B = rank of (P- ! AP) 
= rank of A 


We know that rank of a matrix does not change on multiplication by a non-singular matrix. 
Hence rank of B = rank of A. 


4.31. MUTUAL RELATIONS BETWEEN CHARACTERISTIC VECTORS CORRESPONDING 
TO DIFFERENT CHARACTERISTIC ROOTS OF SOME SPECIAL MATRICES 


Before discussing these relations, we first give some definitions. 

(a) Inner Product of two Vectors : We consider the vector space V, (C) of n-tuples over the field C of 
complex numbers. 

Let X, Y be any two members of V, (C) written as column vectors then the scalar XY is called inner 
product of vectors X and Y. 


м У 
х 
Thsif  X-|2|v-|7? 
Xn Yn 
Я 
Then ХҮ = | Xy aciei » 2 = [x yp + № у +......... + 3] , which is a single element matrix 
Yn 


Hence inner product of X and Y is хуу + Хуу) ЖЭ Х,Уд- 
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Note 1. ХӨҮ = xy? ; infact one side is complex conjugate of other side. 

Note 2. In case vectors are real, then we have x9v = ХҮ= ХҮ = хүд 
inner product concides. 

Hence inner product of two real n-tuple vectors is 


X131 + хоу) + ых + Хи Уп 
(b) Length of a Vector : The positive square root of the inner product XX is called length of X . Thus 
the length of an n-vector with components х], x», .........., x, is positive square root of xix, + Хэхэ + X4X3.....X4X, > 


which is always positive except when X = 0 and when X = 0, then length is also zero. 

In case of real vectors length of the vector = aj t Е. харах х,2 

(c) Normal Vector: A vector whose length is 1, is called a normal vector. 

(d) Orthogonal Vectors: A vector X is said to be orthogonal to a vector Y, if the inner product of X and 
Yis0ie,X9Y 20e xy9-0 


i.e., Xpy] + X5y3.. XA Yn =0 
ОГ Xy] + XQ VQ. Xp Vy = 
In case of real vectors the condition of orthogonality becomes x,y, + X5y» +......... *xQy,7 0. 


(e) Condition for a Linear Transformation X = PY to Preserve length is that РӨР -1: 
[Lengths of the vectors preserved means length of vector X = length of vector Y] 
We have X PY 


> = Уре 
: хөх =(ҮӨРӨ)(РҮ) 
= Y9(p9p) Y 
Given Р9Р =] 2 ХӨХ = үөү 


Length of the vectors is preseved. 

(f) Every Unitary Transformation X = PY Preserves Inner Products: 
X =РУ is unitary transformation 
Р is a unitary matrix .’. Рр =] 


If X, =PY, | 
апа Х,-РҮ, еп Х2-(РҮ,)-Ү?Р 

xix, = (УР?) eo = v? (P°P)Y, = Ү? ГҮ, 
ог S XC = ҮЎҮ, 


Hence inner product is preserved. 


4.32. COLUMN VECTORS OF A UNITARY MATRIX ARE NORMAL AND ORTHOGONAL 


IN PAIRS 
Proof. Let P = [X p X2 ,X,] be a unitary matrix (where Ху, X» ,......... , X, represent columns of P) 
[xe 
p9p = X [Х|,Х»,........‚ 1 
х 
[xe "ER XX. 
XX KK ан XX 
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ө 8 - 
ХЇХ, XIX, 22. ХІХ, ТО 0 
0 Ө 0 
ХХ, ХХ, 222. ХХ, 0-4 амаа 0 
Now, РУР e Ie раина не ИТИ 
оо о Loses хех, | [0 00 ....... | 
> Xix, = KIM = KOK ay X= 
whereas all other sub matrices are zero matrices 
ie., ХХ, -0 i+j 
-1 ї=] 
which shows that column vectors Х|, X, ,........ ‚ X, of P are normal (= ХХ jul; Vi= i) and orthogonal 


(^ жх,=0; ij) 
Cor. Similarity we can prove that the row vectors of a unitary matrix are also normal and orthogonal in 
Y, 


: : А Ү, 6 
pairs we will write P=| . | and employ РР” =I. 


Y, 


n 


4.33(a). ORTHONORMAL SYSTEM OF VECTORS 


A set of normal vectors which are orthogonal in pairs is called an orthonormal set. 


4.33(b). EVERY ORTHONORMAL SET OF VECTORS IS LINEARLY INDEPENDENT 


Proof. Let Х|, X, ,....... , X, be the set of orthonormal vectors of n-tuple 
Consider the relation. a, X, + a, X, +......... +a,X,=0 


Pre-multiply by 38 ‚ we get 
a (XX; }+а, (хх, | кв (хх, )}+.......+а,(х}х,) =0 


> а (хех) =0 [+ the set is that of orthogonal vectors] 
> ай =0 [-/ set of vectors is normal] 
— a, =0 

Similarly, by pre-multiplying by x? А x ЖОС, bo successively, we get a» = 0, а= О,......... ‚ a, = 0 hence 


the set 1s linearly independent. 


4.34. ANY TWO CHARACTERISTIC VECTORS CORRESPONDING TO TWO DISTINCT 
CHARACTERISTIC ROOTS OF A HERMITIAN MATRIX ARE ORTHOGONAL 


Proof. Let Х|, X» be any two characteristic vectors corresponding to two distinct characteristic roots 
Хү and 2, respectively of a Hermitian matrix 
AX, -34Х, № ,А being real scalars 4441) 
АХ, =A,X, ...Q) 
Pre-multiply (1) by Х® and 2) by X we have 
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ХЗАХ, =A, ХХ, ...@) 
ХЇАХ, = А, XIX, - A) 
Take conjugate transpose of (3) 

AK = À Х?Х,» ie, ХТАХ,-2ХХ, [ Ais Hermitian г. A9-A] 

or Axe X A) SG X) v of(2) 
0 

XIX, = ^, ХХ, 

ог (А, - sp) = 0 but A, — А 0 Ay, A, are distinct 
XX. =0 = Х|, X, are orthogonal vectors. 


Cor. Any two characteristic vectors corresponding to two distinct characteristic roots of a real symmetric 
matrix are orthogonal. 


4.35. ANY TWO CHARACTERISTIC VECTORS CORRESPONDING TO TWO DISTINCT 
CHARACTERISTIC ROOTS OF A UNITARY MATRIX ARE ORTHOGONAL 


(РТО. May 2004) 
Proof. Let Х|, X, be two characteristic vectors corresponding to two distinct characteristic roots A, and A, 
АХ, = A,X, where A isa unitary matrix ~. APA =I 440) 
ASTON. 0) 

Take conjugate transpose of (2) 
(АХ = X)? or ХӨАӨ = Xx? ...@) 


From (1) and (3) by multiplication 
(ЖА? ) (АХ )= (хе (их, ) 


ог ХЗ(АРА|Хү- Ал (ХХ) 
ог x (1X;) = As (хех) (^ Ais unitary matrix) 
ог ХХ, = X, (xx; 
ог (ily | ей NO 
Since in a unitary matrix modulus of each of the characteristic roots is unity ~. AoA, =1 
From (4), (1265 hah X, =0 
or А» (А, ын Эд )Х5Х, = (0 
Now, А, (A, -A) #0 Vo Эд, А are distinct 
3 № — À, # 0 also à, #0 
ox 


Hence Х |, X, are orthogonal. 


TEST YOUR KNOWLEDGE 


l. Diagonalize the following matrices and obtain the modal matrix in each case 
-1 1 2 9 -1 -9 
()| 0-2 1 i) | 3 -1 3 
0 0 -3 -T 1 -7 
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2. Show that the following matrices are similar to diagonal matrices. Also find the transforming matrices and the 


diagonal matrices 


6 -2 2 -9 4 4 
(0 1-2 3 4 (ii) | -8 3 4 
2 = 3 |-16 8 7 
3. Show that the following matrices are not similar to diagonal matrices 
[-1 00 1 
| “Жы |121 0 
012 2 -1 (її) 132 1 
шалан |053- 


4. IfA апав are non-singular matrices of order n, show that the matrices AB and BA are similar. 
5. Prove that every orthogonal set of vectors is linearly independent. 


6. Prove that any two characteristic vectors corresponding to two distinct characteristic roots of a real symmetric 
matrix are orthogonal. 


7. Show that characteristic vectors corresponding to different characteristic roots of a normal matrix are orthogonal. 


8. If X is characteristic vector of a normal matrix A corresponding to characteristic root À, then X is also a 
characteristic vector of A, the corresponding characteristic root being А. 


ANSWERS 
1 1 1 0 d 4 
1. @|0 -1 2 @ | 1 0 1 
0 0 -2 -] -1 -3 
= d 2 200 1 11 4 9 9 
2. (i) P= 2 -1|,Р=|0 2 0 ü) Р= |1 1 1|,D=|0 -1 0 
1 008 1-2 0 00 


4.36. QUADRATIC FORM 


Definition. A homogeneous polynomial of second degree in any number of variables is called a quadratic 
form. For example, 


(i) ax? + 2hxy + by? (ii) ax? + by? + cz? + 2hxy + 2gyz + 2fzx and 
(iii) ax? + by? + cz? + dw? + 2hxy + 2gyz + 2fzx  2Ixw + 2myw + 2nzw 


are quadratic forms in two, three and four variables. 
n n 


the general quadratic form is у У b;x;x;,where bii + bii 


In n-variables Хү, x»,.......... их 


* Xw 
ј=1і=1 


In the expansion, the coefficient of хху= (б + bj). 


Suppose 2а;; = bii + bii, where dij — aj апаа; = bj;. 


n n n n 
2 У bns; = = > у ajX;x; , where aj= 5 3o; + » : 
)-1:-1 ј=11=1 
п п 
Hence every quadratic form can be written as № № арх; = = X'AX, so that the matrix А is always 
j=1i=1 
symmetric, where A = [а] and X = [ху x, ... x,]. 
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Now, writing the above examples of quadratic forms in matrix form, we get 


бюл ыйкы Ле S 
Аса? 


a h {|х 
(ii) ах? + Бу? + cz + 2hxy + 2gye+2fex=[x y zl] h b gl» 
f 8 cj 
and (iii) ах? + by? xc dw? 2hxy + 2gyz + 2fzx + 2lxw + 2myw + 2nzw 
a h f Их 
h b g ту 
=[х y z w] 
f 8 c nfz 
l m n ат 
Example. Find a real symmetric matrix C such that О = X’CX equals : (x; + хуу 4 
(P.T.U., Dec. 2002) 
Sol. Q= Х'СХ = (x, + a5) - РА = ^ t x - х + 2х № 
1 1 Ох 
= |x Xz x] 1 1 Oj} x, 
0-0--11| ха 
11 0 
С= |1 1 Opjwhichisareal symmetric matrix. 
0.0 -1 
4.37. LINEAR TRANSFORMATION OF A QUADRATIC FORM 
Let X’ AX be a quadratic form in n-variables and let X = PY ..(1) 
(where P is a non-singular matrix) be the non-singular transformation. 
From (1), X' =(PY) = Y’P’ and hence 
ХАХ = ҮР'АРҮ = Y'(PAP)Y = Y'BY -442) 


where В = P’AP. Therefore Y'BY is also a quadratic form in n-variables. Hence it is a linear transformation of 
the quadratic form X'AX under the linear transformation X = PY and B = P'AP. 
Note. (i) Here В’ = (P’AP)’ = P'AP = B (ii) p(B) = p(A). 


A and B are congruent matrices. 


4.38. CANONICAL FORM 


If a real quadratic form be expressed as a sum or difference of the squares of new variables by means of 
any real non-singular linear transformation, then the later quadratic expression is called a canonical form of 
the given quadratic form. 


n n 


i.e., if the quadratic form ХАХ = № by ахх can be reduced to the quadratic form 


1-11-1 


Y BY = »3 Àj y? by a non-singular linear transformation X = PY, then 
1-1 
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Y' BY iscalled the canonical form of the given one. 
n 
If B = P'AP = diag Ол, №, Шинэ : л), then Х'АХ = ҮВҮ = Ay : 
j=l 
Note. (i) Here some of А; (eigen values) may be positive or negative ог zero. 
(її) A quadratic form is said to be real if the elements of the symmetric matrix are real. 


(iii) If p(A) = г, then the quadratic form X'AX will contain only r terms. 


4.39. INDEX AND SIGNATURE OF THE QUADRATIC FORM 


The number p of positive terms in the canonical form is called the index of the quadratic form. 
(The number of positive terms) – (The number of negative terms) i.e., p — (r - р) = 2р – ris called signature 
of the quadratic form, where p(A) = г. 


4.40. DEFINITE, SEMI-DEFINITE AND INDEFINITE REAL QUADRATIC FORMS 


Let X' AX be areal quadratic form in n-variables Хү, x»,......... ,X4 With rank r and index p. Then we say that 
the quadratic form is 
(i) Positive definiteif r2n,p-r (ii) negative definite if r 2 n, p 2 0 


(iii) Positive semi-definite ifr<n,p=rand (iv) negative semi-definite if r « n, p=0 
If the canonical form has both positive and negative terms, the quadratic form is said to be indefinite. 
Note. If X'AX is positive definite, then | A |> 0. 


4.41. LAW OF INERTIA OF QUADRATIC FORM 


The index of a real quadratic form is invariant under real non-singular transformations. 


4.42. LAGRANGE'S METHOD OF REDUCTION OF A QUADRATIC FORM TO 
DIAGONAL FORM 


Let the quadratic form be in three variables x, y, z. 
х 
Step 1. Reduce the quadratic form to X'AX and find matrix A, where X = | y 
2 
Step 2. In the quadratic form i.e., in Q collect all the terms of x and express them as a perfect square in x, у, z by 
adding or subtracting the terms of y and z. 
Step 3. In the next group collect all terms of y and express them as a perfect square by adding or 
subtracting the terms of z. Now only terms of z? will be left which will form 3rd group. 
Step 4. Equating terms on the R.H.S. to Ap? + Хайд + Азу; and write down the values of yj, ур, y3 in 
terms of x, y, z. 
Step 5. Then express x, у, z in terms of уу, уз, Уз and the linear transformation X = PY is known where P will 
Я 
be formed by coefficients оЁуу, ур, уз and У = | y; 


Уз 
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Эд 0 0 
Step 6. Then О will be transformed to the diagonal matrix | 0 A, 0 |, which will be same as P'AP. 
0 0 A, 


ILLUSTRATIVE EXAMPLES 


Example 1. Reduce 3x? + 352 + 4ху + 8xz + буг into canonical form. 
Sol. The given quadratic form can be written as X’ AX, where X’ = [x, у, 2]' and the symmetric matrix 


3 2 4 
А=|2 0 4. 
4 4 3 


Let us reduce A into diagonal matrix. We know that A =I, АГ, 
3 2 4 1 0 013 2 411 0 0 


Le., 2 0 4|=|0 1 012 0 410 1 0 
4 4 3 0014 4 310 0 | 


2 4 
Operating К, - = R;, К, – 3 R, on A and prefactor on RHS, we get 


3 
EE. 1 0 0 
4 4 1 0 0 
0 -— = 2 
з 3|-|-? 1 ОАО 1 0 
o 4 2 4 оо 1 
з 3] |—— 0 1 
3 


2 4 
Operating С,---С,, С; – a on A and the post-factor on RHS, we get 


Te Е. 
3 0 0 1 0 0 3 3 
0 i : - : 1 ОАО 1 0 
3 3 3 
4 7 4 
0 = шасы = 1 0 0 1 
3 3 3 
Operating Кз + R, on LHS and prefactor on RHS 
з о 0 1 0 0] |1 -1 2 
0 : с 8 1 ОАО 1 0 
3 3 3 
0 0 -1 -2 1 1 0 0 1 
Operating С» + C, on LHS and post-factor оп RHS 
з 0 0 1 0 œ [1 -› E 
E 0| = | 1 ОАО 1 1 
3 3 
0 0 -1 —2 ] 1] 0 0 1 
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The canonical form of the given quadratic form is 


3 0 0 
4 i 4 
Y (PAP)Y = ЁЛ Ул, y] 0 3 0 Уз -3y? ex =”. 
0 o 1 


Here р(А) 23, index = 1, signature =1-(2)=- 1. 


Note 1. In this problem the non-singular transformation which reduces the given quadratic form into the canonical 


к ee 
х 3 У 
formis X =РУ ie, | y| = |0 1 ИУ» |. 
2 0 0 IA 


Note 2. The above example can also be questioned as ‘Diagonalize’ the quadratic form 3x2 + 3z? + 4ху + 8xz + 8yz 
by linear transformations and write the linear transformation. 
Or 
Reduce the quadratic form 3x? + 3z2 + 4xy + 8xz + 8yz into the sum of squares. 
Example 2. Reduce the quadratic form x? — 4y? + 622 + 2xy — 4xz + 2w? — 6zw into sum of squares. 
Sol. The matrix form of the given quadratic is X'AX, where X = (x, y, z, м) 


1 1 —2 0 
1 -4 0 0 
апа А = 
-2 0 6 -3 
0 0 -3 2 
Let us reduce А to the diagonal matrix. We know that A = I, А11. 
1 1 -2 0 1 0 0 0 1 0 0 0 
1 —4 0 of JO 1 O O| JO 1 0 0 
-2 0 6 3| |0 0 1 Of Jo 0 1 0 
0 0 -3 2 0. 0 0 1| |0 0 0 1 
Operating R, - Ку, R4 + 2R,, also on prefactor on RHS 
1 1 -2 0 1 0 0 0 1 0 0 0 
0 5 2 oJ j- 1 0 0 А 0 1 0 0 
0 2 2 -3 2 0 1 0| |0 0 1 0 
0 0 -3 2 0 0 0 110 0 0 1 
Operating C5 – С, Сз + 2C,, also on post-factor on RHS 
1 0 0 0 ооо 1 -1 2 0 
0 -5 2 0| |-1 1 0 Q0 А 0 1 0 0 
0 2 2 -3 2 0 1 0| JO 0 1 0 
0 0 -3 2 00010 0 0 | 
Operating К, + = К, , also on prefactor on RHS 
1 0 0 0 ооо 1-4 2-0 
0 5 А 0 1 -1 : оо : 0 1 0 0 
0 5 3 5 1 0| JO ото 
0 0 -3 2 0 0 1 E E 
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2 
Operating C, + 3€» ‚ also on post-factor on RHS 
1 0 0 0 1 0 0 0 1 -1 3 0 
0 —5 0 0 -1 1 0 0 
- AlO 1 2 0 
0 0 E 3 Ж 1-0 5 
5 =. ә 0 0 1 0 
0 0 -3 2 0 0 0 1 |o 0 0 1 
Operating R ce DR; , also on prefactor on RHS 
1 
0 0 0 1-0 0-0 T ai 8 0 
0 —5 0 0 -1 1 0-0 5 
2 2 
0 0 14 3| = 1 0АО 1 — 0 
5 5 5 
12 1 0 0 1-0 
0 0 0 L : : 1 
14 7 7 14 0 0 0 1 
Operating C4 + шог ‚ also on post-factor on RHS 
1 0 0 o [1 0 0 Of |1 -I М = 
0 -5 0 0 -1 1 0 0 1 | 23 
0 0 14 0|= 8 2 1 ОА 3 7 
5 5 5 15 
0 0 1 — 
0 0 0 17 12 3 15 1 14 
L 14 Ё 7 7 14 J |0 0 0 1| 
14 17 
Le., diag. | 1, —5, —, -— | =P'AP 
5 14 
The canonical form of the given quadratic form is 
14 17 
Y'(P'AP)Y = Y'diag| 1, – 5, —,-— |Y 
5 14 
[1 0 о 0] 
0 —5 0 0| Jt 
14 Уг 
ын [У Y» Уз У | 0 0 — 0 
5 Уз 
17 
0 0 43171 Уд 
L 14 | 


14 17 
a : : m y? ‚ Which is the sum of the squares. 


Example 3. Show that the form 5х7 + 26x3 + 10x3 + Чхох; + 14dx3xj  Óxjx5 is a positive semi-definite 
and find a non-zero set of values of xy, Хэ, хз which makes the form zero. (P. T.U., Dec. 2002) 
Sol. The matrix form of the given quadratic is X'AX, where 
хү 5 3 7 
Х= | х› |амА-|3 26 2 
Xa 7 2 10 
Let us reduce A to the diagonal form 
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Az ТА! 
3. 3 7 100 100 
3 26 21-10 1 OJAJO 1 0 
7 210 001 001 


[To avoid fractions first of all operate В. (5), R4 (5), then С. (5), C4 (5)] Note that row transformations will 
effect prefactor and column transformation will affect post-factor on RHS 


5 15 35 100 100 
15 650 50 


35 50 250 0-0 5 0 0 5 
Operate Ri- ЗК, , R3-7R; 


Ш 
© 
сл 
© 
> 
© 
сл 
© 


5 15 35 100 100 
0 605 -55|-1-3 5 ОАО 5 0 
0 —55 5 -7 0 5 0-0 5 
Operate С,-3С,,С,-7С, 
5 0 0 100 1-3 -7 
0 605 -55|-1-3 5 ОАО 5 0 
0 -55 5 -7 0 5 0 0 5 
1 1 
Operate К. + — В, С, + — С 
р зт 2° 3 2 ” 
l 55435555 
5 оо 1 0-0 11 
О 605 0|-|1-3 5 ОАО Z 
o oo| 1-2 5 | lo o 5 
11 11 
Diagonal matrix (5, 605, 0) = P’AP 
The quadratic form reduces to the diagonal form 5 у? + 605 yl 
p (A) 22; 
Index p= Number of positive terms in the diagonal form = 2 
п = The number of variables in quadratic form = 3 
p (A) «3and p =p (A) 
Given quadratic form is positive semi-definite 
1-3-3 
м 5 л 
Now, X =PY gives| x; |=|0 5 ii y» 
^з 0 0 5| [3 
ж =, -3y- ын 
1 Уг 22 TI Уз 
хә Буу, 2 y 
27332 1173 
хз = 5уз 
Assume, y; = 0, уз = 0, уз = 11, we get 
x, =- 80, х = 5, x; = 55; Clearly this set of values of x, x», хз makes the given form zero. 


Example 4. Use Lagrange’s method to diagonalize the quadratic form : 2x? + 2y? + 3z? — 4yz + 2ху — 4xz. 
(P.T.U., May 2002) 
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Sol. Step I. The given quadratic form is О = 2x*34 Dy 432 = 4yz + 2xy – 4х2, which can be expressed as 


2 1 -2][x 2 1 2 
ХАХ-|х у 21 2 -2||yļ|,where A=| 1 2 -2 
-2 -2 31 -2 -2 3 


Step II. In Q collect all the terms of x and express them as a perfect square 
=2 (x? +. xy -2xz) + 2у2 + 3z*-4 yz 
= 2 [x +x (y—2z)] + 2y + 30 —4уз 


-2-ү 50 
a 3 Jay ead as Ei = 


у? - 4у + 44? 
2 
Step Ш. Collect the terms of у and express them as а perfect square 


2 
1 
ipee +2у2 432° =dyz = 


: 2 1 2 
Step IV. Express x, у, zin terms of уу, Y2, уз, we getz 2 y3 ; Y= Ул Жа уу ЛУУ +33 


1 2 
х= у, 73^ +з 
+ 

3 


< = Уз 


Step V. Express these in the matrix form X =РУ 


| Е 2 
X У 2 3 
where Х=|у|;У=|у› | andP= 0 1 2 
3 
2 
33 0 0 I! 


. The linear transformation is X = PY 


Step VI. Reduces the quadratic form Q to the diagonal form. 


1 0 0 :-12 
d aao = 3 8 

B-PAP-| 2 ме 1 2 
2 2 i -2 -2 3 3 

3 3 00 1 
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> d t 2) 2 04 
: 2 3 3 
Е 3 _ o Žž 0 
1 б 1 
o o -|o о0о 1) |0 0 3 
3 


3 1 
=diag. | 2, —, — 
Ч 2 3 


Note. Here p(A) = 4, index = 2, signature = 2 – 2 = 0. 
4.43. REDUCTION TO CANONICAL FORM BY ORTHOGONAL TRANSFORMATION 


Let X'AX be a given quadratic form. The modal matrix B of A is that matrix whose columns are characteristic 
vectors of A. If B represents the orthogonal matrix of A (the normalised modal matrix of A whose column 
vectors are pairwise orthogonal), then X = BY will reduce X'AX to У’ diag (Од, А, .......... ‚ À,) Y, where 
Ve pasion ‚ À, are characteristic values of A. 

Note. This method works successfully if the characteristic vectors of A are linearly independent which are pairwise 
orthogonal. 


Example 5. Reduce 8х2 + 7y? + 3224 12ху + 4xz — бус into canonical (огт by orthogonal reduction. 


8 —6 2 
Sol. The matrix of the quadratic form is А = | —6 7 —4 
2 — 3 


The characteristic roots of A are given by IA — MII 2 0 
8-A -6 2 


i.e., 6 7-4, 4 |=0 or AX(XA-3)(X-15)20 
2 —4 3-4 
EE А =0, 3, 15 
Characteristic vector for л = 0 is given by [А — (0)I] X 20 
Le., 8х — 6x, + 2x, =0 


— бху + 7x3 403 =0 
2х]-4х) + 3x, =0 
: Я Хр Хэ Ха .. 1 
Solving first two, we get чл =з => giving the eigen vector X, = (1,2, 2) 
When A = 3, the corresponding characteristic vector is given by [A — 3I] X = 0 
L.e., 5x1 — бх + 2x3 =0 
— бху + 4x3 -4x3 =0 
2х -4x =0 
Solving any two equations, we get X» = (2, 1, – 2). 
Similarly characteristic vector corresponding to A = 15 is Хз = (2, 2, 1). 
Now, Ху, X», X3 are pairwise orthogonal i.e., Хү-Х = Х,Х, = XyXq =0. 
The normalised modal matrix is 


E Ж 2 

333 

Ыы НЕ 2 
ИХ, ИХ, WINX] (3 3 3 

2 2 1 

ВВ’ =I зз 
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Now, B is orthogonal matrix and В І 2-I 
їе, В-! = B' and B~! AB =D = diag {3, 0, 15} 
] 2 2 1 2 2 
a ole а 
Le., A =|0 0 0 
33 3 3 3 3 оо 15 
2 2 1 2 2 1 
3 33 3 3 3 
X'AX =У'(В-ГАВ)У = Y DY 
3-0 01 л 
- ЁО ‚ Ул» уз] 0-0 ОУ», |= 3y? + Oye + 15у2 ‚ Which is the required canonical form. 
0 0 15] 


Note. Here the orthogonal transformation is X = BY, rank of the quadratic form = 2 ; index = 2, signature = 2. 
It is positive definite. 


Example 6. Reduce 6x; + 3x +3х;2 — 4x, X5 — 2xax3 + 4xax, тю canonical form. 


6 -2 2 
Sol. The matrix of the quadratic form is А = | 2 3 =l 
2 -1 3 
The characteristic values are given by | A -М1=0 
6—5 —2 2 
i.e., 2 3-1 1) =0 
2 -1 3-A 
or ЛЗ – 1202 + 36-32 = 0, which on solving gives A = 2, 2, 8. 


The characteristic vector for А = 2 is given by [A — 2I] X = 0, which reduces to single equation 
2x] —X5*x4 =0. 


Putting ху = 0, we get = = -5 or the vector is [1, 0, — 2]. Again by putting ху = 0, we get 22 = 3 or the 


vector is [0, 1, 1]. 
The vector corresponding to А = 8 is given by [A - 8I] X = 0 


or — 2x, -2x3 +2x3 =0 
= 2x) = 5x2 -x3 =0 
2X1 —X_—5x3 =0 
Solving any two of the equations, we get the vector as [2, —1, 1]. 
Now, X,=[2,-1,1]; X= [0, 1,1] ам Х,-11,0,-2| 
Here X |, X», Хз are not pairwise orthogonal 
Х,-Х,-0,Х,-Х, #0 and X4. X,=0 
To get X5 orthogonal to X» assume a vector [u, у, w] orthogonal to X» also satisfying 
2хү — X5 +23 =0; ie, 2u—v+w=Oand0.u + l.v - 1.» 20 
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Solving [u, v и] = [1, 1,1] = X4 so that Х X52 X5: X42 X4: X420 


о 


The normalised modal matrix is В = 


®|- al- 51% 
ЫЫ-Ы 


sl- Sl- 


Now В is orthogonal matrix and |B |= 1 


8 0 0 
Le., В’ =B-! and В-! AB=D,whereD=|0 2 0 
0 0 2 
Х'АХ =У”(В-! AB)Y - YDY 
s 0 olly 
-[n»»]0 2 0|» |=8у2 +252 +2 
0 0 2| y 


which is the required canonical form. 


Note. In the above form rank of the quadratic form is 3, index = 3, signature = 3. It is positive definite. 


TEST YOUR KNOWLEDGE 


1. Write down the matrices of the following quadratic forms: 


(i) 2х2 + 3у2 + бху (ii) 2x2 + Sy? — 62 — 2xy — yz  8zx 
(iii) a t 235^ t 3x47 + 4х4? + 2х\ху + 4х хз = бхүхд = 4хохз = 8хохд + 12xax4 
(9) x42 + 2x 4x3 - Ax p + 6x4 — 5x5? + 432 (P.T.U., May 2010) 
(v) 3x2 +7у2 - 822 — Ayz + 3xz. (P. T.U., Dec. 2011) 


2. Write down the quadratic form corresponding to the following matrices: 


1 1-2 0 


ша 1-4 0 0 

j 4 3 1 П ; 
2274 Goo ир Эр” 
0 0-3 2 


3. Reduce the following quadratic forms to canonical forms or to sum of squares by linear transformation. Write 
also the rank, index and signature: 
() 2x242y2322«2xy-4yz- 4x; (üi) 12x? +452 + 5х2 — Ax, x4 + 6xqx4 — 6x 4x; 
(й) 2x2 + бу? + 9z2 + 2ху + 8yz +6xz (iv) x2 Ay? + 22 + Axy + 6yz  2zx. 

4. Reduce the following quadratic forms to canonical forms or to sum of square by orthogonal transformation. 
Write also rank, index, signature: 
(i) 3х2-5у243:2-2ху-2ус4 ах (ii) 2x? + 2x? + 2x2 - 2хуху + 2x x, — 2хух» 
(iii) 3х^— 2у2— z? —- 4ху+ 8х + 12yz (№) x2 + 32 +352 - 2xy. 


5. Use Lagranges method to diagonalize the quadratic form 6x? * 3x + 3x — 4xix — 2x3x3 +423. 
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5.  diag. (s 5, 3 А 
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ANSWERS 


E es | 1 1 2-3 
" [2 3 b -1 5 нэ T 1 2 -2 -4 
1 

“8 3 і А "M |) 3 6 
7 4 -= -6 

| 5 -3 -4 6 4 
3 
[1 1 -2 Ж: 2 
(9) | 1 -5 3 ay |U 7 <2 
[-2 3 4 3 24-28 

12 


(i) 2x4 зу? ++ 8xy + 2yz +10xz (ii) х\? - 4х2 + 6x3? + 2х4? + 2хүху— Axqx3 — 6x4x4. 


O 3y +23 +593 ; Rank = 3, index = 3, Sig. =3 

(й) 12у? + PL + n ; Rank = 3, index = 3, Sig. = 3 
(üi) 
(iv) 
() 2у2+2у2+6у2 ; Rank = 3, index = 3, Sig. =3 
(ii) 4y? y? yl ;Rank-3,index = 3, Sig. = 3 
(üi) 
(iv) y: t 2у2 - Ay; ; Rank = 3, index = 3, Sig. = 3. 


2y? -7y -2y ; Rank = 3, index = 1, Sig. = – 1 


yp +y% + y2; Rank = 3 , index = 3, Sig. = 3. 
Зу? + бу; -9y2 ; Rank = 3, index = 2, Sig. = 1 


7 
REVIEW OF THE CHAPTER 


1. 


2. 


Matrix: A set of mn numbers (real or complex) arranged in a rectangular array having т rows and n columns, 
enclosed by brackets | | or ( ) is called a m x n matrix. 
Elementary Transformations: The following operations on a matrix are called elementary transformations: 

(a) Interchange of two rows or columns (R; or C;) 

(b) Multiplication of each element of a row or column by a non-zero number k (КЕ; or АС) 

(c) Addition of k times the elements of a row (column) to the corresponding elements of another row (column) 

(К # 0) (R; + AR; or C; + КС). 
Elementary Matrix: The matrix obtained from a unit matrix I by subjecting it to one of the E-operations is called 
an elementary matrix. 
Gauss-Jordan Method: It is the method to find inverse of a matrix by E-operations. 
Normal Form of a Matrix: Any non-zero matrix т х n can be reduced to anyone of the following forms by 
performing E-operations (row, column or both) 
"E" . L 0 
(iii) | | (iv) | 0 | 


where I, is a unit matrix of order г. АП these forms are known as normal forms of the matrix. 


@ 1, qi [№ 0] 


Rank of a Matrix: Let A be any т x n matrix. If all minors of order (r + 1) are zero but there is at least one поп- 
zero minor of order r, then r is called the rank of A, and is written as р(А) =r. 

Consistent, Inconsistent Equations: A system of equations having one or more number of solutions is called a 
consistent system of equations. A system of equations having no solution is called inconsistent system of equations. 
For a system of non-homogeneous linear equation AX = B 
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12. 


13. 


14. 
15. 


16. 


17. 


18. 
19. 


20. 
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(7) If p[A : B] 4 p(A), the system is inconsistent. 
(ii) If p[A : В] = p(A) = number of unknowns, the system has a unique solution. 
(iii) If p[A : B] = p(A) < number of unknowns, the system has an infinite number of solutions. 
The matrix [A : B] is called Augmented Matrix. 
For a system of Homogeneous Linear Equations AX = 0. 
(i) X = 0 is always a solution; called trivial solution 
(1) If p(A) = number of unknowns, then the system has only the trivial solution 
(iii) If p(A) < number of unknowns, in system has an infinite number of non-trivial solutions. 
Homogeneous equations are always consistent. 
Linear Dependence and Linear Independence of Vectors: A set of n-tuple vectors x,, x», ..., x, is said to be: 
(i) Linearly dependent if As г scalar k, ky, ..., К, Not All Zero such that kx, + kax, +... + k,x,=0 
(ii) Linearly independent if each one of Кү, ky, ..., К, is zero i.e., kj =№=...... =k,=0. 
If a set of vectors is linearly dependent then at least one member of the set can be expressed as a linear combination 
of the remaining vectors. 
Linear Transformation: A transformation У = АХ is said to be linear transformation if Y, = AX, and Y, = AX, 
= aY; + bY, = A(aX, + bX,) V a, b 
If the transformation matrix A is non-singular, then the linear transformation is called non-singular or regular and if 
A is singular then linear transformation is also singular. 
Orthogonal Transformation: The linear transformation Y = AX is orthogonal transformation if it transforms 
V EJ Suh 0, TOP Pao Eds 
Orthogonal Matrix: A real square matrix A is said to be orthogonal if AA’ = A’A =I 
For an orthogonal matrix A’ = A“! 
Properties of an Orthogonal Matrix: 
(1) The transpose of an orthogonal matrix is orthogonal 
(ii) The inverse of an orthogonal matrix is orthogonal 
(iii) If A is orthogonal matrix thenl Al 2 € 1 
(iv) Product of two orthogonal matrices of the same order is an orthogonal matrix. 
Hermitian and Skew Hermitian Matrix: A square matrix A is said to be Hermitian if A? — A. AII diagonal 
elements of a Hermitian matrix are purely real. 
A square matrix А is said to be Skew Hermitian. If A? =- A. All diagonal elements of a Skew Hermitian Matrix are 
zero or purely imaginary of the form if. 
Unitary Matrix: A complex matrix A is said to be unitary matrix if APA =I 
Properties of a Unitary Matrix: 
(1) Determinant of a unitary matrix is of modulus unity 
(ii) The product of two unitary matrices of the same order is unitary 
(iii) The inverse of a unitary matrix is unitary. 
Characteristic Equation, Characteristic Roots or Eigen Values, Trace of a Matrix: If A is a square matrix of 
order, и is a scalar and I is a unit matrix of order n, then | A — MI | 2 0 is called characteristic equation of A. The roots 
of the characteristic equation are called characteristic roots or Eigen values of A. 
The sum of Eigen values of A is equal to trace of A. 
Eigen Vectors: Let A be a square matrix of order и, À is a scalar. Consider the linear transformation Y = AX, where X be 
such a vector which transforms іп AX. Then У = АХ and therefore, we have AX = AX or (A — AI) X = 0 which gives n 
homogeneous linear equations and for non-trivial solutions of these linear homogeneous equation we must have IA — All 
=0, which gives п eigen values of A. Corresponding to each eigen value (A — AI) X = 0 has a non-zero solution 
called eigen vector or latent vector. 
Cayley Hamilton Theorem: Every square matrix satisfies its characteristic equation. 
Diagonalizable Matrices: A matrix А is said to be diagonalizable if Js an invertible matrix B such that B^! 
AB - D, where D is a diagonal matrix and the diagonal elements of D are the eigen values of A. 
Note. A square matrix A is diagonalizable iff it has п linearly independent eigen vectors. 
Similar Matrices: Let А and B be two square matrices of the same order. The matrix A is said to be similar to matrix 
B if 3s an invertible matrix P such that PA = BP or A = P! BP 
Similar matrices have the same characteristic equation. 
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21. 
22. 
23. 


24. 


25. 


26. 


27. 


28. 


Column vectors of a unitary matrix are normal and orthogonal. 
Every orthonormal set of vectors is L.I. 
Any two characteristic vectors corresponding to two distinct characteristic roots of a Hermitian/unitary matrix are 
orthogonal. 
Quadratic Form: A homogeneous polynomial of second degree in any number of variables is called quadratic form. 
Every quadratic form can be expressed in the form X’ AX, where A is a symmetric matrix. 
Linear Transformation of a Quadratic form: Let X’ AX be a quadratic form in n-variables and let X = PY be a 
non-singular transformation, then X’ AX = Y'BY, where B = Р” AP. Then У’ BY is a linear transformation of the 
quadratic form X’ AX under the linear transformation X = PY. A and B are congruent matrices. 
Canonical Form: If a real quadratic form X’ AX be expressed as a sum or difference of the squares of new variables 
by means of any real linear transformation then the later quadratic expression is called a canonical form of the given 
quadratic form non-singular. If p(A) = r, then quadratic form X’AX will contain only r terms. 
Index and Signature of the Quadratic Form: The number p of the positive terms in the canonical form is called 
the index of the quadratic form. 
The number of positive terms minus number of negative terms is called signature of the quadratic form i.e., signature 
=р-(г-р) = 2р – г, where p(A) =r. 
Definite, Semi-definite and Indefinite Real Quadratic Forms: Let X' AX be a real quadratic form then it will be 
(i) positive definite if r = n, p =r 

(ii) negative definite if r2 n, p = 0 

(iii) positive semi-definite if r < n, p = r 

(iv) negative semi-definite if r < n, p = 0 


SHORT ANSWER TYPE QUESTIONS 


2 0 0 1 2 3 
(4) ПА=|0 2 0|18-10 1 З3| prove that! АВ!=16 (P.T.U., May 2009) 
0 0 2 0 0 2 
(b) Prove by an example that AB can be zero matrix when neither A nor B is zero. 
Explain elementary transformations on a matrix. (P.T.U., Dec. 2004) 
What is Gauss Jordan Method of finding inverse of a non-singular matrix? Hence find the inverse of the matrix 
1 3 3 
1 4 3 (P.T.U., May 2012) 
13 4 
1 0 -1 
Reduce the matrix | 1 2 1| to diagonal form. (P.T.U., Dec. 2012) 
2 2 3 
(a) Define rank of a matrix and give one example. (P. T-U., Dec. 2005, 2006, May 2007, Jan. 2008, May 2011) 
(b) What is the rank of a non-singular matrix of order n? (P. T.U., Dec. 2010) 
Find rank of the following matrices: 
[1 3 пики И 
(i) (P.T.U., Мау 2014) (п) (3 2 1 6 (111) (P.T.U., Dec. 2012) 
2 4 2424 et E ;2 
7 [11 2 0 
INE [1 b 0 
(v) |2 -3 4| (P.T.U. May 2009) (0) |2 -—3 0O0!V(PTU. Dec. 2013) 
[3 -2 3 |3 -3 1 
[1 2 -I 
(vi) |2 1  0|(P.T.U., Dec. 2011) 
3 -I1 1 
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If A is a non-zero column and B is a non-zero row matrix, show that rank AB = 1. 


State the conditions in terms of rank of the coefficient matrix and rank of the augmented matrix for a unique solution, 
no solution, infinite number of solutions of a system of linear equations. (P.T.U., May 2005, Dec. 2010) 


(a) For what values of À do the equations ax + by = Ax and cx + dy = Лу have a solution other than x = 0, у = 0? 
[Hint: Consult S.E. 4(b) art. 4.13] (P.T.U., May 2003) 


(b) Show that the equations 2x + бу + 11 20; 6x + 20y — 6z + 3 = 0 ; 6y — 18z + 1 = 0 are not-consistent. 


[Hint: To prove p(A) 22, p(A : В) 23as p(A : В) = p(A) -. equations are inconsistent] (P.T.U., Dec. 2003) 
(c) For what value of К, the system of equations x + y + z 22; x + 2y + z2-2; x + y + (K- 5): = К has no 
solution? (P.T.U., May 2012) 
If A is a non-singular matrix, then the matrix equation AX = B has a unique solution. 
(a) Define linear dependence and linear independence of vectors and give one example of each. 
(P.T.U., Мау 2004, 2006, Jan. 2009) 
(b) Test whether the subset S of R? is L.I. or L.D., given S = ((1,0, 1), (1, 1,0), 1,0, -1)). (P. T.U., May 2010) 


(c) Define linear dependence of vectors and determine whether the vectors (3, 2, 4), (1, 0, 2), (1, —1, —1) are linear 
dependent or not, where ‘РГ denotes transpose. (P.T.U., May 2006) 


[Hint: Consult S.E. 3 art. 4.15] 
(a) Prove that X, =(1,1, 1), Х, =(1,-1, 1), X, = (3, – 1, 3) are linearly independent vectors. 
(P.T.U., Dec. 2012) 
(b) Are these vectors x= (1, 2, 1), х, = (2, 1, 4), Xx, = (4, 5, 6), x= (1, 8, - 3) L.D? (P. T.U., Jan. 2010) 
(c) For what value(s) of K do the set of vectors (K, 1, 1), (0, 1, 1), (K, 0, K) in R? are linearly independent? 
(P.T.U., May 2010, 2012) 
-2 1 2 


012 ; are linearly dependent. (P.T.U., May 2003) 


Show that column vectors of the matrix A — | 


[Hint: S.E. 2 art. 4.15] 


Define an orthogonal transformation. Derive the condition for the linear transformation on Y = AX to be orthogonal. 


[Hint: See art 4.17] (P.T.U., May 2012) 
(a) Define an orthogonal matrix and prove that 
2 1 2 
з 3 M 
A= 5 5 5 is orthogonal. (P. T.U., Jan. 2009, May 2011) 
1 2 2 
з зз 
1 2 2 
(b) Prove that the matrix : 2 1 -2|isorthogonal. (P.T.U., June 2003, May 2007, Jan. 2009) 
: -2 2 -1 
0 2b с 
(c) Find the values of a, b, c if the matrix А = | a b —c | is orthogonal. (P.T.U., May. 2009) 
a —b c 


[Hint: S.E. 2 art. 4.17] 
Prove that transpose of an orthogonal matrix is orthogonal. 
Prove that inverse of an orthogonal matrix is orthogonal. 
State the properties of an orthogonal matrix. 
(a) Show that the transformation y, 2 x, —x, +x, ; y, = 3x, — x, + 2x, and y, = 2x, – 2x, + 3x, is non-singular (regular). 
(b) Find the inverse transformation of y, =x, + 2x, + 5x, ; y, =—x, + 2x, and у, = 2x, + 4x, + Их, (P.T.U., May 2011) 
[Hint: S.E. 2 art. 4.18] 
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Prove that determinant of an orthogonal matrix is of modulus unity. 
Define symmetric matrix and prove that inverse of a non-singular matrix is symmetric. 


Define symmetric and skew symmetric matrix and express a square matrix A as the sum of a symmetric and a skew 
symmetric matrix. 


Define a Hermitian matrix and prove that if A is Hermitian, then A? A is also Hermitian. 


[Hint: S.E. 3(b) art. 4.22] (P.T.U., May 2007, Dec. 2010) 
(a) Define a skew Hermitian matrix and prove that if A is Hermitian, then iA is skew Hermitian. 

[-1 2+i 5-3 
(b) Show that if = | 2-1 7 5i |, then iA is skew-Hermitian. (P. T.U., Jan. 2010) 


[5+3i -5i 2 


(a) Define a unitary matrix and give one example of a unitary matrix. 


111-1--1-4| X 

(b) Show that A 2 — | . | is unitary. (P.T.U., Jan. 2009) 
211-1 1-4 

State properties of a unitary matrix. 

Prove that inverse of a unitary matrix is unitary. (P.T.U., May 2012) 


Prove that product of two unitary matrices of the same order is again a unitary matrix. 


Prove that determinant of a unitary matrix is of modulus unity. 


Define the following : 
(Г) Characteristic equation of a square matrix 
(ii) Characteristic roots or latent roots or eigen values of a matrix (P. T.U., Jan. 2009) 
(iii) Eigen vectors of a square matrix. (P. T.U., Jan. 2009) 
1 23 
(a) Find eigen values of ће тах |0 -4 21. (P. T.U., Dec. 2006) 
0 0 7 
(b) Prove that eigen values of a diagonal matrix are given by its diagonal elements. 
aj1—X 0 0: з» 0 
0 an-A 0 ... 0 
[Hint: Let А = |a, а ...... am| ;1A-Ml=| 2 1 СЭРЭЭ” е0 
0 0 0 Ann — А 
ie., (а, — A) (a, — À) ...... (а, - 5) 30 ie, А=а,а,,...... ЖОН 
Show that if Х, A, As diva ; i, are the latent roots of the matrix A, then A’ has latent roots. № ; А: по А AP 


[Hint: S.E. 3 art. 4.25] 

(a) Show that the eigen values of a Hermitian matrix are real. 

(b) Show that eigen values of a Skew Hermitian matrix are either zero or purely imaginarly. (P.T.U., Dec. 2012) 
[Hint: S.E. 4 art. 4.25] 


Prove that matrix A and its transpose A' have the same characteristic roots. 


[Hint: Characteristic roots of A are | A — MI | = 0 we have | А-1-1(А-211-1А”-3Г 1-1А”-11 
-. A and A' have same eigen roots] 


(a) If A is an eigen value of a non-singular matrix A prove the following : 


(i) А7! is an eigen value of А" (P.T.U., May 2005) 
ОАР | 

(її) zu is an eigen value of Adj. A (P. T.U., Dec. 2003) 

(iii) № is an eigen value of A?. (P. T.U., Dec. 2004) 


[Hint: See art. 4.25] 
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(b) Write four properties of eigen values (P.T.U., May 2008) 

[Hint: See art. 4.25] 

(a) State Cayley Hamilton Theorem. (P.T.U., Dec. 2003, Jan. 2010, May 2011) 

1 2 
(b) Use Cayley Hamilton Theorem to find AË, where А = ? 1 (P.T.U., Dec. 2003, May 2010) 
2 3 : : : 

(c) ПА = 3 ‚ then use Cayley Hamilton Theorem to find the matrix represented by A?. 

[Hint: S.E. 6 art. 4.26] 

Verify Cayley Hamilton Theorem for the matrix (P. T.U., Dec. 2013) 

1 4 

| ; . Find inverse of the matrix also. 

Test whether the following matrices are diagonalizable or not? 
3 1 -1 1 2 2 

(01-2 1 2 (P.T.U., Мау 2012) d| 0 2 1 (P. T.U., Dec. 2013) 
0 1! 2 -1 2 2 

[Hint: S.E. 1 art 4.27] 

(a) Define similar matrices. (P.T.U., May 2007) 


1-0 1 1 
(b) Examine whether the matrix A is similar to matrix B, where A = Ї | апа В = | 1 (P. T.U., May 2010) 


[Hint: See Solved Example 4(ii) art 4.30] 

Prove that if A is similar to a diagonal matrix B, then A' is similar to A. 

[Hint: See Solved Example 6 Art. 4.30] 

Show that rank of every matrix similar to A is same as that of A. 

[Hint: S.E. 7 art. 4.30] 

Show that two similar matrices have the same characteristic roots. (P.T.U., May 2003) 

[Hint: Let A and В be two similar matrices -. А = P! BP; |А-АМ1-1Р ”ВР-211-1Р“ВР-Р АРІ 
P (B-ADPIZIP- IIB-AIIIPISIB-AIIIPC PISIB—AII.1 - A, B have same characteristic 
roots 

Define index and signature of the quadratic form. 


р 7 : 2 
Find a real symmetric matrix such that О = X’ CX equals ; (x Р x2) = 33 3 
(a) Express the quadratic form x? + 2х5 + 2x — 2x, x, — 2x» xs as the product of matrices. 


(b) Obtain the symmetric matrix A for the quadratic forms 


(i) x] + 2x x, — Axx, + 6x, — Sad + 4x (P.T.U., May 2010) 
(ii) Зх? + Ту? — 82 — Дус + 3xz. (P. T.U., Dec. 2011) 
2 -1 4 
Write down quadratic form corresponding to the matrix | – 1 3. = : : 
4 26 
2 


Define orthogonal set of vectors. 

[Hint: See art. 4.33(a)] 

Prove that every orthonormal set of vectors is linearly independent. 
[Hint: See art. 4.33(b)] 


Let T be a transformation from R! to R? defined by T(x) = (x, х2, xX). Is T linear or not? 
[Hint: See S.E. 1 art. 4.16] (P.T.U., May 2010) 
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ANSWERS 
Q^ к= = 
1. РА В ийн 3 1 | А 
шан! нг 3 Е 
1 0 1 
1 0 0 
4 |0 7 0 5. (Уп 
0-0 3 
6. (i) 2 (ii) 2 (iii) 2 (iv) 2 (v) 3 (vi) 2 9. (а) A2a,b20;X-2d,c20, (c) K=6 
11. (b) L.D. (c) Not dependent 12. (b) yes (c) for all non-zero values of K 
1 1 1 
15. т 19. (b)x, =19y, + 2y,-9y,:x,7- 4y,- y 2y x, =—2у|+у, 
31. (a)1, 4,7 36. (b) 6251 (c) мы КЕ 
т у 6 |16765 10946 
zm c 
5 5 
37. 2 1 38. (Г) diagonalizable (її) not diagonalizable 
5 5 
1 1 0 
39. (b) not similar 44. | 1 1 0 
0 0 -i 
3 
1 -1 olfa i 1 -2 к 
45. (4) [м x» x]-1 2 -1|х O (0| 1 -5 3000 7 -2 
-1 2 -2 4 
0 X3 3 i -2 -8 


46. 2x? + 5y? – 6z? — 2xy — yz + 8zx 49. not linear. 
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Infinite Series 


5.1. SEQUENCE 


A sequence is a function whose domain is the set N of all natural numbers whereas the range may be any 
set S. In other words, a sequence in a set S is a rule which assigns to each natural number a unique element of S. 


5.2. REAL SEQUENCE 


A real sequence is a function whose domain is the set N of all natural numbers and range a subset of 
the set R of real numbers. 

Symbolically /:Мәк or (x: No Кога: NR) 
15 a real sequence. 

Note. If x : М > В bea sequence, the image of n є N instead of denoting it by x(n), we shall generally denote it 
by хи. Thus Хү, Хэ, хз etc. are the real numbers associated to 1, 2, 3 etc. by this mapping. Also, the sequence x: N — К 
is denoted Бу {х„} or (х). 

X15 Хорн are called the first, second terms of the sequence. The mth and nth terms Ху, and х, for т z n are 
treated as distinct terms if х, = x, i.e., the terms occurring at different positions are treated as distinct terms even if 
they have the same value. 


5.3. RANGE OF A SEQUENCE 


The set of all distinct terms of a sequence is called its range. 
Note. In a sequence {х„}, since п e Мапа М is an infinite set, the number of terms of a sequence is always 
infinite. The range of a sequence may be a finite set. e.g., if x, = (— 1)", then {х„} = {- 1,1,—1,1,...... } 


The range of sequence {х„} = {— 1, 1}, which is a finite set. 


5.4. CONSTANT SEQUENCE 


A sequence {x,} defined by x, Zce К V neNiscalled a constant sequence. 
e.g., [x4] ={с, с, c, ...... } is а constant sequence with range = {с}. 


5.5. BOUNDED AND UNBOUNDED SEQUENCES 


Bounded above sequence. A sequence {a,,} is said to be bounded above if 3 a real number К such that 
а,<К V ne N. 


Bounded below sequence. A sequence { а, } is said to be bounded below if 3 a real number k such that 
а,2К V neN. 


Bounded sequence. A sequence (a, ) is said to be bounded when it is bounded both above and below. 


= A sequence {a,} is bounded if 3 two real numbers k and К (k < К) such that 
К<а„<К V neN. 


248 
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Choosing M = maximum {1 Kl, [К 1}, we can also define a sequence {а„} to be bounded if 
la,I&M V neN. 


Unbounded sequence. If 3 no real number M such that | a, |< M V n € N, then the sequence {а,, } is 
said to be unbounded. 


1 
For examples (7). Consider the sequence {а„} defined by a, = — . 
n 


111 
Here {а} = foo 


0«а,51 V neN 


- 


{аи} is bounded. 
(ii) Consider the sequence (a, defined by a, = 2" ^ 1 
Неге {an} = (1, 2,27, 2°, ......]. 
Althougha, 21, V ne М, З noreal number K such that a 


no <K. 
The sequence is unbounded above. 


n= 


5.6. CONVERGENT, DIVERGENT, OSCILLATING SEQUENCES 


Convergent sequence. A sequence {а„} is said to be convergentif Lt a, is finite. 
п oo 


: 1 
For example, consider the sequence 2 


1 1 Tm 
Here а, = —, Lt a,= Lt — =0, whichis finite. 
2" n=% ne 2" 


= The sequence {a,} is convergent. 


Divergent sequence. A sequence {a,,} is said to be divergentif Lt a,is not finite, i.e., if 
noo 


Lt а = + о ог- оо. 
поо 


For examples 
(Г) Consider the sequence { п?} 


2 . . 
Неге a,=n, М а„=+°° = Тһе sequence {n°} is divergent. 
п oo 


(ii) Consider the sequence {— 2"). 
Here a,2-2" Lt a= Lt (-27)--со 


no поо 
= Тһе sequence (- 2”} is divergent. 


Oscillatory sequence. If a sequence {а„} neither converges to a finite number nor diverges to + оо or 
— co, it is called an oscillatory sequence. Oscillatory sequences are of two types : 


(i) A bounded sequence which does not converge is said to oscillate finitely. 
For example, consider the sequence {(— 1)"). 
Here à, = (- 1)" 
It is а bounded sequence, Lt а, = Lt (- 1)?” =1 
пЭ оо noo 


Lt mage 14 Gly" 2, 
пЭ оо ПЭ оо 
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Thus, Lt a, does not exist = the sequence does not converge. 
noo 


Hence this sequence oscillates finitely. 

(11) An unbounded sequence which does not diverge is said to oscillate infinitely. 
For example, consider the sequence { (- 1)" n}. 

Here а= (- 1)" n. 


It is an unbounded sequence. 


Lt Mn = Lt (- p . 2п = Lt 2n = + оо 
пЭ оо 


noo пЭ оо 


Lt à,,,7 Lt (-1P"! Qn4+1)= Lt –- (20 +1) =-ә. 
— со noo 


n пЭ оо 


Thus the sequence does not diverge. 


Hence this sequence oscillates infinitely. 


Note. When we say М a,-l,itmeans Lt а, = М а, =1 
- 12555 


поо n 


Similarly, lt, d, = + ео means It Ay, = lt, аур = + eo. 


5.7. MONOTONIC SEQUENCES 


(i) A sequence (a,] is said to be monotonically increasing if a,,,2a, V neMN. 


i.e., if dj San € a4 € ...... Sa, € dg 4 4 S ...... 


(ii) A sequence (a,] is said to be monotonically decreasing if a,,,Sa, V neN. 


ie., if a, 2452432... 2 Ay 2а +12 ...... 


(iii) А sequence {а„} is said to be monotonic if it is either monotonically increasing or monotonically 
decreasing. 
(iv) A sequence {а, | is said to be strictly monotonically increasing if 
а,.1>а, V neN. 
(v) A sequence (a, | is said to be strictly monotonically decreasing if 
а,.1<а, V neN. 
(vi) A sequence {а,, } is said to be strictly monotonic if it is either strictly monotonically increasing or 
strictly monotonically decreasing. 


5.8. LIMIT OF A SEQUENCE 


A sequence (a, ) is said to approach the limit / (say) when n > ee, if for each £ > 0, 3 a +уе integer m 
(depending upon £) such that а, -11<= V nèm. 


In symbols, we write Lt a, =/. 
noo 


Note.la,-ll«£ Уп>т = l-£«a,«l«*£ for п= т, т+1, т+2,...... 
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5.9. EVERY CONVERGENT SEQUENCE IS BOUNDED 


Let the sequence {а„} be convergent. Let it tend to the limit /. 
Then given £ > 0, За +ve integer т, such that 
la,-ll<e V n2m 


> l-e<a,<lt+e V п>т. 
Let К and К be the least and the greatest of а], a», аз, ...... ‚ат_1ь 1-8, [+8 
Тһеп К<а„<К V neN, 


= the sequence {а„} is bounded. 


The converse is not always true i.e., a sequence may be bounded, yet it may not be convergent. e.g., 
Consider a, = (-1)", then the sequence (a,) is bounded but not convergent since it does not have a unique 
limiting point. 


5.10. CONVERGENCE OF MONOTONIC SEQUENCES 


Theorem I. The necessary and sufficient condition for the convergence of a monotonic sequence is that 
it is bounded. 


A monotonic increasing sequence which is bounded above converges. 

A monotonic decreasing sequence which is bounded below converges. 

Theorem П. /f a monotonic increasing sequence is not bounded above, it diverges to + оо. 

Theorem Ш. /f a monotonic decreasing sequence is not bounded below, it diverges to — eo. 

Theorem ГУ. If {аһ} and {b,} are two convergent sequences, then sequence {ap + bp} is also convergent. 
Or 

IfLta,=A and Ltb,=B, then Lt(a,+b,)=A+B. 

Theorem У. /f {a,,} and {b, } are two convergent sequences such that Lt a, = A and Lt b, = B, then 


(i) sequence (a,b, is also convergent and converges to AB. 


а А 
(ii) sequence fæ] is also convergent and converges to B (B = 0). 


n 


Theorem VI. The sequence {| ay |} converges to zero if and only if the sequence (a, | converges to zero. 
Theorem УП. /Га sequence {a, | converges toaanda,20 V n, thena 2 0. 

Theorem VIII. Га, > a, b, > banda,<b, Уп, thena& b. 

Theorem IX. Га, > l, b, > l, anda, Sc, € by, V n, thenc, —l. (Squeeze Principle) 


ILLUSTRATIVE EXAMPLES 


Example 1. Give an example of a monotonic increasing sequence which is (i) convergent, (ii) divergent. 


(P.T.U., Dec. 2004) 
Sol. (i) Consider the sequence : , A 3 АТС : п — 
234 п+1 
: 1 2 3 : poa : 
Since - « - « P uns the sequence is monotonic increasing. 
1 
а, = 5 , Lt a, = Lt : = Ц =1 
n+l noo noo n+l neo 1+1 
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which is finite. 
The sequence is convergent. 
(ii) Consider the sequence 1, 2, 3, ...... NP. ensis 


Since 1 «2«3« ..... ‚ the sequence is monotonic increasing, 


d, =n, Lt a= Lt n=% 


neo ne 
The sequence diverges to + оо. 


Example 2. Give an example of a monotonic decreasing sequence which is 


() convergent, (ii) divergent. 
Р : 11 1 
Sol. (i) Consider the sequence 1, —,—,...... ip busier 
2 3 n 
Since 1 > 2 » 3 » ‚ the sequence is monotonic decreasing. 
1 1 
а„=—, Lt a= Lt — =0. 
п пЭ оо noo И 


The sequence converges to 0. 
(ii) Consider the sequence - 1, - 2, 3, 


Since- 12 -2»-3» ...... , the sequence is monotonic decreasing. 


а„=-п, Lt a= Lt (-n)2-e 


noo noo 
The sequence diverges to — оо. 


Example 3. Discuss the convergence of the sequence {а„} where 


ntl 1 
(i) а = (i) а = (ii) а =1+-+—-...... : 
E ^ ml i з" 
+1 
Sol. (i) ёсыг 
п 
ЭМЭ n+2 п-41  -1 <0Yn 
п+1 п п(п +1) 
= алы «a, Vn 


= [ag] is a decreasing sequence. 


+1 1 
Also, a= 2]4— »1Vn 
n n 


= {аи} is bounded below by І, 


{аи} is decreasing and bounded below, it is convergent. 


n= Lt í + 1) =1. 
noo noo n 


(ii) а= —- 
n +1 


E 
5 
I 
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п+1 п (п+ 10) (п? +1) - nG? +2п+ 2) 
а+1 а, = 2 2 2 2 
(n+1)°4+1 и +1 (n^ + 2n + 2)(п +1) 
-n° -n+1 


«0 Уп = a,,«a, V n 


n+ 


- (nm? + 2n+ 2)(n? +1) 


= {аи} is a decreasing sequence. 


Also, >0 Vn = (а, } is bounded below by 0. 


a, = 


n +1 


{аһ} is decreasing and bounded below, it is convergent. 


= 
2 on = 23 п? +1 B hr Е 1 9 
и? 
GB. ана 
п 3 32 3" 


= sum of (n + 1) terms of a С.Р. whose first term is 1 and common ratio is 1 


3 
1 ! E ES | 


Е 1 5, = ail E 22 
dcm 1-7 
3 
3 1 

1 1 1 1 

Now, as =lt stat өөө ty aed 
1 
CE ETE Vn => ац>а, Vn 
= {аи} is an increasing sequence. 

3 1 1 3 . 3 

Also, 4,7 |1- gui < 5 Vn = {а,} is bounded above by E 


{аи} is increasing and bounded above, it is convergent. 


Hast анж. 
поо nc 2 ЗН 2 


5.11. INFINITE SERIES 


If {из} is a sequence of real numbers, then the expression иј + Uy + из +...... йен 
[i.e., the sum of the terms of the sequence, which are infinite in number] is called an infinite series. 


The infinite series u, + ил + ...... +И bus is usually denoted by У и, or more briefly, by Хи,. 


п 
п=1 
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5.12. SERIES OF POSITIVE TERMS 


If all the terms of the series Xu, = иј + u + ...... tu 
series Xu, is called a series of positive terms. 


+...... are positive i.e., if u, > 0, V n, then the 


5.13. ALTERNATING SERIES 


A series in which the terms are alternate positive and negative is called an alternating series. Thus, the 
series E (~ 1"! u, = uy — uo + u3 — ug +......+ C1) 7 ид Where ии > 0, V n, is an alternating series. 


5.14. PARTIAL SUMS 


If Xu, и + uua + ...... “аа is an infinite series, where the terms may be +ve ог —ve, then 


Sy = Uy tug +...... + uj is called the nth partial sum of Хи». Thus, the nth partial sum of an infinite series 
is the sum of its first п terms. 


$1, 95, S4, ...... are the first, second, third, ...... partial sums of the series. 
Since n € М, {S,,} is a sequence called the sequence of partial sums of the infinite series Хи. 


To every infinite series Хи, there corresponds a sequence {S,,} of its partial sums. 


5.15. CONVERGENCE, DIVERGENCE AND OSCILLATION OF AN INFINITE SERIES 
(Behaviour of an Infinite Series) (P. T.U., Dec. 2007) 


An infinite series Zu, converges, diverges or oscillates (finitely or infinitely) according as the sequence 
{S,,} of its partial sums converges, diverges or oscillates (finitely or infinitely). 


(i) The series Хи, converges (or is said to be convergent) if the sequence {S,,} of its partial sums con- 
verges. 


Thus, Zu,isconvergentif Lt S, = finite. 
noo 


(ii) The series Хи, diverges (or is said to be divergent) if the sequence (S, ] of its partial sums diverges. 


Thus, Хи, is divergent if Lt $, Е + or -— оо 
пЭ оо 


(iii) The series Хи, oscillates finitely if the sequence (S, } of its partial sums oscillates finitely. 
Thus, £u, oscillates finitely if (S, ) is bounded and neither converges nor diverges. 

(iv) The series Xu, oscillates infinitely if the sequence {S,,} of its partial sums oscillates infinitely. 
Thus, Xu, oscillates infinitely if (5, ) is unbounded and neither converges nor diverges. 


Example 4. Discuss the convergence or otherwise of the series 
1 1 1 1 


+ 
1.2 23 34 n(n41) 


Sol. Here и, = E mt : 
п(п+1) n n+l 
Putting n21,;2,5,...« ‚п 
1 1 
и=--— 
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1 1l 
"=a n+l 
: 1 
Adding S,=1- i 
n+ 
Lt S,=1-0= 
noo 


= {S,}convergestol = Хи, converges to 1. 
Note. For another method, see solved example 8(iii) art 5.21. 


Example 5. Show that the series I RS su Tn +...... diverges to + co. 


1)(2п +1 

501. S sl Eo gi +... peer 

Lt S, =+% 

noo 
= {S,,} diverges to + оо 
= The given series diverges to + оо. 

5.16. NATURE OF GEOMETRIC SERIES 1 + x + x? + x? + ...... to oo 

(i) Converges if- 1 «x « Hie, |x|« 1 (ii) Diverges if x 2 1 


(її) Oscillates finitely if x = — 1 
(iv) Oscillates infinitely if x < — 1 
Proof. (i) When |x | «1 


Since 1х1 < 1, x! 2 0asn — eo 
1-х" 1 x" 
S, =1+x+x + Bales to n terms = ( )- 
х 1-х 1-х 
Lt S, = = the sequence (5,)18 convergent 


пЭ —X 


— the given series is convergent. 
(ii) Whenx21 
Sub-case I. When x=] 
Sp =1+1+1+...... ton terms =n 


Lt S =% = the sequence {S,,} diverges to оо. 
поо 


— the given series diverges to оо. 


Sub-case II. When x » 1, x" — ee as n — оо 


Ix" —1) 


$,71 PREX +з. ton terms = i 
xc 
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Lt 5,= оо = the sequence (S, diverges to e» 
n— oo 


— the given series diverges to оо. 
(iii) When х=-1 
и =1-1+1-1+...... to n terms 


= 1 or 0 according as n is odd or even. 


> Ц 5,-10:0 = thesequence {S,,} oscillates finitely. 
пЭ оо 


= the given series oscillates finitely. 


(iv) When x«-1 
x<-l => -x>l 
Let r--x,thenr»1 


p! — œas n —> со 


1-х" 1-(Cr" 


=x 1-7 


S, =l+x+x +2 + ies ton terms = 


py" 14r" 


- Or 
1-7 1-7 


according as п is even or odd 


]— œ 1+ оо 


pm or l+r 


noo " l+r 


= — оо ОГ + оо 


= the sequence {S,,} oscillates infinitely. 


= the given series oscillates infinitely. 


5.17. NECESSARY CONDITION FOR CONVERGENCE OF A POSITIVE TERM SERIES 
(P.T.U., May 2003, 2004, Dec. 2003, 2005, Jan. 2009, Мау 2011) 


If a positive term series Xu, is convergent, then М u, = 0 
пЭ со 


Proof. Let 5, denote the nth partial sum of the series Хил. 
Then Хи, is convergent = {S,} is convergent 


= Lt 5, isfiniteandunique=s(say) = Lt S,,=s 
п со no 


Now, Зи — 831 = Ug 
Lt u,= Lt (S,-S, )2- М S,- М 85, =5-5=0. 
n оо noo n оо n оо 


Hence Хи, 15 convergent => Lt u,=0. 
п о 


The converse of ће above theorem is not always true, i.e., ће nth term may tend to zero as n оо even 
if the series is not convergent. 


1 1 
For example, the series 1 + 5 t 3 pud pium л diverges, though 
n 


1 
Lt u,= Lt — =0. 


noo ncn 
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Hence Lt u,=0 => Xu,mayor may not be convergent. 
пЭ 


Note. Lt 4,20 = Хи, is not convergent. 
п оо 


5.18. A POSITIVE TERM SERIES EITHER CONVERGES OR DIVERGES ТО + оо 


Proof. Let Хи, be a positive term series and S, be its nth partial sum. 


Then Spe] = Uy + 2 + m + Uy + Ung) = Зи tuy] 
= Зи+1- Зи = ип >0 Уп [^ u4,20 Vn] 
=> Sn 2 S, Vn 


=  (S,] is a monotonic increasing sequence. 

Two cases arise. The sequence {S,,} may be bounded or unbounded above. 

Case I. When (5, } is bounded above. 

Since (S, ) is monotonic increasing and bounded above, itis convergent = Хи, is convergent. 

Case II. When (5, is not bounded above. 

Since {S,,} is monotonic increasing and not bounded above, it diverges to + < = Хи, diverges 
to + eo. 

Hence a positive term series either converges or diverges to + оо. 


Сог. If 4,» 0 Vnand Lt и, +0, еп the series Xu, diverges to + eo. 
п Э оо 


Proof u,>OVn => Xu, isaseries of +ve terms. 
= Хи, either converges or diverges to + оо 


Since Lt u,#0 (given) 


пЭ оо 


£u, does not converge. 
Hence £u, diverges to + оо. 


5.19 (a). THE NECESSARY AND SUFFICIENT CONDITION FOR THE CONVER- 
GENCE OF A POSITIVE TERM SERIES Xu, IS THAT THE SEQUENCE 
(S,) OF ITS PARTIAL SUMS IS BOUNDED ABOVE 


Proof. Necessary Condition. Suppose the sequence (S, ) is bounded above. Since the series Хи, is of 
positive terms, the sequence (5, } is monotonically increasing. Since every monotonically increasing sequence 
which is bounded above, converges, therefore {5„} and hence Xu, converges. 

Sufficient Condition. Suppose Xu, converges. Then the sequence (S, } of its partial sums also con- 
verges. Since every convergent sequence is bounded, (5, ) is bounded. In particular, (S,] is bounded above. 


5.19 (b). CAUCHY'S GENERAL PRINCIPLE OF CONVERGENCE OF SERIES 


со 


The necessary and sufficient condition for the infinite series py и, to converge is that given € > 0, 


n 

n=1 
however small, there exists a positive integer p such that | S, + ,—S,|<eVn2m;mandpe N i.e., | uy,4 + Ил 
Кар < forn2m, p,me М. 
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со 


Necessary Condition. Given у и 


п=1 


n is convergent. 


Lt 5, = finite, where {S,,} is the sequence of its partial sums 


п— со 
Let Lt S, = 1, where / is a finite number. 
n— оо 
Given € > 0, however small, 35 m € N such that | S, - | 8/2 Y nz m 4440) 


If pe Мапйпл>т,Шепп+р>т 


From (1,18, -11« 2 Vn2m O 
Now, 15, +p- Snl =] (Snp 0 – (5,7 D] 
5|5,4р-114156-1| 
<e/2+e/2 for п2т,рє № 
Hence ISnip-Snl<e for n2m,pe N. 


Sufficient Condition. GivenlS,,, - S, | «e£ VnZm,pe N 


п+р 
In particular |S,,4,-Sml<€ VpeN 
Now Spm being the sum of first m terms of the sequence (S, ) and S,n+p differs from 5,, by a number < € V 
DEN. 


Sm+p Cannot be infinite when р — ee i.e., 2 Smp * °. 


Lt S, + (replace m+ p by n) 


п со 


Also Lt S, and Er S have the same value S 


Hago n+p 
Now, ИЕР 0 М 
> Lt Sap = М $, =[ (ау) VpeN 
п— со п оо 


1 u, is convergent. 
п=1 


5.19 (c). IF m IS A GIVEN POSITIVE INTEGER, THEN THE TWO SERIES 
U, ko d us + Ug T Ua T жш u, AND и  , + U pa F oors и, 
CONVERGE OR DIVERGE TOGETHER 


Proof. Let 5, and s,, denote the nth partial sums of the two series. 


Then Sy = utut... + Uy 
SQ dp po ena t uy 
= (и us ...... tuy) — (Uy tg +...... tuy) 
-5,-5, => 5:655,-5,, Ql) 


Sm being the sum of a finite number of terms of Xu, is a fixed finite quantity. 
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(i) If S, > a finite limit as n — со, then from (1), so does s,,. 


(ii) If S, — + œ% as n — оо, so does s,. 
(iii) If S, ә — о as n — оо, so does s,. 
(iv) If S, does not tend to any limit (finite or infinite), so does s, 


= The sequences (5S, ] and {5„} converge or diverge together. 

= The two given series converge or diverge together. Hence the result. 

Note. The above theorem shows that the convergence, divergence or oscillation of a series is not affected by 
addition or omission of a finite number of its terms. 


со 


1 
Example 6. Prove that the series У — does not converge (by applying Cauchy's general principle 
n 

п=1 
of convergence). 


el 
Sol. If possible suppose > — is convergent. 
n 
п=1 


Ву Cauchy's general principle of convergence 


[Зи+р-Эи| «€ Vn2m,peN 


1 1 
Таке цагг E: [и+р- | < 7 Vn2m,peN 

Put |S 5 jed V € N 

п=т; - 
тэр” Эт 2 р 
1 1 1 1 1 
i.e., ——+ Feat «— V peN 5, = 
т+1 т-2 m+p| 2 п 
1 1 1 
ог —— + uri «— V peN 
т+1 т-2 m+ p 
1 1 1 1 
Put p=m, ——- оер < .. (D) 
т+1 т-2 2m 2 

1 1 1 1 1 1 т 1 

But ——+ Tunt > + = S ба 
т+1 m+2 2m m+m т+т 2m 2m 2 
1 1 1 1 
—+ Feat- o> ...(2) 
т+1 m+2 2п 2 


(2) contradicts (1) 
Our supposition is wrong 
Given series does not converge. 


v d 
Example 7. Prove that the series > — is convergent (by applying Саисћу $ general principle of 
п=1 ” 


convergence). 


1.1 1 
Sol. Let S, + 
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5 =1+ : + : Suiv : + : + | 
ин 2 3 п ( 4187 (n py 
1 1 1 
[5 -5,| = + Sung 
шаг iin (n-1?  (n42y (n+ р)? 
- | + ! + ГС 0 
(ntl? (n42)  (п+р)2 
1 1 1 
< + +...+ 
п(п+1) (п+1)(п+2) (п+р-1) (п+ p) 
1 1 1 1 1 1 
< + +...+ 
n n+l ntl n+2 п+р-1 n+p 
Се ЖИ 
п п+р 
1 
< — 
п 
1 
| Зи+р-Эи |< Е 


1 
Let us choose т such that m > — 
€ 


1 1 
forn2m» — ,we have — <€ 
€ n 


ISp+p-Snl<e for n2m,peN 


by Cauchy’s general principle of convergence b3 — is convergent. 
п=1 


Note. These examples can be proved by applying p series test art. 5.21. 


5.19 (d). IF Xu, AND Xv, CONVERGE ТО и AND v RESPECTIVELY, THEN У(и, + v,) 
CONVERGES ТО (и + v) 


Prooflet  U,- uj +12 +...... +и 
апа 5,5 (и + ур) + (ио t vj) -+...... + (Uy + Vp) 
Then 5,5 (uy tug +...... tug) + (V1 Vo t usus +v,)=U,+ V, 


Since Хи, converges tou, М U, =u 
noo 


xv, converges tov, М V,-v 
noo 


Lt $„= Lt (U,+V,)= Lt U,+ Lt V,-u-v. 
neo 


n 
пЭ oo пЭ oo пЭ оо 


= (и, + Vp) converges to (и + v). 
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5.20. COMPARISON TESTS 


Test I. (a) If Xu, and 2», are series of positive terms and Èv, is convergent and there is a positive 
constant k such that u,, < kv, V n >m, then Xu, is also convergent. 


Proof.Let  U,=u,+ug+....+u, and V =v +v +... +у 
Now uy, kv, V n» m 
= Ит +1 S Kv +1 


ит +2 < КУт+2 


Adding инъ] + ug +... ЧЕН АЕ tv) 

> 0,-0,52К(СУ,-У,) V n>m 

> U,XKkV,-(U,-kV,) V n>m 

> U, < АУ, tko V n>m .. (1) 


where kg = U m — KV m is a fixed number. 

Since Xv, is convergent, the sequence {V,,} is convergent and hence bounded above. 
From (1), the sequence {U,,} is bounded above. 
£u, is a series of +ve terms. 
{U,,} is monotonic increasing. 
{U,,} is monotonic increasing sequence and is bounded above. 
It is convergent. 

= Xu, is convergent. 


Test I. (b) If Zu,, and 2», are two series of positive terms and Ly, is divergent and there is a positive 
constant К such that u, > kv, V n >m, then Xu, is also divergent. 


Prooflet | U,-2 и +u +... +u 


and У = У] +у2-+...... Жу, 
Now, ии > Ку, V n>m 
= Un+1> Ут + 1 


Ит+2> Кр 2 


Adding um 4 | + инфо +- чи, > К (ур Жудо +. + Vy) 

> U -—Um > k(V4- Vin) V n>m 

> 0,» kV, + (0, = КУ) У п>т 

> 0,» KV, + ko V n»m 4440) 


where Ko = U,, — KV m is a fixed number. 
Since Xv, is divergent, the sequence {V,,} is divergent. 


= For each positive real number Кү, however large, there exists a +уе integer m’ such that 


У,» ki V n»m 
Let т* = тах. {m,m’},then V,» kı V n»m* 
From(1), U,» kky + = К V n»m* 
> {U,,} is divergent 


> £u, is divergent. 
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Test II. If Уи» and 2», are two positive term series and there exist two positive constants Н and К 


u 
(independent of n) and a positive integer m such that H < — «K V n >m, then the two series Ун, and Уу, 


Va 
converge or diverge together. 
Proof. Since У», is a series of +ve terms, v, > 0, V n 
H« - «K Vn»m 

> Ну, € un Ку, Vn»m . CL) 
Case I. When Èv, is convergent 
From (1), Un < Ку, Vn»m and Ху, is convergent. 
= Xu, is convergent. [See test I(a)] 
Case II. When Xv, is divergent 
From (1), иһ > Hv, Vn»m and Ху, is divergent. 
= Хи, 15 divergent. [See test I(5)] 
Case Ш. When £u, is convergent 
From (1), Hv, «ид Уп>т 

> у, < ES и, Уп>т С. H»0) 

Н 

Since Xu, is convergent 2. Ху, is convergent. [See test I(a)] 
Case IV. When Xu, is divergent 
From (1), Ky, > Uy Vn»m 

> уу» ES Uy: Уп>т (- K»0) 

K 

Since Xu, is divergent .. Уу, is divergent. [See test I(b)] 


Particular Case of Test II (When т = 0) 


If Хи, and Xv, are two positive term series and there exist two positive constants Н and К (independ- 


ent of n) such that H< Ип <К Vn, 


Vy 


then the two series Уи, and Уу, converge or diverge together. 


Test Ш. (limit comparison test) Let Xu, and X», be two positive term series. 


() If Lt "a l (finite and non-zero), then Ун, and X», both converge or diverge together. 
noy 


(ii) If Lt —* =0 and Ху, converges, then >и, also converges. 
no y 


(iii) If Lt wn oand Уу, diverges, then 2, also diverges. 
noo y 


(iv) If Lt Ма эһ and È и, converges, then 2», also converges. (P.T.U., Dec. 2004) 


noc y 
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E . Ил 
Proof. (7) Sinceu, >0,v,>0 5. — >0 
Vy 
u 
Lt — 20 
n>% y, 
и, 
But Lt — =1+0 => 10 
n y, 
u 
Now, Lt — 2] 
no y 
= Given €> 0, there exists a +уе integer m such that 
Yn 
Ил 
> 1-ё« — <Il+e Vn»m 
Yn 
> (1-е) v, € u, < (1+8) у, Vn»m 
Choose & > 0 such that / — € > 0. 
Let [-&=Н, [+8 = К, where Н, K are» 0 
2 Hy, <u, Ку, Vn»m 
Case I. When Xu, is convergent 
From (1), Ну, < ün Vn>m 
1 
> Va € — и Уп>т 
Н 
Since Xu, is convergent, Xv, is also convergent. 
Case II. When Хи, is divergent. 
From (1), Kv,» ün Vn»m 
1 
> у, > — И Уп>т 
K 
Since Xu, is divergent, Xv, is also divergent. 
Case III. When Xv, is convergent. 
From (1), Uy < Ку, Vn»m 
Since Xv, is convergent, Xu, is also convergent. 
Case IV. When Xv, is divergent. 
From (1), и, > Ну, Vn»m 
Since Xv, is divergent, Xu, is also divergent. 
Hence Xu, and Xv, converge or diverge together. 
T и, 
(i) Here Lt — =0 
n y, 
Given € > 0, there exists a +уе integer т such that 


Yn 


Un 


Yn o 


<£ V n>m 


<e Vn»m 


( .. 
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у,>0) 


NU 


H»0) 


K»0) 
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u 
= -£« — «£g Vn»m 
Va 
> И, X £ V, Vn»m 


Since Xv, is convergent, Xu, is also convergent. 


m u 
(iii) Here Lt — =% 
no y, 
à : Un 
Given М > 0, however large, ds a +ve integer m such that — >M Vn»m 
Vy 
=> иһ > Mv, Уп>т 
Since Ху, is divergent, Xu, is also divergent. 
В ; Ил 
(iv) Given Lt — =% 


nwo Vn 


u 
— »Mforn»m 


Given М> 0, however large Js a positive integer m such that 
v 


n 


u > Mv, 


or Mv,«u, ОГ у, < M M 


1 
AsMisalarge .. — issmall. 
M 


Given У u, is convergent 
n=1 
By comparison test È v, is also convergent. 
Test IV. Let Ун, and 2», be two positive term series. 


| и y : 1 
(0 If — >—* V n >m and Xv, is convergent, then Xu, is also convergent. 
Ир +1 Уп+1 


(ii) If Un cn V n >m and Уу, is divergent, then Xu, is also divergent. 
Uns Уп+1 


Proof. (7) SS Vn»m 


u V, 
т+2 т+2 
SSS а 


Un+3 Ут+3 


у,»0) 
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Multiplying the corresponding sides of the above inequalities, we have 


Ug 1 > Vm+1 Yn>m 
и, Va 
u 
+1 
> и, < | Vn Vn»m 
Ут+1 
=> Un € kv, Vn»m, 
u Е : 
where k = —™*" is a fixed +ve quantity. 
Ул 
Since Xv, is convergent, so is Lu). 
и v 
п : +1 +1 
(ii) Using CE LE Vn»m 
Ил Va 
u v 
1 1 : +1 1 
and proceeding as in part (i), we have ——— < == Vn»m 
n Vn 
и 
+1 
> и„>|——|у, Уп> т 
Ут +1 
> ug > kvn Уп> т, 
Un]. . . 
where k = —— is a fixed ve quantity. 
Ут+1 


Since Xv, is divergent, so is Хин. 


5.21. AN IMPORTANT TEST FOR COMPARISON KNOWN AS p-SERIES TEST FOR 


THE SERIES >. [HYPER HARMONIC SERIES OR p-SERIES] 
n 


1 1 1 1 1 
The series У =—+ + СЕНА а to œ converges if p > 1 and diverges if p < 1. 
п? P 27 3 n? 
Proof. Case I. When p > 1 
1 
Dum 
1? 
11 1 1 2 1 | i, i | 
t « vo—«X«—— 
2? 38 025 29 ОР 2597 37. 28 


Бр. ЕЕ 21210101, 
НЕ о”) a тын 


Similarly, the sum of next eight terms 
1 1 1 1 1 1 8 1 1 
= — + — + = = 
8? 9P 15? 8? 8? 8? 8? 827! ca?" 


and so on. 
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1 1 1 1 
Now. У — m EOS 
: 2 - 
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| 
= 
ui 
ч 
юе 
+ 
Ч 
хи 
та у 
> 
+ 
Whe 
+ 
Ale 
+ 
ч 
и 
+ 
a 
в |. 
= 
- 
Хо 
+ 


9? iss) tee 
.4441) 
«1- : + | + : +...... ses) 
gpl (227! j^ (277 y 
| 1 
But (2) is а С.Р. whose common ratio = 9Р1 <1 C p>) 


(2)is convergent = (1)isconvergent. 


Hence the given series is convergent. 
Case II. When p = 1 


хэсэг и 
{фер 
2. 2 
1 1 1 1 2 
+—>—+—=—= 
34444 
4 1 
+—+—+—>—+—+—+—=—= апа $о оп. 
8 2 
1 1-2 1 
Now, =1+—+-—+-+...... T— +...... 
à 2 3 4 n 
=й мы h mE + а. +...... ..41) 
2 34 5678 
1 1 1 
>1+-+—+- +...... =1+ Заа 27 со ..442) 
2 2 2 2 2 2 
1 . . 
But —+—+ 2 +...... со is a G.P. whose common ratio = 1. 


(2)isdivergent. = (1) 15 divergent. 
Hence the given series is divergent. 
Case III. When p « 1 
р<1 => n’<n > —>- Уп 
п п 


1 
Виї Ше вепе$ у — is divergent (Case II). 
n 


1. : 
Непсе у у 18 also divergent. 
n 
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Example 8. Examine the convergence of the series: 
acd ЖО 4 2 1 1 1 
(i) “Л. Е. +...... 10 со GE Gok fi бна Ооо 
1 1 
(iii) = += + +... оо 
1.2 2.3 3.4 
Е 253 10 со 
5 5 27-25 
4 
- PEP БЭЭ to о |+ шини to оо | = Хи, + Xv, (say) 
5 sg 52 4 


Now, Хи, is а G.P. with common ratio = EJ ‚ Which is numerically less than 1, 


£u, is convergent. 


Xv, is also a G.P. with common ratio = 52 , which is numerically less than 1. 


5 Xv, is convergent. 
The given series viz. X(u, + уһ) is also convergent. 


1 1 1 1 1 1 
(ii) 1+ + + +...... toœ=] + * T +...... to co 
423 923 1623 (2? y^ Qn (4? 
bod 4 d уулаа, ус MAC. 
Т 743" 543 * 348 Е 493 F ss tO 00 = n? — n? with p = 3 >1 
By p-series test, the given series is convergent. 
1 1 


6D Po» nen 7 7739407 n? ЦЭ 
п 


1 
Let v,= > 
n n? 
: n 1 
Compare È u, with È v,, we have — = EXT 
Yn 1+— 
п 
и 
Lt “= Lt = 1, which is finite and 40 
noy, пэ» t 
n 


1 
Xu, and È v, behave together X v, = — is of the form X —; , where p=2> 1 
n n 


1 
by p-series test 2 —у- converges. 
n 


By limit comparison test (art. 5.20 Test Ш) 


converges. 


У и, also converges i.e., X 
п(п +1) 


1 1 1 
Hence — + — + — +... œ converges. 
1.2 23 34 
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3 3 


Р 1 
Example 9. Test the convergence of the series : + Tus 


"T.U. May 2009 
123 234 345 à TM 


-— T, of 1, 3, 5, ...... E 2n -1 
M "Я mnelDn-2)  nn4D(n42) 
(As l 353358 form an A.P. witha = 1,4= 2 
л nthterm T, =1+4(n—1)?=2n-1) 
1 
n (2 = | 9 1 
п п 
2023023 e +2) 
n n n n 
Let : 
е = 
Vn n? 
Let us compare Xu, with Xv,, 
S 
n n 
Yn ! + | ! + 3 
п п 
2-1 
Ил п 2 . . ЭЭ 
14 = Lt 1 23 = тр = 2, which is finite апа z 0. 
n>% y, n>% ЦЭ ЦЭ (000) 
п п 


Хи, and Xv, converge ог diverge together. 
1 1 
Since Ху, =X — is of the form У E with p 22» 1. 
n n 


Xv, 15 convergent = Lu, is convergent. 
Example 10. Test the convergence of the following series: 


nl 1 1 22 3 4 
(i) —+—+—+ РР оо (ii) — + — + — 22227 со 
IP 3P 5 IP 2P 3P 
. 1 1 
Sol. (i) Here и, = Ол)? = E 
п 
п? (2-1) 
п 
( 1,3, 5,... are in AP and nth term = 1 + (п – 1) 2= 2п-– 1) 
1 1 
bá те 2ь 282 
п? У, 1% 
Ora 
n 
UM 1 20221110 
Lt —=—., whichis finite and z 0. 
пЭ y, 2P 


Xu, and X v, behave alike 
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Ху =Х Е ‚ Which converges if p > 1 and diverges if p < 1. 
n 


Given series converges for р > 1 and diverges for p € 1 


n+l 1 1 
(ii) Here ИЕР ! + | 
n" п? п 
1 Un _ 1 
ны ын nP! Vn m n 


u 
Lt — = 1, whichis finite and #0 


n- со Vn 


Xu, and X v, behave alike 


1 

Ху = PES pal 

converges if p — 1 > 1 i.e., р > 2 and diverges ifp- 1<14е.,р<2 
Given series converges for p > 2 and diverges for p < 2. 


Example 11. Test the convergence of the following series : 


(0 шээж ee ee — o fia fpa fe г m 
КЛЕК г. go 4543 B3 ХЭЛЭЭ 4 6 8 ase An+1) 225222 


(P. T.U., Dec. 2003) 


1 1 
Sol. (i) Неге и, = = 
п +/п+1 
vn Va i +./1+ 1 
V n 

1 

Let us compare Xu, with Уу,, where v, = -= 

Jn 

Un _ 1 
1 
"o  14+,/l+— 
n 
ї 52 үа — = ; , which is finite and # 0. 


п— co EC оо 1+1 
Hd dee 145 
п 


Хи, and Xv, converge or diverge together. 


pi 


Since Xv, = X NT 


is of the form È 5? with p = = «1 
л” 2 


Xv, is divergent = Хи, is divergent. 


Gi) H | п _ 1 
ii) Here и, = 
2(п +1) 205) 


n 


270 


АТЕХТВООК OF ENGINEERING MATHEMATICS 


= Хи, does not converge. 


Since the given series is a series of +ve terms, it either converges or diverges. Since it does not converge 
it must diverge. 


Hence the given series is divergent. 


2 3 4 
Example 12. Test the convergence f gs Е + i +... оо 


Sol. Неге Ул 


Ён” 2n43 


(s 57.91, 


.. are in A.P. and nth term of A.P.=5+(n—1)2=2n + 3) 


1 u 1 
Let Ma f= — = EHE 
n Vn 2 sie 
n 
и, 2201 
Lt —* =—, whichis finite and = 0 
ne y 


Xu, and X v, behave alike 


as ; 1 
Ху, = du which is p series, where p = — «1 


Ху, diverges 


1 2 
Hence È и, = 5 + 2 + ан +... ee also diverges. 


Example 13. Test the convergence of the following series 


2 3 4 
()1- 888. заг 


5 Е гаж Жо (її) хэ 25 (P.T.U., May 2006) 
2 3 4 5 п +1. 
Sol. (i) Leaving aside the first term (^ Addition or deletion of a finite number о terms does not alter the 
nature of the series), we have 
_ n" n" 1 
"o (n1) 


Take 
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1 
= 5, which is finite and 40. 


Хи, and Xv, converge or diverge together. 
1 1 

Since Xv, =X — is of the form È - with p= 1 
n n 


Xv, is divergent. = Хи, is divergent. 


1 1 
2 
T— EC 
" n^ +1 e 5) Ка 
(ii) и, = х 1 D 1 
n 1+2) 1+ 
п п 
1 
Let я 
1 
1+— 
m ll n? 
Vn 1-4. 
п 


Where. Csi Ж... 


= = 1, which is finite and non-zero 
п>> у, 1+ 


Хи, and Xv, both converge or diverge together. 


: Cl. A 1l 
Since, Ху, = b3 Е is of the form X " with p = 1. 
п=1 п=1 
È ур is divergent 


= Хи, is also divergent. 


n +1 T . 
Непсе > 5 18 divergent series. 
п +1 


Example 14. Discuss the convergence or divergence of the following series: 


1 1 
ФУ —— sin- (ii) E сог! nè. 
їп n 
D 1 $> j 
Sol. (i) Here и, = —= sin — = —= :— x 
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zo 4 sinl/n 
Wn = 3702 1 
n 
1 2 sin — 
Let Ул = Ua xx n n " 
n v, ШП 
. 1 ral 
sin — sin — sing 
Lt “= Lt ү B n =| Lt 5 -1 
noe у ne 1 Я 00 
n uro sin — 


which is finite and non-zero 
È иһ and X у, behave alike 


1 
Ху = У NE 


У у, converges 


is p-series, where р = 3/2 > 1 


апа hence È u, = ee m — converges. 
^ І tan! 1/5? 
(ii) Here и = сог! п? = tan! = —. : 
п 1/п 
zi: 1. 
1 tan > 
Take у= 5 uu E LR 
"оп Vn 1/0? 
Em 
tan! 
u 2 
Lt —— Lt 


n- со Va 


-1 
Л = Lt „мш. 2 h- =| 
nao 1/п һ— 0 һ п 


= 1 40, which is finite and non-zero 


У u, and È у, behave alike 


1 
Ху, = у E is p-series, where p = 2 


È v, 15 convergent 


So È u, =È cot 1,2 18 also convergent. 


Example 15. Examine the convergence of the series: 


42-1, 43-1, 44- 
-1 5 


3 43 ый 


d QE 2j та 3 = ^ 
n-2y – 
т jx 22 в” jg 2 
п п? п п? 
1 
Take Уһ= 7572 


INFINITESERIES 273 


I 1 
1+ 
1-0-0 
Lt “= Lt ын Ул _ y — = 1, which is finite and # 0. 
no y, n— oo 2 1 (1+0) — 0 
1+— Petr 
n n 


Хи, and Xv, converge or diverge together. 
1 


Since Хи, LX n 


is of the form È сд with p = 2 > 1. 
п? 2 


Ху, is convergent. => Хи, is convergent. 


Example 16. Examine the convergence of the series: 


@ У ул +1 {п -1 (P.T.U., Dec. 2012, May 2012) 


(ii) > (У ега 1 . (P.T.U., May 2007, Jan. 2010, May 2012) 


Sol. (7) Here и, = иё +1 -1 


Саа Е =) 


NN +1 А —1 
2 


5 1 1 

ie bpm Пе 
| ni ni 
1 


Rationalize u n^ 


Let ул 32 
и, 2 2 
"n 1 1 
" 1T—.-4,.1—— 
u 2 


Lt “= Lt 


no у n оо 1 1 
И ee | eee 
n^ n^ 


2 
- 5 = 1, whichis finite and non-zero 


u, and Va behave alike 


1. : : 
Now, Xv, = 2 is a convergent series (by p series test '- р= 2 > 1) 
Xu, is also convergent 


Hence the given series is a convergent series. 


1/3 
(ii) Here и, = (п? +1)!Э9-п= b ( + 4) -n 
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n 

1 
Take =. 

п 


1 11 1 
Lt — Lt жээ = —, which is finite and = 0. 
nc y noe|3 9 из 3 


n 
Хи, and Уу, converge or diverge together. 


: l. 1. 
Since >, Va = 2 is of the form У "T with p=2>1 


Ху, 18 convergent = Хи, is convergent. 
Note. Rationalization is effective only when square roots are involved whereas. Binomial Expansion is the general 
method. 


Example 17. Discuss the convergence or divergence of the following series: 


1 1 1 1 1 
© Y. | -- юе" EEE T de 
n n 1082 1083 log n 
1 n+l 1 1 
Sol. (7) i, = log = log] 1+— 
n n n n 
1 [ ЖОН. Ls | 
^n n 2n? Зи 4n! 
1 _1 ‚1 
212 Зи? An^ 777 
1 1-1 1 
qp» uw ae 
1 1-1 1 
Let = =. “n + oe? 
n V. 2 3n 4n 
u 1 T" 
Lt — = =, whichis finite and #0 
nro y 2 


У Uy, and È Va behave alike 


1 
Ху, = № 32 is p-series where р =2 > 1 


> у, converges and so given series У и, converges. 


C A 1l 
(ii) Given series is У и, = 2 i 
ogn 


n=2 n=2 
1 
и = 
"  logn 
1 1 
We know that logn«n »- 
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1 1 
u > — .Take v, 2 — 
n n 


1 
u » v, and 2», = Y = is of the type У 1. where p = 1. 
n n 


У у, divergent 
By comparison test 5.20 I(5) 
У и, 15 also divergent. 


1 
Непсе s 1 
ogn 


n=2 


is divergent. 


Example 18. Test the convergence or divergence of the following series : 


1 1 1 A 1 

Ud up pos +...® (i) . 
| 1 

= 


WAS 12.3. .м21.2.2.2...(п-1)Шиев-2771 


1 
-- —— Emmy Sa 
n! gn-l Yn ( y) 
и = — «Y, where у, = 


n! 2n-l 
: | : ‚1 
Ху, is a О.Р. series with common ratio — «1 
Ху, is convergent 


By comparison test 5.20 I(a) X u, is also convergent 


1. 
Hence Xu, = X — 18 convergent. 
n! 


(i) Eu, > Л А ия 


1 1 1 1 
As proved in (7) part сан : 
п! 


gn С fn р п-1 
2 


ир & V 


Р where уул 


ml 
22 


| "e | 21 
X у, is an infinite G.P. with common ratio —= <1 


42 


У у, is convergent. Hence È и, ie., 


1. 
»3 —= 18 convergent 
Jn! 


275 


276 A TEXTBOOK OF ENGINEERING MATHEMATICS 
TEST YOUR KNOWLEDGE 


Test the convergence or divergence of the following series : 


] | 1 1 1 1 1 
| гэг ee "үр {О со 2. + += +... to оо 
2 32 53 34 1.2 2.3 3.4 
3. LE a Фоль to co 4. Сте РЕС ни to оо 
14 25 36 12 3.4 5.6 
1 1 1 1 
5. —+— + ...... {о еә (P.T.U., Jan. 2010) 6. + + + ...... to со 
. V3.4 


р р р шы 
2 + 2 + а + 10. > vn 
(p and q are positive numbers) 
2n? +5 = 

п. 12. 

2 4m +1 2; п? +1 
з. У (ve +1 -") (P.T.U., Dec. 2006) м. У (ү? + - У?) 
15. У (0 +1- 48-1) 16. у2-41 43-42 44-43 dues 


1 2 3 
Jn*l-4n 
п. У {Qn+1- Yn) в. У дук 
п? 
ANSWERS 
1. Convergent 2. Convergent 3. Convergent 4. Divergent 
5. Divergent 6. Divergent 7. Divergent 
8. Convergent for p > i , divergent for p € i 9. Convergent for q > p + 1, divergent for q Ep + 1 
10. Convergent 11. Convergent 12. Convergent 13. Divergent 
14. Convergent 15. Convergent 16. Convergent 17. Divergent. 
1 1 
18. Convergent for р > 2” divergent for p < 5 
5.22. D'ALEMBERT'S RATIO TEST (P.T.U., Dec. 2004) 
и 
Statement. If Xu, is a positive term series, and Lt —"_ =], then 
ne Uns] 
(i) Eu, is convergent if l > 1. (ii) Xu, is divergent ifl < 1. 


Note. If / = 1, the test fails, i.e., no conclusion can be drawn about the convergence or divergence of the series. 
The series may converge, it may diverge. 
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Proof. Since її —"— =, 


п—›со u, 31 


Given & > 0, however small, there exists a positive integer т such that 


и 
n —[||«e& V nèm 
ntl 


u 


Uy, 


> l-e< «1-6 V nèm .. (1) 


LES! 


Case I. When [> 1, choose € > 0 such that/-e=r>1 


и, 


и 


и, 


и 


»rforn2m 


forn2m; >l-e=r ie. 


п+1 п+1 


Ришл= т, т+ 1,т+2,...п- 1 (i.e, n—mterms) 


Multiply these inequalities ; Lm. 


и 
m _ (m 
n-m OF u< pom ~ (r и) 


r” 
и, <k. — Nnzm(wherek- r". и) 


1 1 
Let v, = ҮТ wherer»1 .. — «l1 
r 


Ху, is a geometric series with common ratio < 1 
X v, is convergent and by comparison test 5.20 I(7) 


у и, is also convergent. 
п=1 


Case II. When | < 1; choose £ > 0 such that? +e =R< 1 


u 
From (1) " <В Vn2m 


п+1 
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Рип-т,т-1,т-2,...п-1 and multiply (as in case I) 


и и 1 
we get m <В"-т or u > т = (R” и ). = K y 
n n-m m n n 
UM R R 
1 
where К=ВТи, and у = 
m n R” 


1 1 
Ху = 1 — , whichis G.P. with common ratio — > 1 
n R" R 


X v, is divergent. 
Хи, is also divergent. 


Hence if Хи, is a positive term series, апа Lt "_ =], then 
: n9 Uy +1 
(i) Xu, 18 convergent if [> 1 (ii) Xu, is divergent if {< 1. 


ILLUSTRATIVE EXAMPLES 


Example 1. Discuss the convergence of the following series: 


p 3P ДР 
В 41^" — ,(p»0) 
а 
2 3 2°*+1 
8.22 2232 3242 gg 
йй) et 
1! 2! 21 4! 
п? 1? 
Sol. (i) Here u,=— | e _ 
n n! 1! 
(n+1)? 
бөг" (n+ 1)! 
u, п? (п+1)1 n".(n*Dn! — nm 


Un п! (D? — n!(n-D? — (ne 1? 


Е п EN n 
ш p-l — р-1 
n? ( + j ( + j 
n n 
“= Lt " p =%>1 
пЭ U nov ON 1 р 
п 


By D'Alembert's Ratio Test, Zu, is convergent. 


.. 1 _1_ 
(її) Неге и, = 9"-1 +1 ES Ue] = 2" +1 
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(iii) Here 
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u, 241. 
п-1 =. = 1 
Ип] 2 +1 pri ! m > ; | a p 
р i 
1t “= Li 2. 2 -2»1 
поо Ин поо 1+ 
2 
Ву D'Alembert's Ratio Test, Xu, is convergent. 
Om (ny _ (tly (nt 2)? 
n n! п+1 (п + 1) ! 
u, п? (n+l) (п+1)! n? (п+ 1) 
Ж п! (n+ IP n+)? (п+2) 
1 
п? ! + | 1+ 1 
= nj _ n 
= 20" 2 
п? ЦЭ ЦЭ 
п п 
2 1- E 
Lt —"—= Lt n. И 7951 
n>% Una п оо 2 
( pers 
n 


Ву D'Alembert's Ratio Test, Xu, is convergent. 


Example 2. Discuss the convergence of the following series: 


„2 2.5.8 2.5.8.11 
+ 


, Bl Zi 1231 
(її) + + + 
3 3.5 3.5.7 


() —- 
1 15.9 1.5.9.13 
Sol. (i) и = 2.5.8.11... (3n – 1) 
1.5.9.13 ... (4n — 3) 
As 2, 5, 8, ... are in A.P. 
. its nth term 2 2 + (n — 1)3 = Зи - 1. 
Also 1, 5, 9, ... are in A.P. 
’. its nthterm2 1 + (п – 1) 4= 4n -3 
и a 25841... Gn - 1) Gn 2) 
"1 1.5.9.13... (4n —3) (An +1) 
и, _ 40-1 
Un +4 © 3n+42 
" 4+1 
Lt —*-= Lt n- >l] 
n со Un] no 4 2 
n 


By D'Alembert's Ratio Test 2 u, is convergent. 


280 АТЕХТВООК OF ENGINEERING MATHEMATICS 


2 
152.3 3:2 
(ii) TRZ _123..п_ 
" \3.57...2п+1 


123..тїп+) F 
и = 
ml 1357...(2п+1)(2п+3) 


2 
3 
и, 2п+3 шат 
Un] п+1 1+1 
п 
it uq 
n9 Uny 


Ву D'Alembert's Ratio test 2 и, is convergent 


Example 3. Test the convergence of the following series: 


о У, 5 ni +a i) У UT 


5 2" п EM 
(iii) У ттр (iv) > 
3 3 
n ta (n+l) +a 
Sol. (7) Here и = z Жор === 
( ) п 2” +а п+1 n 4 
и, x ba QU +a 


er (Qux RS +a 


Lt — = „д, =2>1 
no l1 1-0 1-0 


Ву D'Alembert's Ratio Test, Zu, is convergent. 


n!2" n4 1) 19:28 
(ii) Here и = Ae ЕН 
п п" п+1 (п + p" 
и, n!2" (n+ p” 1 (и + 1)"*! 
dun “Gee n” 2nt+l) n” 


1 (141771 (ntl) 1 тү 
2 n" 2 n 2 n 
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u 1 n e 
Lt = Lt 1+ = 
n>% Up пәо 2 n 2 
e 3 
Now, 2<e<3 => 1<-<- 
2 2 
Un е : 
Lt == >1 = Хи, is convergent. 
шаах Un +1 
8. 27-1 2” 
(iii) ил---, 


UMP = 
1 
ghaqp ^ 2 8541 


Un 
йл 241 2 2 354] ^ (iex) 
3" 
1 
u 1 ме 3 
Lp qu Ban 
n Ц] noo 2 1 17 2 
3" 
By Ratio test X и, is convergent. 
| п? (п+1)? (п - 1 (п +2)? 
(iv) u, = ор Gd aor 
u, п? (п+1)2 (n +1)! 
ы п! (n+ IP (n +2) 
2 
2 2 
1 
= Еа = (п +1)| —> 
(п +2) п+2 1+2 
п 
Lt о] = =>] 
nosse Ug] 
Ву Ratio test Хи, is convergent 
Example 4. Discuss the convergence ofthe series : 
i) Y E x (P.T.U., Dec. 2012) «У >, x>0 
піп +1 Зп 
(iii) Y а (P.T.U., May 2012) (v) V AE ac) 
п-1 2n! 3t d 
: п 
501. (7) Неге и = x" 
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uq = k € 5 x" 
(n-1) +1 
1+ 2 + : 
Uy, | n п'+2п+2 1 1 n g 1 
и, п+1 и +1 х 17 1 x 
+1 1+ 1+ БЕЛ 
п п 
1+ E + ES 
2 
брзо В now lll 
noo и, noo X X 
+1 1+— 1+ БЕЛ 
п п 
: vp ll : 
By D’ Alembert's Ratio Test, Хи, convergesif — >1 ie, x«l 
х 
: го! : 
anddivergesif — «1 ie, х» 
х 
When х=1, the Ratio Test fails. 
n n 1 1 
Юг х-1 и = | = = : 
? n 2 1 
n +1 1+2) Jn het 
n n 
1 и, 1 КЕКЕТЕ 
Таке ул , Lt = Lt = 1, which is finite and 4 0. 
Jn n y, ne 1 
П + 
п 
By Comparison Test, Хи, and Уу, converge or diverge together. 
: 1. -— 1 
Since Y У, -У, 26 is of the form у " with p = 2 «1 
Xv, diverges => Хи, diverges. 
Hence the given series Ун, converges ifx<1 and diverges if x 2 1. 
(i wey et? 
n 3" д2 шигээ! 31H (n+ 1)? 759 3", п? i y 
2 2 
+1 1 1 1 
ашка абаў 
Uns n х п х 
Lt EN = 3 А 


n9 Ир x 
By ratio test X и, converges if — > 1 and diverges i.e., converges for x < 3 and diverges for x > 3 
x 


3" 
for x23, и, = y» X = 


1 
ma 
n 
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Хи, = у A. , which is of the type x — where p =2> 1 
п п 
Xu, converges for x = 3 
Hence u, is convergent for x € 3 and diverges for x > 3. 
n +1 
T хо ох 
(1) ир 2017 na 7 2(n+1)! 
Hy _ x” ” (2п+ 2)! (Qnt2)2n* 1) 
ва. 28! Ган x 
2п + 2)(2п +1 
piel qu OE ЭМН 
пЭ % И] n— оо X 
By Ratio test X и, is convergent. 
б | 3" 29 | gn -9 
iv и = ЗИ perm EN 5 
n 3" +1 п+1 3n +1 
и, 3-2 „һ\ 392141 оа 
= x А К = ? 
T" 3" +1 зан -2 x” (3" d pg"! P 2) x 
gn i 2 . gn 1+ ET 
3" gn 1 
3" ( + x antl \- 23 x 
1 
i. 
n9 Ил] x 
1 
By Ratio test X и, converges for — > 1 i.e., forx<1 and diverges for x> 1. 
x 
2 
3" -2 2-8 230 
forx= 1 и = 5 = 5, 
ЭЭР, $428 
3" 
2 u,=1#0 2 Zu, is divergent. 
У и, is convergent for x < 1 and divergent for n 2 1. 
Example 5. Examine the convergence or divergence of the following series : 
1 х? Ps хб х" +1 
(i) + + + а (її) Е: (P. T.U., Dec. 2007) 
2 342 443 544 È (п+1) п 
(P. T.U., Dec. 2002, 2013) 
2n-2 2n 
х 
Sol. (7) Неге 


X 
ИЕ (22) ИЕ == 
n (na Dn aH (n2) n+l 
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2 
й. ЖИНГ И Р 1 1 
= == 17 1--- 5 
Uns От ох jt nox 
n 
1 


no Uny 53 


1 
By D’ Alembert's Ratio Test, У u, converges і? — > 1, ie. yzi 
x 


1 
anddivergesif — «1 ie, х>1. 
x 


1 1 


u,= erie a a 


n 


When х2=1, 


u тэгээ 
; Lt — =1, which is finite and = 0 
no y 


— . Uy РН 1 
Таке у = 3/2 ^ 1 
п Yn 1+— 
n 
Ху, is convergent Бу p-series test ^^ here p = 3/2>1 
By comparison test Xu, is also convergent C^ p>l) 
Hence Xu, is convergent if x? € 1 and divergent if х2> 1. 


хээ! хп" +2 


ii з= RR е — 
(ii) n (n+l) Vn п+1 (п +2) Їп +1 
je 
и, (п+ 2) уп+і 1 п | 11 
= = 1+—. 
Un] (n+l) n x ЦЭ п х 


neo И] x 


1 
By D, Alembert’s Ratio test У и, converges for —>1 ie, x< 1 and diverges for x> 1 
x 


when x=1, Ratio test fails 


1 1 1 
Forx=1,u,= = ; Take у, = — > 
“п 1 2 n 3/2 
(n+l) Vn e n 
n 
1 
Ш ; Lt "п —1 ‚ which is finite and non-zero .. Xu, and Xv, behave alike Xv, is а cgt series 
y 1 noo y n n n 
n 1+— n 
n 
(by p-test;p» 1) ~. Ву comparison test È и, is also convergent. Hence È u, converges for x < 1 and diverges 


forx>1 
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INFINITE SERIES 
Example 6. Discuss the convergence or divergence of the following series: 
3 8 15 2-1 
хмм SELL x" +... о 
5 10 17 n +1 


(її) чүү ш" х +... 
243 344 443 
2 
n -1 xeu = (n*ly -1 п+1 
2 ^""nl 2 
n +1 (п + 1) +1 


Sol. (i) и, = 


йн ОТ 
Сеа е x 


Ир 


- п? Е п 
= 1 5 2 Р 
п п п 


1 
Ву Ratio test È и, converges if — > 1 i.e., x< 1 and diverges if x» 1 
x 


Wh 1 п 1 
en х=1,и = 
non x] 


1 
EE 

Lt „= Lt —*- 2120 
п со ыш 1 
2 
п 


У и, diverges. 


У и, converges for x < 1 and diverges for x > 1. 
п+1 


T x | тг. 
(0 Ya а Јан (n42) n«3 


j Mer 3 n+2 |п+3 1 


us x 


Uni, (п+ 0 /а+ 2 x n+1\in+2 x 
2 


Ж bes quim do d 
ner И] n> d 1+2/п n X 
n 
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1 
У и, converges for — > 1 ie., x< 1 and diverges for x 1. 
х 


1 1 
When xzl,u,2 ————— ; Lt u= Lt =0 
" (п+1)/п+2 n>% n>% (n+1)Jn+2 


As Хи, is а +уе term series and Lt и, =0 
n оо 


У и, converges. Hence > и, converges for x < 1, diverges for x > 1. 


Example 7. Examine the convergence or divergence of the following series : 


2 6 14 VOIE. 
м WT 2 х"+...... >O). (P. T.U., Jan. 2009) 
5 9 17 2"+ +1 
jn L5 
Sol. Here, leaving the first term, и: : 
о +1 
9"+2 -2 
Ин = +2 ш 
27^ +1 


2 1 

п+1 п+2 

и 9H 9 92,1] 1 2 ( PE | 2 ! + "AE | 
T 91H +1 t 2"+? 220, ` X Е 2 | | 


1 1+ 1 
оп п+2 1 1 
Lu -= Lt “хир хит 
noo Ир] noo 1 =: 1 X X 
31H 2" 


1 
By D’ Alembert's Ratio Test, У u,convergesif —>1 ie, x«l 
х 


1 
anddivergesif — «1 ie, х>1. 
x 


2 1 
этэ ! 2 | 1 LUE 
_ "+1 —2 9"п+1 2" 


Un Е Е +1 1 1 
2 (1+ == 1+ y 


When x = 1, 


Lt u,=140 = Уи, does not converge. Being a series of +ve terms, it must diverge. 
п œ 


Hence Xu, is convergent if x < 1 and divergent if x > 1. 
Example 8. 7est for convergence the positive term series : 
E 0+1 .09+1)(20+1) | (i 160200 * 1030 +1) 
В+1 (B*1(2B91). (B 1X 2B +1) 3B +7) 
_ (0+ 1)(20:+1)...... (na + 1) 
"— (Be DOB- D... (B D 


Sol. Leaving the first term и 
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_ (@ +120 +1)..... 


(not D[G +) о + 1] 


и 
BEDOBBE D... 


i 1 
ии  (Mm+DB41 (в 


. (B 9 D[G 4 1 B +1 


Uns, (n+Da+1 CAGE 
n n 
1 
( + | B+— 
и du цар: 
n>% Up п С ‘Jos 0 
п 
By D'Alembert's Ratio Test, Xu, converges if В >l ie, В>а>0 


В 


anddivergesif — «1 ie. 
Qa 


When œ= |, the Ratio Test fails. 
When 0-0,и,-1 Lt и, =1+0 
noo 


B<a or а> В>0 


= Хи, does not converge. Being a series of +ve terms, it must diverge. 


Hence the given series is convergent if В > о > 0 and divergent if & > В > 0. 


TEST YOUR KNOWLEDGE 


Discuss the convergence of the following series : 


2 2 2 
1. 1+ — a 42421 to со 
2! 3! 4! 
1 2 3 
2 z tee 10 со 
1-2 142° 1-2 
2.2 3! 4! 
4 OF 32 A3 Tees 10 со 
ох 
e (t 7 
6 x" 0 
5 ух» 
2 
п+1 
8. | (м, х>0 
py n1 
x m x n 
10. 1--- +—+...... а to со 


9. 


1 2! 3! 4! 
= t du +...... to со 
2 33 44 
2 
n 
ye 
n 
п" 
п 
> хї,х»0 
n? +1 
х + 252 + Зх + Дх + ...... to оо 
x x p 
— + Un WEE Fn to со 
1.3 3.5 57 
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ANSWERS 
1. Convergent 2. Convergent 3. Convergent 
4. (i) Divergent (ii) Convergent 5. (i) Convergent (ii) Convergent 
6. Convergent for x < 1, divergent for x = 1 7. Convergent for x < 1, divergent for x 2 1 
8. Convergent for x < 1, divergent for x > 1 9. Convergent for x < 1, divergent for x > 1 
10. Convergent for x < 1, divergent for x > 1 11. Convergent for x < 1, divergent for > 1. 
5.23. RAABE’S TEST (P.T.U., May 2007) 


Statement. /f Xu, is a series of positive terms and Lt n (2 = 1 | = L then the series is convergent if 
цаас Uns] 


l> 1 and divergent ifl < 1. 


Proof. Let us compare the given series Xu, with an auxiliary series Xv, = X M which we know converges 
n 


if p > 1 and diverges if p < 1. 


1 
Mio p p 
1 -1) 1 
Now, Vn — n? — nl 202 -1424 РФ М 5 цаг 
Ул+1 1 п Е n 2! n 
(n 4 1)" 


1 
Case I. Let Ev, = X = be convergent, so that p > 1. 


n 
4 x Ил Ул 
Then Хи, will also converge if —— > —— 
Иры Ул+1 
or if En sig D а T же 
Ug] n 2! n 
-1) 1 
or if use Sg PP D. T. ве 
Ung] 2! n 
3 и, 
ог Ё Lt 2-1 >р 
вл Usa] 
or if 1>р 
But p is itself greater than 1, .. Хи, 1$ сопуегоеп if / > 1. 
Case П. Let Xv, be divergent, so that p < 1. 
4 Н а и, Vn 
Then Xu, will also diverge if —— « —— 
Ung] Vni 
or if "n equ P РРА : дэ? 
Иры п 2! п 


or if n (fr -1}< 1 шил 
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or if Lt 2-4 «р 
п оо 


Иры 
or if | «€ p. 
But p itself < 1. Thus the given series Хи, diverges if / < 1. This proves the result. 


u 
Note 1. If. Lt n |a - ) = 1, then Raabe's test fails. 


71—999 Ир 


и 
Note 2. Raabe's test is used when D'Alembert's Ratio test fails and when in the ratio test, —" does not 
Un] 


involve the number e. When involves e, we apply logarithmic test after the ratio test and not Raabe's test. 


Un+1 


5.24. LOGARITHMIC TEST (P.T.U., May 2007) 


Statement. A positive term series Xu, converges or diverges according as 


Ил 


> Іоғ< 1. 


Lt nlog 


nae Uns] 


Proof. Let us compare the given series Xu, with an auxiliary series Ху, = X m which we know converges 
if p > 1 and diverges if p < 1. а 


р? ү 
Now, Уп о ) (n | А 
Ул+1 п? п 
Case I. Let Xv, be convergent, so that p > 1. 
| ЮМ v 
Then Xu, will also be convergent if —— > —— 
Иры Vol 
р 
or if Sq 1 
Ир п 
u гү” 
or if log ">tog(L+ 2) хөн 
Иры п 
2 3 
or if log "n ЯЛ ын L dons | Ч log @+х)=х—^—+7—+ хий 
Ung] n 2n 3n 2 3 
1 1 
or if nlog йн >р|1 Ее 
Ung] 2n 3n 
. и, 
ог Ё Lt nlog >р 
жек Ung] 
А и 
or if Lt nlog —— >1 Ins p> 
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Case П. Let Xv, be divergent, so that p < 1. 


Then Zu, also diverges if 23 « In 
Иры Ун 
or if log E, log xs 
Иры Ун 
1)’ 1 
ог Ё 105 IH = ptog( 1+ 7 
Иры n n 
и 1 1 1 
or if log —-«p + =... 
Usa | n 2n? 3n? | 
1 1 
or if nlog йн < pil Яо сэ эн 
Ung] 2n 3n 
T и, 
or if Lt nlog —— <p 
“жш Ung] 
: u 
or if Lt nlog —— «1 l^ р<1 
Цагын Ung] 


и 


Thus the series Xu, converges or diverges according as Lt п Іор —— >1ог<1. 
И? > Ung] 
E u 
Note 1. The test fails № Lt nlog—* = 1. 
п оо ЦЭРЭН | 
и 
Note 2. The test is applied after the failure of Ratio test and generally when т Ratio test, —*— involves ‘e’. 
Иры 


5.25. GAUSS TEST 


Statement. /f for the series Xu, of positive terms, can be expanded in the form 


Us] 


1 
Un] n n 


then Xu, converges if X > 1 and diverges if à < I. 


Note. The test never fails as we know that the series diverges for \ = 1. Moreover the test is applied after the failure 


и, 


1 
of ratio test and when it is possible to expand in powers of — by Binomial Theorem or by any other method. 
n 


Ung] 


[Binomial theorem is (1 + х)" = 1 + nx + EI X bus оо, where | xl < 1] 


INFINITE SERIES 
ILLUSTRATIVE EXAMPLES 
Example 1. Discuss the convergence of the series : : + a + шэг +... 
2 2.4 2.4.6 
кл yw 1.3.5... 1-0. 


Ё 2.4.6.......2n 


" 1.3.5... (2n - DOn +1) 
"EU. A 6o ОнОна) 


и, 13.5. Qn-D)— 2.4.6... 2nn + 2) 
Ж 2.4.6......2п __1.3.5......(2п—1)(2п+1) 


1 


1+— 
2п+2 п 
=——= >lasn > ee. 


1 
2п +1 4: 


2n 
D’ Alembert’s Ratio test fails. 
Г и, 2n4 2 n 1 
п —1|= = = 

(Ж 2п +1 2п+1 2,1 

п 
wal те a. 
nae Ung] | 2 


By Raabe's test, Хи, diverges. 
Example 2. Discuss the convergence of the following series : 
P P qw» 


© И 22.42.62 


T ОШ ОИ В 
sy tg gg SU gum 


Sol. (7) Here и = 


1.32.57... (2n-1) n4 1 
and ИЯ 2 £2 2 2 
22.42.6°...... (Ол)? (2n + 2) 


i i 
, 4m ( + | ( + | 
и, _ Qnt2y . п _ п 


2 +12 2 2 
Иры ( п ) wi) C23 
2n 


и c9 =1. 


n9? Ир] 


Hence the ratio test fails 
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(P.T.U., May 2004) 
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| и, | E + 2)? | 
п lj=n 5 1 
Ир Qn F 1) 


Е , n3) An? + Зп 
=n = = 


(2n +1)? (2п+1? (2п +1)2 
= = a —> 1 asn — оо 


Raabe's test also fails. 


2 
1 
2 1+— 
Uy, (2n + 2) | J 


iy jv 
- ASH Hee 
Un] (2n +1) | 1 п 2п 
1+ — 
2n 
1 2 
- (1+ + 31 a эн )- + at 243) + ЕРА 
п 2n 4n n n 4 
1 1 1 
=1+--—+...... -1--40|-» 
п 4n? (=) 
1 
Comparing it with "In 1+0} 3 
Wa n n 


We have À = 1. Thus by Gauss test, the series Xu, diverges. 
Note that when D' Alembert ratio test fails, we can directly apply Gauss test. 


(ii) Here и, = 
3°.5?2.7?......(2п+1)? 


22.42. 67......(2п)° (2п + 2)? 
Цин, тэ ЭЭ „иж Онаа) 


и, 22.49.69 (any | 35 P... (nt Qn43y 
2 2 2 2 х 2 2 2 2 2 
lir. dus ша (ndo 2591] 8 (Ол)? 2n + 2) 


INFINITESERIES 


D’ Alemberts' Ratio Test cannot be applied 
Apply Gauss Test 
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2 E 
1 2 1 
ип (n 3 Ц | еэ =] +o 5 
Uu, | 2п п n 4n n n 
=1 Зо] 10) 
п п п п п 
Compare it with 25-14 : “| 3 
Uns] n n 
Wehave A=1 


By Gauss test given series is divergent. 


Example 3. Discuss the convergence of the series: 


Zu FE tu 
RE к (P.T.U., May 2007, 2008, Dec. 2011) 
n.n +1 nil п 
Sol. Here и = p и = а 
п п ! nt (n + 1) ! 
u, nx (n+)! n" 1 1 1 
Я . 


Us 1 n! И irpo хэн Е (п +1)” у t ( 


Ил 


Lt = Lt 


no Uny Rs? ee | 


By Ratio test È и, converges if — >1 or 
ex 


e 
1 1 
for x= = "n zu 
e Une] ! 1 | 
п 
As = involves e 
Un 
Apply logarithmic test 
nlog а NONE log — — =n sloge 
Ung] 1 | 
1+— 


n 


1 
x< — and diverges for x > — 


е 


эв гн) 


цөн | 
a 


2 3 


4 
log (143) 2x- ж = 


X 
— +... 
4 


| 
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1 1 
=n-n+ + 
2 3n 4n? 
d 1 1 1 
2 Зп 4n 5p 
1 
Ц n ип =— <1 
n— со Un 4d 2 
А 1 
У и, diverges for x= —. 
е 
1 | 1 
Hence Хи, converges for x < — and diverges for x 2 —. 
e e 
Example 4. Discuss the convergence of the series : 
Paga dieat РЕ co (P.T.U., May 2012) 
2 8 32 
Sol. Given series is =x +x? +2 + д4 + 2 +... оо 
12 22 2 42 2 
ог "m P р ий 
5 22 2 2° 
2 
п п 
Un = » 
2 (n+ | п+1 
Hp eq = ntl 
2 
ÁN e LAE ЕГ LE 1 
иы 02 (nl x (па1) x | 3 | 
1+— 
п 
2 
L lf 
шан Ил +1 x 
: 2 : 
By Ratio test Zu, converges for — > 1 i.e., for x «2 
х 
апа diverges for x > 2 
For x = 2, Ratio test fails 
2 
For х= 2, “n |” 
Us| п+1 
Un ie п? l= n? — (п+1)? 
LN (n +1)7 (n &D* 
|.(Qn* D) (7-1 


(n +1) 


Uy, n(2n + 1) 
n 1|- Л 
Un] (n + 1) 
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By Raabe's test series diverges 


Hence Xu, converges for х < 2 and diverges for x > 2. 
Example 5. Test for convergence the following series : 


2x 32 х? 43 x? 54 xf 
pe Eg. + + +... +оо (P.T.U., May 2005, 2006) 
21 3! 4! 5! 


Sol. Neglecting first term, we have 


(n +1)" 
uy = x 
(n+1)! 
e a (0*2 aar o Me +" +2)! 
ши (п + 2)! Е Usi] (n 4 1)! (n4 2y*! QU 
1 n 
n ñ 1+— 
ии _ (n+) (n+ 2) (n-D" 1 3 
Un +1 х: Que2y (п+2)" x ey x 
n 
ЦЭ 1 ЦЭ i 
u 
L — = Lt Tt еШ ч 
пә оо Un+1 нис xX ие 22 22 х 
л п 
= = да 9s Lt ЦЭ =e% 
e X ex п— со п 
1 1 
Ву D’Alembert’s Ratio test the given series is convergent if — > 1 1.е., х< — and divergent if 
ex e 
1 
х»- 
е 


When х = : ‚ Ratio test fails 
e 


then = 


. u 
Since п 


involvese .. Apply logarithm test 
Un +1 


u n 


1 2 
log =n log ЦЭ —п 05 ЦЭ + loge 
n+l n n 


и 
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1 1 1 2 8 4 
=|1 ш g Fus со |+|—2+ “Бин со | +1 
2n Зп 4n n 3n n 
3 Ш 7 15 
= 2n 3n? An? ...... со 
| Uy, 3 7 4 15 
nlo = Г eo 
8 Ил | 2 Зп дп? 
и n log —"— = 2 >1 
Ti Un+] 2 


Series is convergent 


А | 253 1 А 1 
By logarithm test the given series is convergent when x < — and divergent for x > —. 
e e 


2 3 
a*x (a*2x) + (а+3х) ы 


Example 6. Test for convergence the series: 


21 3! 
n+l 
S (a + nx)" [а + (+ y] 
ol. = 3 a 
n n! Unt (n d 1) ! 
: (пх)" | 13 
и, (a + nx) (n4 1)! nx 
= 1 a= (n +1) A 
Uns n! (ажих isi a | 
[ne Dx] |1+ 
(п+ Dx 
n Ї + 9 t7 
_ 1 пх 
і (n +1)" ? x mue 
E 
(п+1)х 
Ax alx 
aol 
nx 
_ 1 1 
i Bu (n Dx Л Х x 
1+— a E RN 
n ]4——— 
(п+1)х 
1 а/х 1 1 п 
Lf. = Lt ЦЭ =е 
n>% Uy | ее” x ех n со 


INFINITESERIES 
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: 1 : : 1 1 
By Ratio test X и converges for — > 1, ie, x< — and diverges for x > —, where x = —; 
ex e e 
(as "" involvese .. We apply logarithmic test) 
Uns 
| | TS Г 
nlog —— =n log 5 п x 
п+1 1 | TL 
14 — ае |а 
п \ + 
n+l 


шэг 
1 п 
=“ log n п+1 je 
ЦЭ 142 
n n+l 
ү” п (п+1) 
=п (1e 7) + tog( 1+“) ED «| + loge 
п п n+l 
02202 
п п п+1 
1 1 1 ae ae ge 
=n n 5 + 3+... ° +n + ... 
п 2n 3n 


22 3.3 
ae ae ae 

—(n+1) zt үн 90 
ntl 2(n-*D^ 3(п+1) 


3n 
па?е? nae 
nae + 2 Fk FA 
2(n+1) 3(n+1) 
u 1 deg ae 
Lt nlog — 


1 1 
+ <1 Хи 15 divergent at x= — 
n со Ир] 2 2 2 2 


1 : 1 
У и, converges for x < — and diverges for x > 
e 


: : x 2! 3d 
Example 7. Discuss the convergence of the series : 1 2 b х? + 
3 


ge Mr РИ 
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Sol. Neglecting the first term, we have 


n! "а = (п+1)! 


п (п E 1)" * nd п+1 7 (п + зүг | xt 
+1 
TELA n! (nt2)" 1 
n>% ly noo (n + 1)” (n + 1) ! X 
+1 
илч (i | 
= Lt k 


) : се . : 2226 : 
By D’Alembert’s ratio test, the series converges if — > 1 or ifx < е and diverges if — < 1 огШх>е. 
х 


: | и 

If x =e, the ratio test fails, > Lt — 1. 
= Ung] 

Now, when х=е 


п+1 
ан 
и, _ п 1 
е 


: >. u 
Since the expression —" 


involves the number e, so we do not apply Raabe's test but apply logarithmic 
Иры 


test. 


log —". = (п + 1)log +2] —(п+1)1ог ЦЭ -log e 
Ung] n n 


=(n+1) 205Е:03) -1 
L n n 


Е 2 | E AE | 1 
Ї ates е ЖОШ RES 


=(n+1) : 2 Tess | 1 


-1 + + ...... 1= + 
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u 1 3 1 3 
Lt nlog —— = Lt n 25:23 -114|1---4--.... --4 «1 
: ЕЗ ми сэл 


noo Ип] пЭ со 2п 2п 
By log test, the series diverges. 
Hence the given series Zu, converges if x < e and diverges if x 2 e. 
Example 8. Discuss the convergence of the series: 
аа ава, ШОНА dio i (a » 0, b » 0, x » 0) 
b (5-4) b(b+d)(b+2d) 


a (a * d) (a * 2d) ...(a* n—1d) 
Sol. и, = х" 
b (b - d) (+24)... (ь+п 14) 


р _ a (a * b) (а+24)...(а+п-14) (а+па) "m 
" b(b+d) (b+ 2d)...(b+n—1d)(b+nd) 


u, _b+nd 1 
и! a+nd х 


b 
nd (1+) jupe 
L = ц a ем па | сн 


n>» Uny NEC z) X mox m a X X 


1 
Ву Ratio test Xu, converges if — > 1 i.e., x< 1 and diverges if x > 1. 
х 


їр -1 
n = nd _ 1+ b 1+ 4 — pit (E 
u a nd nd nd nd 
d 


when x = 1, Ratio test fails 


7 > 1ie,b>a+ dand diverges if b <a +d. 


By Gauss test, 2 и, converges if 
-. Хи, converges if x > 1 and diverges when x < 1 when x = 1 then Хи, converges if b >a + d and 
diverges if b € a +d. 
Example 9. Discuss the convergence ofthe series : 
oB оба+1)В(В+1) 2, 0(0+1)(0+2)В+10В+2) s, 
l:y 1:2-y(y +1) 1:2-3- yy t 1 y 2) 


1+ 
(P. T.U., Dec. 2003) 
Sol. Neglecting the first term, 
P _ a+ D)... (в+п—1)3(0+1....ф@ф+л—1 Р” 
ý 1:2:3......п.ү(ү+1......(ү+п- 1 
na 0(0+1)......(%+п- 1) («+ n BB+)... B+tn2-DB+n) ТҮ 
ын 1.2.3......п(п+ D ү(ү + D7 + 2)...... ү+п—1)(ү+п) 
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m 
Ил _ (п T 10107 + п) 1 п п 1 


Un СЕЗЕ 
п п 


1 
Lt 25287, 


n9 Uny x 


1 
By D'Alembert's Ratio test the series Zu, converges if — > 1 
x 


1 
ie., ifx<landdivergesif — «11, Шх>1. 
х 


Ил 


Е х=1 Lt =] 2. Ratio test fails. 
nares Ung] 
С + L) ( " 3 
Putting х=1їп —^ ‚ we have йн — 2 £ 


1 1 
=1+- (1+y-&-ß)+0 (5). 
n n 
By Gauss test, the series Xu, converges if 1c y - a — B» 1 ie, Шу> о and diverges if 
l+y-a-B<1 ie, if y<a+ß. 
Thus the given series converges if x < 1 and diverges if x > 1. If x = 1, then the series converges if 
y> o + and diverges if y< a+ p. 
n! 
x(x*1)( x 2)...(x*n-1). 


Example 10. Discuss the convergence of the series У, 


п! 


Sol. Я x (x41) (x2)...(x4n-1) 


2 (п+1)! 
m1 х(х+1) (х+2)...(х+п—1)(х+п) 


x 

Li 

Ия x+n n 
1 

n 
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1+х/ 
Li e gy DERI 
n>% Up] noe 144 
п 


Ratio test fails. We apply Gauss test 
-1 
1 1 
шэн ees dae =( 13 Te 
Ил+1 п п п п 


=1+ = ө|2| -14(х-1). ЭШ! 
п п п п 


By Gauss test 2 и, converges if x — 1 > 1 and diverges for x — 1 € 1 i.e., Хи, converges for x > 2 and 
diverges for x € 2. 


Example 11. Verify the series Е х 


п is convergent or divergent. 


1.2.3.....п 
(P.T.U., Dec. 2006, Мау 2006) 
Sol. Here Е 4.7-10...... (3n +1) y 
i 1.2.3.....П 


п+1 


247-10. One) Gn+4) | 
“| 1:2:3.....п.(п+1) 


1+ – 


1 
Un n+1 1 


= . = n 1 
иу Эп+4 х 344 х 
п 
1+ 


1 
z 1 1 
Lt "= Lt n. 
noc Up] noc 4 х 3x 
п 


3- 
, MN А T 1 
By D’Alembert’s ratio test, series converges if = >1 
х 
: : 1 . 1 
i.e. ifx« 3 and diverges for x > s 


1 
When х = 3 Ratio test fails, so apply Gauss test 
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1 1 
Compare it with Mn $4, mu 283 
Us 41 n n 
1 — 
à=- 3 «1 .. Seriesis divergent. 


1 


: NN 1 : 
Hence the given series is convergent for x < a and divergent for x > 3 


jo 2 (зү 4Y 
Example 12. Verify the series: Р) + 3 х+ B х B x! uoo (x > 0). 


п+2 


п+1 
и = n+2 хэм 
n+l T 
n+3 
1 


n n+l Le n 
и, (n-D' (0+3) 1- п (п+ 3)" п+3 1 
йл: (п+2)" (п+2)"! x (+ | n+)” n+2 x 
n 


+1\ 
501. и = E | x" (neglecting Ist term) 


1 
By Ratio test Хи, converges when — > 1 ie. Шх < 1 and diverges if x > 1 
x 


When x = 1, Ratio test fails 


Еогх= 1 
(п +1” 1+2) up 
ети —. 
п оо п со (п+ 2)" = 2) п eo n 
1+— 2\2 
п (12) 
n 
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1 
=— #0. 


е 
e e 


for x= 1, as Хи, 13 а +ve term series and Lt и, #0 
п со 
Хи, diverges. 
п 


> и, converges for x < 1 and diverges for x > 1. 
Note. This question can be done by applying Cauchy's root test see Example 3 art. 5.26. 


Example 13. Discuss for what values of x does the series 3, z 7 X" converge/diverge ? 
n)! 
х=1 
(P.T.U., May 2002, 2003) 
гу? b? 
Sol. Here и = ш) йл = (at DU нө 
" — 2n! А (2п + 2)! 
и, (п!) 54 (1+2)! 1 1 1 
QUO pe A _ = = (21 + 2) (2п+1) — 
ün Qn)! (n-D9* x (п +1) х 
4) 1+ 2 
_ 2(2п+1) 1_ 2n) 1 
п+1 x TES 1 '"g 
n 
ир 4 
Lt = 723 . 


: : ‚4 
Ву D’ Alembert's ratio test the series Zu, converges if — >1 ог xi«4 огіх|<20г -2«x«2 
х 


and diverges for х2>4 iLe,foreitherx»2 or x«-2. 
When x? = 4 Ratio test fails 2. Apply Gauss test 


u 


-1 
2 аа ыг EXE 1 тэй t 
Uns 2n n 4 2n n n 


1 1 
Compare it with Ma. Eq 3X. = 40, (=) 
и, -1 п п 
1 | — 2 : 
jue B «1 .. Givenseriesisdivergentforx^24  ie,x-t2 
Hence given series converges for x? < 4 i.e., —2 <x < 2 and diverges for x? > 4 i.e., for either x2 2 or x € — 2. 
Example 14. Test the convergence of the series x? (log 2)4 + x? (log 3)4 + x* (log 4)4 +... оо. 
Sol. и, = x! [log (n + 1)]4 


иы = x"? [log (n + 2)? 
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q q 
и, _| log(n+1) 1_| 10Е(7-41) 1 
Unai log(n+2)| x | юе (1+п+1) | x 
Г 4 1 -4 
log (n+ 1)| 1+ —— 
Е log (n + 1) 1 п+1 1 
Е 1 ‘хо log (л +1 E 
login f+] Bint) 
n+l 
= А Чэ 
хон 
_ nl 1 
Е log (n 41) “х 
- -4 
1 1 1 1 1 
=|1+ zo 399 = 
| log (п+0 | п-41 2(п+1) 3 (п+1) х 
1 
u —"——-—. 
nores Uns x 
1 
By ratio test X и, converges if — > 1 orx < 1 diverges if x> 1 
x 
When x = 1; u, = [log (n + 1)]% 
Lt u,=0#40 
n— оо 
У и, 13 а +уе term ѕегіеѕ апа Lt и +0 
П Э со 
У и is divergent for x= 1 
У и, is convergent for x < 1 
and divergent for x 2 1. 
TEST YOUR KNOWLEDGE 
Discuss the convergence of the following series : 
1 1+2 1+2+3 Ё 12.5? pose 
1. я tee to со aT я tee to со 
1 1-2 1-2--3 4 47.8 47.87.12 
3. it yi $e 2 3:6-9 х +... {О оо 4. 222 л. 2461, 2-0 to оо 
7 7:10 7.10.13 12 133 1-3-5 4 
(P.T.U., Dec. 2010) 
Pe х qug ү” (13) [13.57 
5: + + X^ Passus to со 6. 1Р+ + + ник» to co 
22 sq 2.42.62 ^ : B 2.4 2.4.6 : 
7 we а(а-1) а(а-«41Ха-2) (у © 1+0 (+о)(2+о) 
А 23,108 О а со 
b b(b-D) b(b+1(b+2) В 1+В 0-0)2-0) 
(P.T.U., May 2011) 
3 5 7 
1 1:3 „ 0-3-5 4 m x ix 1-3 х 1-3-5 х ЖООК ОО 
8. 2d зд” заал» о toc(x>0) 9, ЕЕ олет (х > 0) 
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2 3 4 2 3 4 
10. ыг NE DN + ...... 0 о (х>0) п. E p PE ES + ...... to со 
1.2 3.4 5.6 7.8 1.2 2.3 3.4 4.5 
_ 2п 
x p 2 (2-1) x is У 1.3.5....02п-))? 
2.4.6...... (2п) 2п 2.4.6...... 2п 
12 n2 12 
14. 1+ а» eee) 5,9 ‚ then x6 +..... to œ (x > 0) 


2! 4! 6! 


[Hint: Neglect 1st term and see solved example 13] 


ANSWERS 

1. Divergent 2. Convergent 3. Convergent for x < 1, divergent for x > 1 

4. Divergent 5. Convergent for x< 1, divergent for x > 1. 

6. Convergent for p > 2, divergent for p < 2 

7. (a) Convergent for b > а + 1, divergent for b <a + 1 

(b) Convergent for В > o + 1, divergent for B < 9+1 

8. Convergent for x< 1, divergent for x > 1 9. Сопуегоез for x? < 1, diverges for x? > 1 
10. Convergent for x < 1, divergent for x > 1 11. Convergent for x < 1, divergent for x > 1 
12. Convergent for x? € 1, divergent for x? > 1 13. Convergent for x < 1, p > 2, divergent for x > 1,p <2 


14. Convergent for x? < 4, divergent for x? > 4. 


5.26. CAUCHY'S ROOT TEST 


Statement. /f Xu, is a positive term series and Lt (и) = 1, then 
n со 


(i) Eu, is convergent if < 1 (ii) Eu, is divergent if 1 > 1. 
Note. If / = 1, the test fails i.e., no conclusion can be drawn about the convergence or divergence of the series. 
The series may converge, it may diverge. 


Proof. Since Lt (и) =1, 


п со 


Given € > 0, however small, there exists a +уе integer т such that 


Lu) "<= V n2m 
> I-£«(u)" «Ig V n2m 
= (L- €)" € u, « (I €)" V n2m (1) 
(i) When! «1 
Choose € > 0 such that l<l+e<l 
Put l+e=r, then O«r«1 
From (1), u,<r" V n2m 
Putting n 2 m, m * 1,m * 2, ...... „ме веѓи, <и", и < pe PES pn... and so on. 
Adding Up + Uppg a Fes EXE Re ap me. 


= each term of the given series Xu, after leaving the first (т — 1) terms, (i.e., a finite number of terms) 
is less than the corresponding term of a geometric series which is convergent ("^ its common ratio г < 1). 
Hence the given series is also convergent. 
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(ii) When! »1 
Choose & > 0 such that 1-&>1 


Put [-&=В, then R>1 

From (1), и, >В” У п>т 

Putting n =т, m+ 1, m+2, ...... ,wegetu »В”,и >R™ и .» В"? ...... апа $0 оп. 

т т+1 m2 
: m т+1 m2 

Adding Us Uu uua T eee > R” + К+ + R”+ +...... 

= each term of the series Xu, after leaving the first (т — 1) terms, (i.e., a finite number of terms) is greater 
than the corresponding term of a geometric series which is divergent. (° 15 common ratio R > 1). Hence the 


given series is also divergent. 


ILLUSTRATIVE EXAMPLES 


Example 1. Test the convergence of the following series: 


oy [= o У (^ ] «У. (P.T.U., Dec. 2002) 


n-2 (log n Л 
(P.T.U., May 2009, Dec. 2012 ) 


uM l n 
вй) У (n-log,) ma | 
п 


Sol. (i) Here u,=|— | 
п+1 
г 2 1/п р -1 
(uy = || EB E c 
n+l n+l n n 
1/п 1 all E 1 
Lt (u,) = Lt ||1+— =e =- <] (г e=2.7) 
п Э со п Э со п е 
Ву Cauchy’s Root Test, the given series Xu, is convergent. 
(ii) и, = -——— 
(log n)" 
1 
(u,)" = 
log n 
1 
" 1 1 1 
Lt (u,)" = Lt - =— =0<1 
n e n>% logn 105% о 


Ву Cauchy's root test the given series is convergent 


со 


1 
Hence Xu, = — — is convergent. 
2 (105 п) 
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нь 1 п 
(iii) = 
27 n" 
1 m-loggn 1 1 logn 
лон 


2n | 2 2 n 


1 
Lt Ae 1 Lt logn_1 0 


пЭ oo 2 2noe n 2 


1 
2 = Lt Л =0(ЪуГ Hospital rule) 


1 
AEST 


nwo 
By Cauchy’s root test У и, is convergent. 
ан 2. Examine the convergence of the series : 


-1 -2 -3 
2 2 Я 3 3 1 4 4 П 
wes a Fg) tv 


1 n+l 1 —п 
ог У |, adc (P.T.U., Dec. 2013) 
n n 


F -n 
" г _ P +1 n+l ñ +1 
ol. пеге u,= = - л 
= -1 -1 
1 п+1 1 1 п+1 
шш!" = (= eee] 1+ | 1+ 
п п п п 


-1 
тү 1 1 
Lt (u) = Lt |» | [1+ | c | 
n о n со п п п 


= (е.1- 1)! = 22 «1 (i 6227) 
e-l 


By Cauchy's Root Test, Xu, is convergent. 
Example 3. Discuss the convergence of the following series: 


2 3 m? 
220 ЗҮ 4 (41 , 1 1 
(i) Bie x +(2) xc (i) * С т (P.T.U., May 2008) 


Sol. (7) Neglecting first term 
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1 
1 1+— 
Lt (и„)п = Lt П ХЕХ. 
п oo n—- оо 
1+ 
n 


By Cauchy’s root test X и, converges for x < 1 and diverges for x > 1 
When x = 1, Cauchy’s root test fail 


+1 п ЦЭ 
Then L -(2 | = п 


25 и, is +уе term series апа Lt Жы 0 
пЭ оо 
for x= 1; Zu, diverges 


У и, converges for x < 1 and diverges for x 2 1. 


3/2 1/2 
1 —n 1 1 —п 1 

(ii) u =|1+—= > (u, Jr = 1+ —= — 
n | Р | (u ) | Р | 12 


У и converges. 
п 


TEST YOUR KNOWLEDGE 


Discuss the convergence of the following series : 


а п n41Y 
2. 3. 
n" 2, (log n)" У ( 3n | 
4 У пх V в У 57-00)" 6 У (1+ пх)" 
` п+1 у у n" 
(n+ р)" х" 
Ц » n+l й 


п 
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ANSWERS 
1. Convergent 2. Convergent 3. Convergent 
4. Convergent for x < 1, divergent for x 2 1 5. Convergent 
6. Convergent for x < 1, divergent for x > 1 7. Convergent for x < 1, divergent for x > 1. 
5.27. CAUCHY'S INTEGRAL TEST (P.T.U., May 2002, 2014, Dec. 2005, Jan. 2009) 


Statement. Zf for x2 1, f(x) is a non-negative, monotonic decreasing function of x such that f(n) = и, for 


all positive integral values of n, then the series Xu, and the integral 1 f(x) dx converge or diverge 


together. 
Proof. Let г bea +ve integer. Choose x suchthatr c 12x2r21 
Since f (x) is a monotonic decreasing function of x. 


Те 1) ғо) 570) = uj << <и, [^ f(m-u,neMN] 
rl г+1 rl 
> | и, des | fla) ах | u, dx 
r+l rl r+l 
= 709 | des | f(x) desu, | dx 
г+1 zl rH 
— и, H < | Р(х) dx Su, H 
r+l 

> мах || о) аи, 0) 
Putting r= 1, 2, 3, ...... ‚ nin succession in (1), we have 


2 
u, < Г f(x) dx < и, 


п+1 
ü < Г f(x) dx Ки, 


Adding the above inequalities, we have 


2 3 п+1 
Uy + Ug + ЯЛЫ! год ас» | тода + uM + : f(x) dx Su, чи, +...... жи, 
п+1 Ш 
> В = Г Лод 455, where 5,= M u, zu eue + tp 
1 
Proceeding to the limit as n — © 
ntl 
Lt Si4,;-u,< Lt | Т(х) ах< Lt S, 
noo noo Jl noo 


> Lt S, - us | fG)dxs Lt S, O 
1 


пЭ o пЭ oo 
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(i) If Г f (x) dx converges, then JN f (x) dx =a fixed finite number = I (say). 
1 1 


Then from (2), we have Lt S, ,-u, SI 
noo 
= Lt S, <Г+и, =a fixed finite number 
п оо 


= {5,} is a convergent sequence 
= the series Хи, is convergent. 


(ii) If f. f(x) dx diverges, then Г О ах =+ 


Егош (2), Lt S,> Lt | Тог 
1 


n оо noo 
= {5,} is a divergent sequence 
— the series Xu, is divergent. 


Hence Xu, and | f (x) dx converge or diverge together. 
1 


Note. If x > k, then Хи, and | f (x) dx converge or diverge together. 
k 


ILLUSTRATIVE EXAMPLES 


1 
Example 1. Test for convergence the series : p 5 : 
п +1 
1 
Sol. Here и, = > = f(n) 
n +1 
= = 
x +1 
For x > 1, f(x) is +ve and monotonic decreasing. 
Cauchy’s Integral Test is applicable. 
оо ә dx Ё ES 
Now, | f(x) dx- | = unix = ®— ®— -finite 
1 1 x +1 i 2 4 4 


> | f(x)dx converges and hence by Integral Test, Хи, also converges. 
1 


со 


Example 2. Using integral test discuss the convergence of p 


1 
n-2 nan? — 1 | 


501. u,= ou = (п) 
n NS -1 
1 


f(x) = х: 


for x 2 2, f(x) is +ve and monotonic decreasing. 
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Cauchy's Integral test is applicable. 
41) 


= = 1 
Now, | f(x) dx = | pot og 
2 2х \/ х^ —1 
Put /х^—1=г л x2=f+41; Differentiate Ё 
fx" —1 


t t 
Es 25 - й ; when x=2, t= 43 ; when x = ee, [= eo 
Е = 2 211 
ХАЇХГ-1 X t + 


ын *] dt е 1 
ой, [оа = [кт “= eee, zd 


dx = dt 


By partial fraction, let 
1 А Br+C 


iq e t 2231 
1-А(2-1)-1(В:40) 


Put = 0 on both sides, we get 1 2 A 
Comparing coefficients of ? and гоп both sides; 0=A+B ~. В--1,0-С 


EM NE 
га? +1) t Е 


со 


: | dicio fa 529729 
- в 


ое ай 


со 


1 
»108 = log 
Jt +1 3 ЇН: 43 
E 
43 - 
-]log1-log 1 --108 = finite 


5 | f(x) dx converges and hence Х и, converges. 
2 


«B 
Example 3. Show that the series у —, converges ifp > 1 and diverges if 0 «р € 1. (P-T.U., Dec. 2011) 
7^ 


Sol. Here u = — = (п) 
п п? р 


Дх) = d 
х 


For x > 1, f(x) is +уе and monotonic decreasing. 
Cauchy’s Integral Test is applicable. 


Case I. When р » 1 


- -1 - хээт 
| f(x) de = | == | x dx= 
1 1 xP 1 ВЭ 
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Sub-Case 1. When p > 1, p — lis +ve, so that | Го) dx =- — | : | 
1 р- 


р-1 
x 1 


= : [0- 1]2 | = finite 
р-1 р-1 


> | Р(х) dx converges = Хи, is convergent. 
1 


Sub-Case 2. When 0 < p < 1,1-р18 +уе, so that 


| £a : Ни! = Gn Ss 
1 1-р 11-р 


> | f(x) dx diverges = Хи, is divergent. 
1 


1 
Case П. When p = 1, f(x) = — 
х 


f rene aem e =co—log | = œ -— 0 = оо 
1 1 x 


1 


> ЇЕ f(x) dx diverges = Хи, is divergent. 
Hence Хи, converges if р > 1 and diverges if p € 1. 
Example 4. Discuss the convergence of У пе". 
501. Неге и, = ne” = f(n) 


* f@=xe™ 
For x2 1, f(x) is +ve and monotonic decreasing 
Cauchy’s Integral Test is applicable. 


Now, | f(x) ах = | xe* dx. 
1 1 

Ри =t ~. 2хах = dt 

е ok 

= | e! = = =0+ : = : = finite 

1 2 -2 i 2e 2e 

> | f(x) ах converges and hence by Integral Test X и, converges. 
1 
Example 5. Discuss the convergence of the series : b3 —— , (p » 0). 
“5 n(log n)" 


Hence show that | dx 


рки ( p » 0) converges if and only if p > 1. 
2 x(log x)" 


(P. T.U., Dec. 2004) 
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1 1 
5 l. H = —————— = ES = OL 
Е “n n(log n)” di 799 x(log x)? 


For x 22, p > 0, f(x) is +ve and monotonic decreasing. 


By Cauchy's Integral Test b» u, and | f (x) dx converge or diverge together. 
2 
n-2 
Case I. When p » 1 


55 o8 -p+ lil 
| fo) ах = | бок? m Е х) | 
2 2 х - p+! 5 


n+l 
[ | ЇРООГ f'(x) dx= шэн ‚п 1 


+1 


Sub-Case 1. When p > 1, p — 1 15 +ve, so that f, ro dx= : | т 
2 p -1| dog x)?" |, 


1 1 1 ӨР 
= 0 т zi - finite 
p-1 (log 2)! (p — 100$ 2) 
> | f(x) ах converges = У и, converges. 
2 


n=2 
Sub-Case 2. When p < І, 1 —p 15 +ve, so that 


MIT ЕЕ П 2d шинэ Dir ees 
2 1-р й 1-р 


> | f(x) dx diverges = > u, diverges. 
2 n=2 


Case П. When p = 1, f@= 


x logx 


со 


=x |= 


dx = 
= dx =| log | 
Г f(x) ах= Г EF = |, pem x С 23 


2 


= оо – log log 2 = оо [ | fœ% = log 22 
f(x) 
> | f(x) dx diverges = У и, diverges. 
2 n=2 
Hence £u, converges if р > 1 and diverges if 0 <р «1. 
By Cauchy’s integration test we know that 
converge or diverge together 
hen es J ara -À o mm п)? 
: = : А = dx 
Since У и, converges for р > 1 as discussed шсаве1 ~. ] —————— also converges for p > 1. 
ар 2 x(log x)? 
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1 


Example 6. Using the integral test, discuss the convergence of У 


1 
501. ил = fin) 
(n log n) (log log n)? 
1 
ПОР 
(x log x) (log log х)! 
Clearly, for x > 2, f(x) 15 +уе and monotonic decreasing .. Integral test is applicable 


By Cauchy’s Integral Test У и, апа | f(x) dx behave alike 
2 


Sp 
(nlog n)(log log n)? 


n=2 
= = 1 
ах = а E 
J, PROIN [ (x log х) (log log x)? и 0) 
E -p1 2 asc ШИШ 
= | (log log x) EIE . | KOROLLE -| 


1 1 -pH | 
= Чо нл) Байн 2 whenp #1. 


2 


(log log 2)" Р 


Case 1. When p < 1: 1-p»0. | f(x) dx=% = co = not finite 
2 


1-р 
Хи diverges for p < 1. 
Case 2. Whenp» 1; 2 p-lis-ve 
= (log log x) ^-^ | 1 1 i 
| fx) dx = 208 0E - — 
2 -(Р-1 4 р-1 | (log log x) 5 


1 1 1 1 ТР 
= (= = = finite 
p-l|[e (1081082)! (p — 1) (log log 2)/ 


У и converges for p > 1. 


1 
Case 3. When р = 1, from (1), i” f(x) dx= Ї ADEN НБН ЕАУ ра 
2 2 log log x 
FAM) _ NER C _ = _ 
fo) dx-logf(x) ~. | f(x) dx =log log log x р = co (not finite) 
х 2 


УХ и, diverges. 
Непсе У и, converges for p > | and diverges for p < 1. 
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ә -1 
Example 7. Test the convergence of the series у м. . (P.T.U., Мау 2002) 
1-0 
п=1 
-1 
t 
Sol. Here „= sun Л : =f (x) 
1+п 
8 аа x 
fte 
1+х 
Clearly forx21 f(x) is +уе and monotonic decreasing 
Cauchy’s Integral Test is applicable 
-1 
х > 8t e 1 
Now, | год = | put = | 8 tan! x 5 ах 
1 1 l+x 1 1+х 
8 гал”! x)? | А [СОР 
эн «| год 'оуах=!/ 
2 i 2 
T 2 T 4 
-4.[(tan les? (tan! 121] 24. 4| | -|= 
{( y=( } | 3 | | z) 
1 1 12 
=41? |>- — |=4д?. — =312, whichis finite 
4 16 16 
Ву Cauchy's Integral Test 
- = dou 
| f(x)dx and Пепсе Хи, ie. by ы. converges. 
: п-1 1+п 
TEST YOUR KNOWLEDGE 
Using the integral test, discuss the convergence of the following series : 
1 1 1 
1. 2. 3. шэг 
26 25 2 
1 2n? n 
— 5. 6. so. 
268 2 2016 
ANSWERS 
l. Divergent 2. Convergent 3. Divergent 4. Convergent 
5. Divergent 6. Convergent. 
5.28. LEIBNITZ'S TEST ON ALTERNATING SERIES (P.T.U., Dec. 2007, May 2014) 
Statement. The alternating series X(— 1)" U, = Uj =U, + U; Ug +. (и, > 0 V n) converges if 
@u,>u,,, Vn (ii) Lt u,=0. 


пЭ oo 
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Proof. Let S, denote the nth partial sum of the series X (— 19, Ж 


S5, 7 My — Uy + Uz — Uy + Us = ...... Wy 2 F Moy, 4 7 Ho, 
= Uy — (u, — us) — (Ug = us) ...... - gy 9 — Мэн-1) 7 Uon 
-u- [UA - из) + (и. - и;) +...... + (и, ә - ЦЭН + и] 
<u [^ u, >u,,, and u, > О for all п] 
= The sequence {5, } is bounded above. 
Also 5,2 = 2п + Yond ni o2 
=> S 5 >0 forall n => S >5 


2п+2 ?2n = Il E I2 2n+2 2n 


= The sequence (S,,] is monotonically increasing. 
Since every monotonically increasing sequence which is bounded above converges, therefore, the 


sequence [S,, | converges. Let it converge to S, then Lt $,,2 5 


nee 
Now Lt Son = Lt (S5, + и) = Lt 5, + Lt Il 
no поо по поо 
-8-0 [^ Lt u,-0] 
nee 
=5 


= The sequences {5, } and (S,, у} converge to the same real number S. 


2п+1 
Given € > 0, there exist positive integers m, and m, such that 
IS,,-Sl<e V 2n»m, and IS,,,-Sl«e& V 2п+1>т, 
Let т= тах. {m,,m,}, then 
IS,,-Sl<e V n>m and 15 


> IS,-Sl<e V n>m 


2п+1 


2179 1<& V п>т 


The sequence (S,] converges to S. 
Hence the given series is convergent. 
Note. The alternating series will not be convergent if any one of the two conditions is not satisfied. 


ILLUSTRATIVE EXAMPLES 


Example 1. Examine the convergence of the following series : 


| I. 1 d 4 1 1 1 c1 
(i) 1 + dus oo, (i) Т-—+———+...... о or 
/2 Уз v4 234 2 п 
(P.T.U., May 2004) (P.T.U., May 2010, 2014) 
Sol. (i) It is an alternating series 
1 1 
и, = Ana = e 
Jn inl 
1 1 
> Уп .. u>u,,Vn 


Jn 4n n nl 


First condition of Leibnitz's test is true 
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Second condition of Leibnitz's test 1$ also true. 
Both the conditions of Leibnitz's test are satisfied. 
The given series is convergent. 
(ii) It is an alternating series 


1 1 
и = iu 
n n+l n+1 
1 1 
— Уп 
n n+l 
и, > И У п 
First condition of Leibnitz's test is true and satisfied 
1 
Now, Lt u= Lt —=0 
n- со novo И 


Second condition of Leibnitz's test is also satisfied 
Given series is convergent. 
Example 2. Examine the convergence of the series : 


3 4 5 1 1 1 1 

(a) 2—=+—-— +...... (b ———(1-2)-*— (1+2+3)-— (1+2+3 +4) + 
234 23 33 43 53 

Sol. (а) It is an alternating series 

| n+l n+2 

@) u, = n Ы Иа = n+l 


п+1 n«2 (n+l) —n(n+2) 


и = 
"m nil n п+1 п(п +1) 
= uua У п 
1 1 
(ii) Lt u, = Lt == Lt (1+1) =120 
п со п оо n noo n 


Since the second condition of Leibnitz's Test is not satisfied, the series is not convergent. 


(b) It is an alternating series. 


_1 n(n 2) — (n +1)? 


(i) » : 3 [1+2+3+...... 
(п +1) 
yal. ПР. 
nel 2 (n 4 2)? 
"me _ 1 п n+l 
mo 2| n+ (n+2° 
=. n^ -n-1 
2 (п+1)2(п+ 2)? 
=> и, > Uns Vn 


(п +1)? (п + 2)? 
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1 
(ii) Lt u, = Lt Se л 0, 


= Lt 
noc ©- цэс 2(п--1 2 nee 2 
( ЦЭ 


п 


Since both the conditions of Leibnitz's Test are satisfied, the given series is convergent. 


bci ”-1 
Example 3. Test the convergence of the following series : > a : 
п — 


n-l 


ын п-1 
Sol. The given series is У ( ; а | = : 5 
п – 


п=1 


It is an alternating series 


+1 
() mL, Wm T 
" 20-1 а 2п +1 
1 
п п+1 = An? 1 20 Vn — и T | Vn 
1 1 
(ii) Lt u,= it —"—= Lt —— == #0. 
п n>» 21-1 пә 2_1 
п 


Here the second condition of Leibnitz's Test is not satisfied. Hence the given series is not convergent. 
Example 4. Examine the convergence of the series 

1 1 1 1 1 1 1 
Pe ёз т в 
Sol. The given series can be rearranged in the form 


1 1 1 1 1 1 1 
3'3 ee tm + z ge” 
Sbe! и, + (- 1)! ГА 
Consider X(-1)! и, , Which is an alternating series 


where и, = — 
(2n — 1) 
(7 1,3,5,... arein A.P. and its nth term = 2n – 1) 
1 5 1 : 
Qn-1? (2п+1)° цаг 
апа Lt u,= Lt = 
п оо п со (2n — 1) 


Both conditions of Leibnitz's test are satisfied 
У (-1)! и, is convergent. 
1 


Now, forZ(-1)" viv, = —— 
Qn) 


INFINITE SERIES 319 


1 1 1 


А$ > “ y, V and Lt v= Lt —— = 
Qny ^ Qn«2y D noe" noe (2ny 
Both conditions of Leibnitz's test are satisfied by X (— 1)""! v,. Therefore, both X (— Туг! и, апа 
У (-1)" Ту, areconvergent .. Their sum is also convergent. 


Hence given series is convergent. 


1 1 1 1 | 
+ + + 
294 27 8 
test which one ? Find the sum of this series. (P. T.U., Dec. 2004) 
Sol. The given series is 


11 11 1 1 
+ + + 
32 9 4 27 8 
Here Е a 
3" 2” 
_ 1 1 
Wy qu y 


"E: Р - 
Example 5. ТЛе series 2 93 go p beer оо, does not meet one of the conditions of Leibnitz 5 


ши! 1 1 1 _ 2 1 
ии = 3" 3"+1 2" 2" xl 3"+1 2"+1 
2" +2 _ antl 
= o < 0 У п 
u,«u,,, Vn Le,u,b u, Vn 
First condition of Leibnitz’s test is not satisfied 
1 1 
whereas second condition i.e., Lt и, = Lt —- — = 0 is satisfied. 
n— œ п—›= 3" on 
Now sum of the series 
11 1 1 1 1 
=|-+-+—+..... =| ++ +..... оо 
з 9 27 248 
both are infinite G.Ps and sum of an infinite G.P. = а 
-r 
1 1 
Sum of the given series = 3 2 = 1= : 
1 1 2 2 
1-— 1-— 
3 2 


TEST YOUR KNOWLEDGE 


Examine the convergence of the following series : 


1: deles co EE E = 4... to co 
2 4 2^ ws a 
1 1 1 

3. + Tess to оо 4. : l + ! : + ...... 0 о (а> 0, р> 0) 
242 3/3 4/4 a a+b at+2b a+3b 


1 1 1 1 ap 
А х. — 
1022 1053 1054 105 п! 
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99 (- pr! 2 п(- р"! 
qs 8. ———— 
> 2 У" 
1 1 1 1 ч ка п 
9. + Ts. toco 10. —1 ——— 
42-41 4341-4141 +1 : > ‚== 
п. V 25 үні: cos nm = C 1] (P.T.U., May 2012) 
үп +1 
ANSWERS 
. Convergent 2. Convergent 3. Convergent 4. Convergent 
5. Convergent 6. Convergent 7. Convergent 8. Convergent 
9. Convergent 10. Convergent 11. Convergent. 
5.29(а). ABSOLUTE CONVERGENCE OF A SERIES (P. T.U., Dec. 2003, 2011) 


Def. Га convergent series whose terms are not all positive, remains convergent when all its terms are 
made positive, then it is called an absolutely convergent series, i.e., 


The series Хи, is said to be absolutely convergent if У | и, | is a convergent series. 


5.29(b). CONDITIONAL CONVERGENCE OF A SERIES (P.T.U., Dec. 2011) 


A series is said to be conditionally convergent if it is convergent but does not converge absolutely. 


Example 1. Test whether the following series are absolutely convergent or conditionally convergent. 


1 da d e (-1/7 
(а) 1- + -- +... (P.T.U., Dec. 2006) (b) У p. (P.T.U., Dec. 2012) 
3 4 аа 2п-1 
1 1 1 
zie e 
(i) In this alternating series, each term is less than the preceeding term numerically. 


Sol. (a) The seriesis 1- 


" 1 . 
(ii) Moreover u, = уз which > 0 as n > оо. 
n 
Hence the series satisfies both the conditions of the test on alternating series and so the given series 
converges. 
Again when all the term of the series are made positive, the series becomes 
1 1 1 1 ЖО : 
У | и, [= 1+ + + Tess =: , which is ap-series, where р =2 > 1 
23 42 n? 


У | u, lis a convergent series. 
Thus the given series converges absolutely. 


oo = пу! 1 
Ь =>Y(-1)"!u (say), where u = 
ө 2, sig И "- 2n-1 
11 


1 
Putting n = 1,2, 3, ...... ‚ the series becomes 1 — 3 + 5 - a Tess 
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The series is clearly an alternating series. 
The terms go on decreasing numerically and 


Luc t og 


п— со n 2n—1 


By Leibnitz's Test, the series converges. 
But when all terms are made positive, the series becomes, 


WM 
У lu, l=1+ ++ +... 
3 5 


7 
1 
Here и = . Take v, = —. 
n 2n- 1 n n 
pp e pp Энн MM 
noo Yn noo 2n -1 noo 2_1 2 


п 
Hence by comparison test series Хи, and Xv, behave alike. 


1 
ButXv => — isadivergentseries (^ herep=1), .. Zu, also diverges. 
п 


Hence the given series converges, and the series of absolute terms diverges, therefore the given series 
converges conditionally. 


5.30. EVERY ABSOLUTELY CONVERGENT SERIES IS CONVERGENT OR IF Y |u, | 


n=1 


IS CONVERGENT THEN у и, IS CONVERGENT 


n=1 


Proof. Let У, и, be an absolutely convergent series. 


п=1 


РА 2 lu, | is convergent. 
п=1 
By Cauchy’s general principle of convergence, given ғ > 0, ds a positive integer т such that 
Iu, py lA du, ys | =. lu,li<e V n>m 
1+...... +lu,l<e V n>m 3441) 
Now, Бу triangle inequality, we have 
lu Зол tu и + и 
п т+1 


т+1 


ог lu l+lu 


т+1 т+1 


Ito... +lu,i<e V n>m [Using (1)] 


т+1 + Ит+2. m2 


By Cauchy's general principle of convergence, the series у и, is convergent. 


n-l 


Hence у | u„lis convergent = Хи, is convergent. 


Note 1. Absolute convergence = Convergence, but convergence need not imply absolute convergence i.e., the 
converse of above theorem need not be true. 


р)! 
CD =1 ын, 2” ins 
n 2 3 4 


It is convergent. [Зее Example 1 with Leibnitz’s Test] 


For example, consider the series J 
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1 
But the series у = № — is divergent. 
n 


Note 2. The divergence of È | и, | does not imply the divergence of Хи. 


(sd 1 Ci | 
For example, Ў, —— -У, — is divergent whereas У ————— is convergent. 


п п п 
5.31. POWER SERIES 


Cp! 
n 


Def. A series of the form aj + a,x + a,x? +... жах" +... со, where a's are independent of x, is called a power 
series in x. Such a series may converge for some or all values of x. 


Interval of Convergence. If the power series is У a,x" ,thentake u, =а х" 
п=0 


оо 


Ѕегіеѕ Бесоте 1 u 


— n 
л» Where u, — a, x". 


n=0 
As in power series a's сап Бе +уе as wellas—ve ~. for convergence of и, we test the convergence 
of Z|u,| ‘every absolutely convergent series is a convergent series. 
a, х" a, 1 a 1 
Un n хэн п п 
LZ ESI an+1 йы X ESI |x| 
а 
Let Lt | —— =1 
n0 ü, +1 
и 
Lt n = 
Un+1 | x | 
" . 
У м, | converges if ixl >1 (By Ratio test) 
х 


У и, convergesfor|x| «| ie, Їот-1<х<1 
The power series converges in the interval (- /, /) and diverges outside this interval. 
Interval (— l, Г) is called the Interval of Convergence of the power series. 


sinx sin2x | sin3x 
Р 29 5 33 


Sol. The given series is У и, = У 


n-l n-l 


Example 2. Prove that the series 


инь converges absolutely. 


(C D" sin nx 


3 
n 


: Isinzxl | 1 1 : 
Since lu, | = < V папа У — converges by p-series test "^ here p 23» 1. 
n n n 
By comparison test, the series № [и | converges. 
n 


— The given series converges absolutely. 


Example 3. For what value of x does the series by ( —1)' (4x + 1)" converges absolutely. 
n=0 
(P. T.U., May 2003) 
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Sol. The series is У и, = 3 (— D (4x +1)" 


n=0 n=0 
lu, | 1C 1)" 4x4 1)"l=1 (4x4 1)"| 


= lu, l=1 D'*! (4x4 1D? t lat (Axe 0+ 
lu, | 1(4х+1)" | 1 
и АХО" p 14x41 
14 Uy m 1 
n9 Uns lAx +11 


By ratio test È | и | converges if ———— > 1 
" 14х-1| 
i.e., [4х+11<1 or l4x-(-1)I«1 
Or -1-1«4х«-1-1 
ог -2«4х«0 " |x-al«l => а-Ї«х«а-ч 


1 
ог —— <х<0 
2 


1 1 
Hence the given series converges absolutely for — 2 <х<0 ie.,whenxe (- 2? o , 


Example 4. Test the absolute convergence of the series У с : (P.T.U., May 2012) 
25 п (log x) 
an 1 п 
Sol. Here и, = Eo 
n (log x) 
lu |= НЕЕ ЖЕБЕС. ѕау 
: n (log xy 


Apply Cauchy's Integral test 


T Tod T 1 
[£o dx = ЕЕ ах = [бов 1) ах 
A 5х (log x) Д х 

Е (log x)! _ 11 

НИ E logx|, 

1 ее 
= 0+ = which is finite 
log2 1082 


ES | год dx is convergent 


2 
By Cauchy's Integral test 
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by Ju, and | f (x) dx converge or diverge together and 
n=2 2 


| f (x) dx converges 
2 


J UM converges 
n=2 


Хи, converges absolutely 
n 
хоо 2 
Example 5. Prove that the series х— E F PIN +... œ is convergent for — 1 « x< 1. Also write the 


interval of convergence. 


(P. T.U., Dec. 2013) 
Sol. The given series is 


Eu =D 2 


n 
n n ntl 
тг? BE | xl 
Hats = He и ш п+1 
lu,| |x!’ n+1 n+l 1 
= ; т = : 
| Ир] | п | x 1 п | x | 
1 
14 | Lt | 1+—].—=— 
n> | Ил | п o n | Х| | Х| 
Ву Ratio test È | u, | converges when 
1 : : 
— >] ie, ЇхЇч1 ie, -1«х«1 
|x| 
: 1 А А 
апа diverges when Ld <1 ie, |x|»51lie,forx»2lorx«-1 
х 
Ratio test fails when|x|=1 ie, Wwhenx=+1. 
. 1 1 T : : : 
When x = 1, the series becomes 1 — 2 + 3 4 +... oo, which is an alternating series and is convergent. 
(see S.E. 1 art. 5.28) 
When x = - 1, the series becomes 
1 1 1 
-1-—2-2-— +... оо 
2 3 4 
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1 1 
=- bs - , Which is of the type У, — , where p= 1 
n n? 


by p-series test; it is divergent. 
Given series converges for — 1 < x < 1 and diverges forx>1 or х<-1 
The Interval of convergence (— 1, 1]. 


Example 6. For what value of x the power series 


1 1 2 1l 4 и n 
1-5 (0-2) + 4 (0-20 - = 6-2? +... Ч Je 2) +... 


converges ? What is its sum ? (P.T.U., May 2002) 
Sol. The given series is an alternating series 


Here u,= (- z) (x — 2)" 


л 1 п 
lu, |= --1(х-2) | uultu I(x-2y*!I 
1 pnt 2 
Uy (x 2)". i == 
Un] 2" (x-2)'* Ix—2] 
Lt Ил = 2 
n9 | Una Ix—21 


~ By Ratio's test the series È | м, | is convergent 


if | LI or 1х-21<2 or 2-2«х«2-2 or 0<х<4 
x— 
Уи, lis convergent for 0 « x « 4. 
As every absolutely convergent series is convergent 
> и, = 3, 23 | (x 2)" 15 convergent for 0 <х<4 
2 
: 1 1 2 | мэ S 
Now sum of the series = 1 5 (x-2)* Y (x-2)* * ...... oo is an infinite G.P. with first term 1 and common 
: 1 1 1 
ratio - — (x-2) andIC.RI- (x-2)|«— Ix-21«1 
2 2 2 
Sum of the series = ! - ! S= 5 
1 1 (2-2) 1+ х-2 l-r 
(ж 
2 2 
- = Їог0«х«4. 


“2жх-2 x 
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TEST YOUR KNOWLEDGE 


n- cog? пх 


nyn 


e (-1 
l. Prove that the series bs CD converges absolutely. 


п=1 
[Hint: See S.E.1] 
2. For what values of x are the following series convergent? 
2 3 4 2 3 


» X X X T X x 
(i) x- ~= +>- t.e (ii) 1+х+ —+— ct. 


42 43. «WE 2! 3! 


(P.T.U., Jan. 2010) 


n n+l 


; " х u 
Hint : (ii) и, = qp Ипа = 


п 


; Lt > co irrespective of the values of x 
(n+1)! и, >% Uny 


И Xu, converges for ай values of x 


Un] 
Е x 9, x! | xi x x 
(iii) x- —-4—--—-.... (iv) x- а +... 
3 5 T 22 32 42 
Е -1 
3. Discuss the convergence of the series У CD” a (P.T.U., May 2003) 
24 1-0 
[Hint: Consult S.E. 4] 
ANSWERS 
(i)-L<x<l (1) айх (iii) -1«х«1 (ivy) —1<х<1. 


3. Convergent. 


5.32. UNIFORM CONVERGENCE OF SERIES OF FUNCTIONS 
(P.T.U., May 2004, 2005) 


Let u,(x) be a real valued function defined on an interval I and for each n є М. Then 


со 


u (x) + u(x) + (х) +... = Ум, (х) is called an infinite series of functions each of which is defined on the 
n=1 
interval I. 


Let S, (x) =u, (x) +и,(х) + ....... + и, (x) be the nth partial sum of x u, (x) . 
Гесо є I and lim 5 (0) =S(q), then the series у u, (x) is said to converge to 5(0) at x = о. 
поо 


Thus, given € > 0, there exists a positive integer m such that 
15,(0)-5(0)|«ё. V n>m. 
The positive integer т depends on & € I and the given valueofe>0, ie. т= т(о, 8). Itis not always 
possible to find an m which works for each хе I. If we can find an m which depends only on € and not on 


хЕ L we say by u, (x) is uniformly convergent. 


Definition. A series 3 и,(х) converges uniformally to a function S(x) if for a given € > 0, there exists 
n-l 
a positive integer т depending only on & and independent of x such that for every 


xeL|S,G)-SQ)| «£V. n>m. 
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Note. The method of testing the uniform convergence of a series У u, (x) , by definition, involves finding S, (x) 


which is not always easy. The following test avoids 5, (x). 


5.33. WEIERSTRASS'S M-TEST (P.T.U., May 2003) 


Statement. A series У u,( x) offunctions converges uniformly and absolutely on an interval I if there 
п=1 
exists a convergent series № М, of positive constants such thatu, (x)| SM, V пє Мапа V хє 
п=1 
Proof. Since b» M, is convergent, by Cauchy's general principle of convergence, for each € > 0, there 
п=1 


exists a positive integer т such that 


|М, + Мы. tee +M,|<e V n>m 
ог М ,,* M, pote +М, <= V n>m .. (1) 
Now, for all хє1,|и,С015М, .. .(2) 
ии, 20) +...... +u (x)| 
Slu,,,@)|+lu,,,Q)| +... +|u, (x) | 
<M.) NR *M, [by (2)] 
<= V n»m [by (1)] 


= Ву Cauchy’s criterion, the series > и, (x) is uniformly convergent on I. 
n-l 

Also, ит [+ un, о 09] 8... t+lu,(x)|<e V n>m 

> lu, QO IR 2, 409] +[и, 0) |<= V n>m 


= The series ЭЭ | u, (x) | is uniformly convergent on I. 
п=1 
Hence the series b3 u,(x) converges uniformly and absolutely on I. 
п=1 


Example 1. Show that the following series are uniformly convergent : 


sin(x? + nx) + их) о чс COS DX 

ог ай теа х. ii — — — for all real x and p > 1. 

D 2 V» “Ж, р 
(P.T.U., Мау 2009) (P. T.U., Dec. 2005) 
(iii) 2 us —— ——, for all real x and p > І. 
: 2 
Sol. (i) Неге gas 
" n(n + 2) 
: 2 | 2 
ТЭЭГ sin (x^ nx) _ [sin (x + их) | < 1 p (=M) YV eR 
n(n +2) n(n+2) n(n+2) n 
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со 


| ecl. . "m 
Since > M, = > — is convergent, therefore, by M-test, the given series is uniformly convergent for 


n=1 п=1 п 
all real x. 
m COS nx 
(ii) Here и, (х) = 5 
п 
COS их COS их 1 
PACIE skenl e P ona Gk deed 
n n? n? n 


Since У М, ye — is convergent for p > 1, therefore, by M-test, the given series is uniformly 


п-1 п=1 п? 


convergent for ай real x and p> 1. 


1 
(iii) Here idi Н 
< n? + nh x? 
Sincex?20  forallrealx 
2 р 2 р 1 1 
nix 20 => п? + пх 2 п? = 2-8 < — 
n? + n* x n? 
1 1 
pa œ= —— 7 <— GM) У xeR. 
n? 4 n* x n 


Since Y M, 2 --- is convergent for p > 1. 


п=1 п=1 


Therefore, by M-test, the given series is uniformly convergent for all real x and р> 1. 


TEST YOUR KNOWLEDGE 


Test for uniform convergence the series : 


1 sin x " sin 2x E sin 3x 2 sin 4x Р 2. sin sin 2x " sin3x  sin4x 
= = == к ий лг ийн ИЛТ е © X 
pm $2 g 22 33 44 
(P.T.U., May 2003) 
[Hint: See S.E.1. (ii)] 
3. 2. cos (х2 +п 2х) 4 Y 1 
mn? +2) ` = п* +x 


5. — that if 0 <r < 1, then each of the following series is uniformly convergent on В: 


(i) > г” cos nx (ii) b r^ sin nx 


n-l n-l 


(iii) > r” cos n?x (iv) У г” sin a^x. 


п=1 п=1 


АМ5М/ЕК5 


1. Uniformly convergent for all real х 2. Uniformly convergent for all real x 


3. Uniformly convergent for all real x 4. Uniformly convergent for all real x. 
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5.34. HOW TO TEST A SERIES FOR CONVERGENCE? 


We have four types of infinite series, 
(1) Positive term series 
(2) Geometric series 
(3) Alternating series 
(4) Power series 


(i) For positive terms series first find и, and if possible evaluate Lt u,.If limit of u, is = 0, the series is 
п со 


1 
divergent. If limit of и, = 0, then compare Ум, with У v, , Where v, is always of ће type —5 compare 
n 


. 1 
Ун, with У " and 
apply comparison test ; if comparison test fails 
apply Ratio Test ; if ratio test fails 
apply Raabe's Test ; if Raabe's test fails 


apply logarithmic Test ; If logarithmic test fails 
apply Gauss Test 


Special cases : (a) If in Ratio test "n involves e, we directly apply logarithmic test. 


Ung] 


Ил 


1 
(b) If in Ratio test it is possible to expand in powers of — , then directly apply Gauss Test. 
n 


Ung] 


(ii) For alternating series apply Leibnitz's rule. 
(iii) The geometric series 1 +x +x? ..... оо 
converges if- 1] «x «1 ie.,|x|«1 
diverges if x2 1 
oscillates finitely Их=-1 
oscillates infinitely Их < – 1 
(iv) For power series apply the Ratio test. If Ratio test fails, then apply the same tests as applied in (7) case. 


REVIEW OF THE CHAPTER 


1. A sequence {а, is said to be bounded if Js two real numbers, k and K such that 
К<а„<К VneN. 


2. А sequence (a, ] is said to be: 


(i) convergentif Lt a, is finite 
п со 


(ii) divergentif Lt а, іѕ not finite ie, Lt а = +оог- ә 
п Э оо noo 


(iii) oscillary if (a, neither converges to a finite number nor diverges to + оо or — eo. 
3. A sequence (a, | is said to: 
(i) monotonic increasing ifa, >а, V neN 
(ii) monotonic decreasing if a, (Ха, V neN 
(iii) a sequence is said to be monotonic if it is either monotonic increasing or monotonic decreasing. 


4. Every convergent sequence is bounded. 
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5. Necessary and sufficient condition for the convergence of monotonic sequence is that it is bounded. 
6. (i) A monotonic increasing sequence which is bounded above converges and if it is not bounded above it 
diverges to + eo. 
(ii) A monotonic decreasing sequence which is bounded below converges and if it not bounded below diverges 


to — eo. 


со 


- 


. Infinite series: If {и} is a sequence of real numbers, then the expression pS Up =U; +U,t+...+U, +... 018 
п=1 
called an infinite series. 
8. Behaviour of infinite series: An infinite series X и, converges, diverges or oscillates (finitely or infinitely) 
according as the sequence (S, J of its partial sums converges, diverges or oscillates. 


со 


Thus (i) If series > u, is convergent, then Lt и, = 0 but converse is not true. 


п Э оо 
п=1 


оо 


(ii) If It и, 0, then у u, is not convergent. But if У и, is a+ve term series, thenif Lt и, #0, then 
п o no 
nzl nzl 


by и, diverges (0 +оо С> а +уе term series either converges or diverges to + оо. 
n=1 
9. Cauchy’s general principle of convergence: The necessary and sufficient condition for the convergence of 
infinite series is that given € > 0, however small 3$ а +ve integer т such that | Bin -S,|«£forn2 mand pe М. 
+u 


ie., | и | < £ for n > m and pe М. 


п+1 п+2 177 Мар 


10. Comparison tests: If 2 и and X v, are two +ve term series, then: 
Test 1. (а) If u, K v, (К> 0) V n» m and X v, is convergent, then È и, is also convergent 


(b) и, Zkv, (К> 0) V n» mand У v, is divergent, then È u, is also divergent. 


Test 2.h< “б <k (h, К> 0) V n >m both Хи and X v, converge and diverge together. 
Vn 


Test 3. (1) If Lt Pn- l (finite and non-zero), then X u, and È v, both converge and diverge together. 
пЭ оо Vy 


7 и 
(i) If Lt —- = 0 and Ev, converges, then X и, also converges. 
пЭ оо Vy 


(iii) If Lt Ип = co and = у, diverges, then È и, also diverges. 


и 
(iv) If Lt — = eeand X и, converges, then È v, also converges. 


и V, Я : 
—"—>—"— Юп>тапа X v, is convergent, then X и, is also convergent. 


Un] Vn+1 


Test 4. (i) If 


и u v T" | : 
ii) If —— <—" [огп> т and X v, is divergent, then È u, is also divergent. 
n g n 8 


Un] Уп+1 
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11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


1 
P-Series or Hyper-Harmonic Series: The series of the type > = is known as p-series of hyper harmonic 
n 
series and it converges if p » 1 and diverges if p € 1. 


D’ Alembert's Ratio Test: If и, is a +уе term series апд Lt E. m 


n> Ир] 


= І. Then Хи, is convergent if / > 1 and 


divergent if [< 1 when /= 1 ; Ratio test fails. 


. : и : : . 
Raabe's Test: If и, 15 а +үе terms seriesand Lt n b - ] = 1, then Xu, converges if l > 1 and diverges if 
neo Un] 


1 « 1 Raabe's test fails when [ = 1. 


Logarithmic Test: If и, is а +ve (егт ѕегіеѕ апа Lt nlog —"— =, then X и, converges if /» 1 and diverges 
сд Une] 
11 
Logarithmic test fails when / = 1. 
: : UM иһ A 1 
Gauss Test: If Хи, is a +ve term series can be expressed as =1+ —+0 5 |› then X u, 
Un] Un 4] n n 


converges if A > 1 and diverges if A < 1. 


1 


Cauchy's root Test: If и, is а +уе term series апд Lt (и, ) = [, then È и, is a convergent series if / < 1 and 
n со 


divergent if [> 1. Cauchy’s root test fails where [ = 1. 


Cauchy's Integral Test: If f(x) is a non-negative, monotonic decreasing function of x such that f(z) = и, for all 


positive integral values of n, then X и, and | f (х) dx converge or diverge together. 
1 


Leibnitz's Test on Alternating Series: The alternating series X (- it u, converges if 


п=1 


(i) и, >и, G) Lt и =0. 


Absolute Convergence of а series: 


Xu, is absolutely convergent if У | u, | is convergent 
Conditional Convergence of a series: 


Xu, is conditionally convergent if it is convergent but does not converge absolutely 
Every absolutely convergent series is convergent. 


оо 


: : а А ИЕ 
If in power series T a,x"; Lt —L— =], then interval of convergence of the power series is (— J, I). 


n- 


со 


Uniform Convergence of Series of functions: A series bs u, (x) converges uniformly to a function S(x) if for 
п=1 

=> 0; Js а +уе integer т depending on € and independent of x such that Гог every хе 1,15, (х) -SQ)I«e V 

nm. 


Weierstrass's M-test: A series X и, (x) of functions converges uniformly and absolutely on an interval I if ds а 


со 


convergent series У: M, of +ve constants such that, | u, (х) | SM, Vne Мапа УхЕТ 


n-l 
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SHORT ANSWER TYPE QUESTIONS 


Prove that every convergent sequence is bounded. 

[Hint: See art. 5.9] 

Define monotonic increasing and decreasing sequence. 

[Hint: See art. 5.7] 

Give an example of a monotonic increasing sequence which is (7) convergent, (ii) divergent. 

[Hint: S.E. 1 art. 5.10] 

Give an example of a monotonic decreasing sequence which is (7) convergent, (ii) divergent. 

(Hint: S.E. 2 art. 5.10] 

Define convergence, divergence, oscillation of an infinite series. (P. T.U., Dec. 2007) 
(Hint: See art. 5.15] 


6. Prove that a positive term series either converges or diverges to + ce. [Hint: See art. 5.18] 


10. 


11. 


State Cauchy's general principle of convergence. [Hint: See art. 5.19(5)] 


1 
Prove that sequence (a, |), where а = 1 + = + +... +... оо 15 convergent. 
п п 2 22 2" 
[Hint: S.E. 3(iii) art. 5.10] 


If > a, is convergent, then Lt a, =0.Give an example to show that converse is not true. 


пЭ оо 
n-l 


[Hint: See art. 5.17] (P. T.U., Dec. 2003, May 2004, Jan. 2009, May 2011) 


n 
Show that is divergent. [Hint: S.E. 11(ii) art. 5.21 
2 7 2040 gent. [ (ii) ] 
n= 


Test the convergence of the following series: 


(i) Nm (Hint: S.E. 8 (iii) art. 5.21] 


(ii) : [Hint: S.E. 12 (ii) art. 5.21] 


nlogn 
n? +1 
(iii) 2 [Hint: S.E. 13 (ii) art. 5.21] (P.T.U., May 2006) 
m +1 
cC. 1 
(iv) У ял = (P.T.U., Dec. 2010) 
п 
п=1 
21 | 
1 Е sin — i sın — 1 
Hint : Let u, = sin —; vy, ==; + =— 7; Lt “= Lt n =] and Ул = У. diverges 
n n Vn 1 пЭ ey, n> lig п 
п п 


: у ид diverges 


w Y ы [Hint: S.E. 10 (ii) ан. 5.21] 
n 
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(vi) " 1 1 1 
vi) — — оо 
2 32 2-2 
Ё 1 1 1 1 | 
Ни: DAP RE + "EF both and G.Ps with C.R. <1 г. convergent] 
1 1 1 : 1 1 1 мм 
(Уй) —+—+— +... ә. | Hint:u, = = . Take È v, =X —z Which is convergent 
14 2.5 3.6 nn*3) 2 ЦЭ n 
n 
2n? + 
(viii) > a NL n= 
4n +1 n 
Ч 1 1 
(ix) int :u, — Take у, 2 
> n? (n1)? 2p isl Р 
п 
1 
со +) 1+— 
о У Шы [Hint и, = -12 а. таеу- 1] 
(2n - 1) 2 1 п 1 п 
1 n'|2—— 2--— 
n n 


12. If Xu, and X v, are two +ve term series then 


(i) If Lt Яп =] (finite and non-zero), then X и, and È v, both converge and diverge together. 
n- co Yn 


[Hint: See art. 5.20 Test Ш(0)| 


(ii) If Lt i — and X v, diverges, then X и, also diverges. [Hint: See art. 5.20 Test Ш(НО)| 


пЭ % Vy, 


(iii) Lt Шт - 0 and Ху, converges, then X u, also converges. [Hint: See art. 5.20 Test III(ii)] 
пЭ о Vy 


13. Supposea, > 0,6, 20 Vne N.If Lt ги = œ and Za, converges. Can anything be said about È b, ? Give 
n>» Dy 
reason for your answer. [Hint: See art. 5.20 Test III (iv)]. (P. T.U., Dec. 2004) 
14. Test for convergence of the series: 
2 
n^ +1 1 
(i) (P.T.U., May 2006) (ii) pS (P.T.U., Dec. 2003) 
2234 EN 2-0 | 
[Hint: S.E. 13 (ii) art. 5.21] [Hint: S.E. 11 (0) art. 5.21] 
- 1 : a[ 3 
P.T.U., Dec. 2002 m +1- P.T.U., May 2007 
wi) У s | эхэ y 2007) 
[Hint: S.E. 12(ii) art. 5.21] [Hint: S.E. 16 (ii) art. 5.21] 
15. Testthe convergence/divergence of the series Уу” +1— Jn’ -4, (Р.Т.О., Dec. 2012) 
п=1 
[Hint: S.E. 16(i) art 5.21] 
2820 
16. Discuss the convergence of the series Эл (P.T.U., Мау 2012) 
п! 


п=1 


(Ни: S.E. 4(iii) art 5.22] 
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п 
1+2” 


17. Show that * is divergent. 


n 


Hint: Lt =—_ 
noo |421 1+0 


п 
18. Show that У; | B ] is divergent. 
n+ 


n 
1 1 
Hint: Lt А = М ————=— £0. Also Хи, is +ve 
noolntl п— оо 1 4 ё 
1+— 
п 
term series 2. У и, is divergent 


1 


= со + О апа»% и, 18 +ve term series .. 
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divergent 


1 1 
19. Is the series 1 + 2 +— +— +... оо, summable ? If so find its sum. [Hint: See S.E. 3 (iii) art. 5.10] 


2 » 


20. State Cauchy's root test and prove the following: 
: 1. 
(i) 3, ол 18 convergent 


(її) у “хон convergent 


1 
= 1 1 1 
Hint: Lt (м,) = 5x =—х1=—<1 у. convergent] -. 
Noo €D” 5 5 
5 n 
(iii) Х, n*lyY 1s convergent 
3n 5 
1 n"? 
(iv) by ЦЭ is convergent. (Ни: S.E. 3 (ii) art. 5.26] 
n 


. [Hint: S.E. 1 (iii) art. 5.26] 


|o d 
Е 2, (log л)” 


: п Е Р 
(vi) У "| . [Hint: S.E. 1 (i) art. 5.26] 


n 


21. State Cauchy's Integral test and prove the following: 


(i) у 5 is convergent. [Hint: See S.E. 1 art. 5.27] 
n^-1 


-1 

Ї 

(її) › аш. is convergent. [Hint: See S.E. 7 art. 5.27] 
1+п 


(P.T.U., May 2008) 


(P. T.U., Dec. 2002) 


(P.T.U., May 2009, Dec. 2012) 


(P. T.U., Dec. 2002) 


(P.T.U., May 2002, Dec. 2005) 
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22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


Apply Cauchy's Integral test to test the convergence of the series Уу n? . [Hint: S.E. 3 art. 5.27] 


n=1 


+1 
x" 


—— — . [Hint: S.E. 10 art. 5.22] 
(n 1) Jn 


Test the convergence of the series У 


1 1 1 1 1 1| 1 1 

The series + + Че» +... оо does not meet one of the conditions of Leibnitz's test, 
2 9 4 27 8 37-27 

which one ? Find the sum of the series. [Hint: S.E. 5 art. 5.28] (P. T.U., Dec. 2004) 
Examine the convergence of the following series: 

(i) 1- 2! i -2 +... œ, [Hint: S.E. 1 (ii) art. 5.28] (P.T.U., May 2010) 


... œ, [Hint: S.E. 1 (i) art. 5.28] 


(й) 2- 383-1 +... co, (Ний: S.E. 2 (i) art. 5.28] 


1 1 1 1 1 1 1 


“илж эн (Ни: S.E. 4 art. 5.28] 


(v) 1+ 


мы — ри 
о У P . [Hint: S.E. 3 art. 5.28] 


NX 1 
(i) 2 log (п +1) 


1 1 1 1 
Hint: и, = Und = , log (n+ 1) < log (n + 2); > 
log (1-1) log (n + 2) log (n+1) 108 (п +2) 
Un uy Vn Lt u,= Lt = 0. .. Convergent. 
n со п log (n +1) 
(vii) Y (yit. (viii) Y acy 
2 n А 
п=1 п +1 п=1 5 

Explain (i) absolutely convergent infinite series. (P. T.U., Dec. 2011) 


(ii) conditional convergence of a series by giving some examples. 
(a) Prove that every absolutely convergent series is convergent. [Hint: See art. 5.30] 
(b) Give an example of the series which is convergent but not absolutely convergent. Justify your statement. 


[Hint: Example art. 5.31] (P.T.U., May 2014) 


For what value of x does the series bi (— 1)" (4х +1)” converges absolutely? (P.T.U., Мау 2003) 
n=0 
[Hint: S.E. 3 art. 5.31] 
| о С и. 
Discuss the convergence of the series mto c. [Hint: S.E. 4 art. 5.30] (P.T.U., May 2003) 
tn 


п=1 


Test whether the following series are absolutely convergent or conditionally convergent. 
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31. 


32. 


33. 


34. 


35. 


36. 


37. 


1 1 1 
(i) 1- 3 + 37 = 2 +... ©. [Hint: S.E. Ка) art. 5.29] (P. T.U., Dec. 2006) 
99 (— p 
(i) У . [Hint: S.E. 1(5) art. 5.29] (P. T.U., Dec. 2012) 
2n-1 
п=1 
"T n-1 И 1 " 
(iii) Yen P (P. T.U., Dec. 2010) 
Test the absolute convergence of Е. Е [Hint: S.E. 4 art. 5.31] (P. T.U., May 2012) 
£ п (log n) 
x^ e 
Prove that 1 + x + 21 + 31 +... со converges Vx 
n п+1 
Нірё: и, = x ‚Ип = 4 m = пы) PIE A gy xx иһ converges Vn |. 
n! (n-D! иһ х пә Ир] 
2 P x 
Find the interval of convergence of x - — + гэн +... оо, 
[Hint: S.E. 5 art. 5.31] (P. T.U., Dec. 2013) 


1 1 -1V 
For what values of x, the power series 1 5 (х— 2) + 1 (-2)?... + (=) (x — 2)" +... ee converges ? 


[Hint: S.E. 6 art. 5.31] 


What do you understand by uniform convergence of a series ? Explain with the help of an example. 


[Hint: See art. 5.32] (P. T.U., May 2004, 2005) 
State Weierstrass's M-Test for uniform convergence of 2 и, (x) in an interval and apply it to show that У D 
п=1 № 
(р > 1) converges uniformly for all values of x. (Ни: S.E. 1 (ii) art. 5.33] (P. T.U., May 2003) 
State the following: 
(1) p-series test or Hyper Harmonic test 
(ii) D'Alembert's Ratio test (P. T.U., Dec. 2004) 
(iii) Raabe's test (P.T.U., May 2007) 
(iv) Logarithmic test (P.T.U., May 2007) 
(v) Gauss test 
(vi) Cauchy’s root test (P.T.U., Dec. 2002) 
(vii) Cauchy’s Integral test (P.T.U., May 2003, Dec. 2005, Jan. 2009, May 2014) 
(viii) Leibnitz’s test on alternating series (P.T.U., Dec. 2007, May 2014) 
(ix) Power series 
(x) Absolute convergence of a series (P.T.U., Dec. 2003) 
(xi) Uniform convergence of a series of functions (P.T.U., May 2004, 2005) 


(xii) Weierstrass’s M-test. 


INFINITE SERIES 337 
ANSWERS 


11. (0 Convergent (ii) Divergent (iii) Divergent 
(iv) Divergent (у) Convergent for p > 2, divergent for p € 2 
(vi) Convergent (vii) Convergent (viii) Convergent 
| I 2, 1 . 
(ix) Convergent for р > ri ын for p < 3 (х) Divergent 
14. (i) Divergent (ii) Divergent (її) Divergent (iv) Convergent 


15. Convergent 
16. Convergent 
19. Convergent 


23. Convergent for x < 1; Divergent for x > 1 


25. (i) Convergent (ii) Convergent (iii) not Convergent (iv) Convergent 
(v) not Convergent (vi) Convergent (vii) Convergent (viii) Convergent 
27. (b) уа Е 28. хє EU 29. Convergent 
n 2 
30. (i) Converges absolutely (ii) Converges conditionally (11) Converges conditionally 


31. Converges absolutely 
33. (-1, 1) 34. 0«x«4. 


6 


Complex Numbers and Elementary 
Functions of Complex Variable 


6.1. RECAPITULATION OF COMPLEX NUMBERS 


Students have already studied complex numbers in lower classes and are familiar with the basic concepts 
of the subject but still we would like to revise the main principles and methods of complex numbers for the 
benefit of students. 


6.2. COMPLEX NUMBERS 


(i) Definition of a Complex Number 


A number of the form x + iy, where x and y are real numbers and i = 4-1 ‚ is called а complex number. 
The set of complex numbers is denoted by С. 

If z =x + iy is a complex number, then 

xis called the real part of z and we write Re(z) = x 

yis called the imaginary part of z and we write Im(z) = y 

Ifx=Oandy# 0,thenzz 0 + iy = iyis called a purely imaginary number. 

Пу=0, then z =x + i.0 =x is areal number. 


Их =Оапау=0, then z = 0 + i . 0 = 0 is called the zero complex number. 
(ii) Conjugate ofa Complex Number 

If z =x + iy, then 2 = x – iy is called conjugate of z 
(iii) Properties of Complex Numbers 


(a) The sum, difference, product and quotient of two complex numbers is a complex number. 


(b) If a complex number is equal to zero, then its real and imaginary parts are separately equal to zero. 


Thus, x+iy=0 > х= дапау=0 
(с) If two complex numbers аге equal, then their real and imaginary parts are separately equal. 
Thus, x+iy=a +ib > x=aandy=b 
(d) If two complex numbers are equal, then their conjugates are also equal. 
Thus, at+ib=c+id > a — ib 2 c — id 
In general /(х + іу) = а(х +іу) ә  f(x—-iy)-2g(x-iy) (on changing i to — i) 


(iv) Polar-form of a Complex Number 


Let P represents a non-zero complex number z = x + iy in xy-plane. Then the ordered pair (x, y) 
represents <. Let (r , Ө) be polar coordinates of P. Then ОР = r, Z ХОР-0 


x =rcos®, yz-rsinO 
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and z 2rcosO c irsinO 
=r (cos Ө + i sin Ө) 
is polar representation of z. 
Squaring and adding the values of x and y, we get 


= 2 +y 


then OP = r= 4x? + y? is called Modulus or Norm ог 


Absolute Value of z and is represented by |< |. О 


Dividing y by х, we get tan 0 = > уудаа" > 
х х 


АҮ 


x) 
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407 is called Amplitude or Argument of z. The value of 0 lying in the interval -л < 0 < Tis called Principal 


Value of amplitude. 
(v) Ifz, andz, are Two Complex Numbers, then 
(a) 12,2,1=12,11,1 


lz | 


[2, | 


4 


(b) 


22 
(c) arg (<, z;) = arg z, + arg z, 


1 


(d) arg | | = arg z, — arg <, (z, #0) 


£5 
(e) | 21 + 22 |< [21| + [23] 


(Р) | 21-25 I2 11211-1241| 


2 2 2 2 
(6) Iz, 25 412,-2,Г 5212, 421, 
0) 120-1:Ё = zz 


(Г) arg z+arg т = 0 


6.3. DE-MOIVRE'S THEOREM 


(P. T.U., May 2002, 2004, Dec., 2005, May 2007, 2008, 2010, 2014) 


Statement. (i) [fn is any integer, positive or negative, then 


(cos Ө +i sin Ө)" = cos nO + i sin nO 


and (ii) If n is a fraction, positive or negative, then one of the values of 


(cos Ө +i sin Ө)" is cos n0 + i sin n. 
Proof. Case I. When n is a positive integer. 
We shall prove the theorem by induction method. 
When и = 1, the theorem becomes 
(cos Ө -- іѕіп Ө)! 2cos10 +іѕіп 1 Ө 


> со80-1810 =cos Ө + i sin 0 which is true. 
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Let us suppose the theorem is true for n = m 
Le., let (cos @+isin0)”=cosmð +isin т@ 441) 

Now, (cos Ө + isin 0)"*! = (cos Ө + i sin Ө)" (cos Ө + i sin Ө) 
= (cos m0 +i sin mO)(cos Ө + i sin Ө) [Using (1)] 
= (cos m0 cos Ө — sin тӨ sin Ө)  i(sin m Ө cos Ө + cos тб sin Ө) 
= cos (m0 + 0) + i sin (m0 + Ө) = cos (m + 1)0  isin (m 4 1)0 

=  Thetheoremis true forn = + 1. 

Hence by the Principle of Mathematical Induction, the theorem is true for all positive integers п. 

Case II. When n is a negative integer. 

Let n = — т, where m is a positive integer. 


(cos Ө + i sin Ө)” = (cos Ө + i sin Ө)” 


1 1 

= = — [by Case I] 

(cos Ө + і sin 0)" cos mO + i sin тӨ 
" 1 cos m0 — i sin тӨ 

cos тӨ + isin mO cos m0 — i sin mð 

cos m0 — i sin тӨ cos m0 — i sin тӨ 

_ = 220 
= cos? m0 — i? sin? mO cos? m0 + sin? mO [ i^e] 


= cos m0 — i sin тӨ = cos (— m)0 +i sin (- m)0 
[^ cos(-0)2cos0;sin (-0) = – sin Ө] 
= cos nð + i sin nO. [^ -mzn] 


Case III. When n is a fraction, positive or negative. 


Letn- 2 , where q is a positive integer and p is any integer, positive or negative. It follows from case I, that 
Ч 


ЭРЭЭ И Е - 
cos — +i sin — | =с05| q-.— | tisin| q:— | »cosO & isinO 
4 4 4 4 


0 0 
Taking qth root of both sides, cos — + i sin — is one of the values of (cos Ө + i sin Ө)!/4 
0 4 
Raising to pth power, (cos —-isin | is one of the values of (cos Ө + i sin Ө)” 
4 4 


р 
ог cos 2 Ө + ѕіп Р 0 is one of the values of (cos Ө + i sin 0%. 
q 


Since B n, cos n0 + i sin nO is one of the values of (cos 0 i sin 0)" 


Hence De-Moivre's Theorem is completely established. 
Cor. 1. (cos Ө +i sin Ө)" = cos (- 10) + i sin (- n0) = cos n0 — i sin nO 
Cor. 2. (cos Ө —i sin Ө)” = [cos (C 9) + i sin(— 0)]" = cos (— 10) + i sin (— 10) = cos nO — i sin n0 
Cor. 3. (cos Ө - isin 0Y” = [cos (C Ө) +i sin (C O)| " = cos nO + i sin nO 
1 


Cor. 4. ——————— = (cos Ө + i sin Ө)! = cos Ө — i sin Ө. 
cos Ө + i sin Ө 
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Caution. For the application of De-Moivre's Theorem 


1. Real part must be with cos and imaginary part with sin i.e., De-Moivre's Theorem cannot be directly 
applied to (sin Ө + i cos 0)". 


Procedure to find the (sin Ө +7 cos Ө)” 


(sin Ө + į cos Ө)" = cos[ 4-0] +isin( 4-0) ЕВО 
2 2 2 2 


2. The angle with sin and cos must be the same i.e.,  De-Moivre's Theorem cannot be applied to 
(cos 0+ i sin D)". 


Note. (cis 0,)(cis 0.) ..... (cis 0,) = cis (0, + 0, +... + 0,). 
ILLUSTRATIVE EXAMPLES 
Example 1. (а) Is (sin Ө + i cos Ө)" = sin n0 + i cos nO ? If not justify it. (P. T.U., Dec. 2006) 
(cos 30 + i sin 30 (cos Ө — i sin ө)? 
(cos 5Ө +i sin 50 (cos 20 — i sin 20)” | 
Sol. (a) (sin 0--1со80)/ = sinn@+icos nO 


(sin Ө + i cos Ө)" = E Ё - o) +isin E - o) 


= cos (= — 2 +isin Е — 2 + sinnô +icos nð. 


(b) Simplify : 


(cos 30 + i sin 30)? (cos 0 — i sin Ө)? [(cos Ө + i sin 0)? P [(cos Ө + i sin 9) ! P 
(cos 50 + їп 50)! (cos 20 — i sin 20) |(со80-1880) ]'[(cos Ө + i sin Ө) 2 P 


_ (cos Ө + i sin 9)? (cos Ө +i sin 0)? 
(cos Ө + i sin 0)? (cos Ө + i sin 9)? 


= (cos Ө + i sin 0)? = cos 130 — i sin 130. 


= (cos Ө + i sin Ө)!5—3—35+10 


4 
0 i si 
Example 2. Simplify : EXIT) | 


sin Ө+ї cos Ө 


E _ (cos Ө +i sin o) 


sin8-icosO0 | | 4 
E [в +isin (1-9) 
2 2 


_ (cos 0 + i sin Ө)* Ш (cos Ө + i sin Ө)“ 
2 ЕСУ 2-0) cos (2x — 40) + i sin (27 — 40) 


_ (cos Ө +i sin Ө) (cos 0 +i sin 0)* 
~ cos 40—11 40 | (cos Ө +i sin 9) * 


= (cos Ө + i sin 0)? = cos 80 + i sin 80. 
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— a — 
Example 3. (i) /f x = cos ®+ i sino, y = cos В +i sin B, prove that 23 itan 2 р : 
х+ у 


(P.T.U., Dec. 2012) 
(х+ у) (ху -1) _ sina+sinB 
(х= у)(ху+1) ѕіпо – ѕіпВ 


х= у (cosa + ѕіп о) — (соз В + i sin В) 


(i) 


Sol() LHS = 


x+y  (cosa+isin о) + (cosß + i sin 
y 


_ (cos & — cos В) + i(sin о — sin В) 


~ (cos @ + cos В) + Кзш о + sin В) 


+ a+ - 
Ээ Ши: bei 315,45 0D 1, OB 
= 2 2 2 
+ + - 
IULII NM E 
2 2 2 
a+ О — Q + 0 — 
Р rid e LN Pan В 
= р a-p «+В ЛЖ: хашаан 
cos cos +isin cos 
2 2 2 2 
- «+ 
i sin =. d 
= =i an 2? =н 
o — 
cos Р АРА а 
2 2 2 


Gi) LHS [(cos & +i sin о) + (cos B +i sin B)] [(cos о + i sin œ) (cos В +i sin B) – 1] 
п = 


[(cos 0 +i sin о) — (cos B +i sin B)] [(с0$ & +i sin œ) (cos В +i sin B) +1] 
_ [(cos & + cos B)] +i (sin & + sin B)] [cos (0 + B) + i sin (& +B) — 1] 
© [(cos & — cos B) +i (sin а — sin В) [cos (© + B) + i sin (ox + B) + 1] 


a+ + - 
2 cos В cos шэн —— dn Шин В 
2 2 2 


| | [(1— соз (0 + B)] + i sin (© + В | 


| pus a+B a ан + соз (a + B)]-- i sin (œ + В) | 


= o + © + o + 
COS o-p 2i sin P [es P +isin d 
2 2 2 


B 2 
.. 0— Q + a+ Q + 
i sin Б 2 cos В cos шэн sin В 
2 2 2 2 
ОР 0 — 
2 sin P cos _ sina + sin p 
= 2 2 =RHS 
+В. a- — sina —sinp 
2 cos ——— sin 
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Example 4. If ‘a’ denotes cos 20+ i sin 20 with similar expressions for b, c, d, prove that 


(i) Марса m =2cos(a+B+y +9) (ii) e eu =2 cos (+ D y – ò). 


Sol. (i) a= cos 29+ i sin 20, b = cos 2D + i sin 2B 
c= cos2y +isin2y,d=cos 26 * i sin 20 
abcd = (cos 20+ isin 20)(cos 2D + i sin 2B)(cos 2y + i sin 2y)(cos 28+ isin 26) 
= cos (2®+ 2D - 2y + 26) + i sin (20+ 2D + 2y +25) 


УаЬса = (арса)!? = [cos (20+ 2B + 2y +26) +i sin (20+ 2B + 2y + 26)] 
= cos (a+ B y + 6) e isin (oc B y +5) 


1 
abcd 
= cos (&+ B +y +) - isin (oc B y +) 


= (Уавсау! = [cos (о+В+ү +) + isin (o B y +H]! 


1 


<. Марса + 


= 2соѕ(а+В+ү +9). 


1 
“арса 


ab (соз 20 + i sin 20)(соѕ 2B + і sin 2B) _ cos (20+ 2B) + i sin (20+ 2B) 
cd (cos 2y +i sin 2y)(cos 26 + i sin 26) С cos (2y +26) +i sin (2y + 28) 


= cos (20+ 2D - 2y — 26) + isin (20+ 2B - 2y — 28) 


(ii) 


12 
| = [cos (20+ 2B - 2y — 26) +i sin (20+ 2p - 2y —28)]!” 


= cos (a+ B- — 8) +іѕіп (0+ В-ү – $) 


-1 
il А = [cos (&+ B- y - $) - isin(a- B-y - 5! 
ab cd 


= соз (a+ B-y – $) - isin(o. B— y — ò) 


ab cd 
e eu = 2cos (a+ B- y - ò). 


Example 5. If sin a+ sin В + sin y = cos 0+ cos В + cos y = 0, prove that 
(i) cos 30+ cos 3B + cos Зу 23 cos (a+ B y) (P.T.U., Dec. 2002) 
(ii) sin 3a+ sin 3B + sin 3y =3 sin(at+B+Y) 
(iii) cos (B + ү) + cos (y + о) + cos (a+ B) =0 
(iv) sin (B+ ү) + sin (ү + о) + sin (a+ B) = 0 


(v) cos 20+ cos 2B + cos 2y =0 (vi) sin 20+ sin 2B + sin 2y =0 
(vii) > соз 4a. 2 > cos 2(В +y) (viii) X sin 40.2 2 X sin2(B +y) 
(ix) sin? «+ sin? В + sin? y = cos? «+ cos? В + cos? y = 3/2. (P.T.U., May 2003) 


Sol. Let a = cos a+isina;b=cosB+isinB;c=cosy +i sin ү. 
a+b * c = (cos 0+ cos B + cos y) + i(sin oc sin B + sin y) 
= (0) +10) =0 
a+b+c=0 
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or 


or 


or 


> a+b=-c 
Cubing both sides (а + bp=- c 
а +23 + ЗаЬ (а + b) =— сз 


а +b? — Заре =- с? 
а +b? + с = Зарс 
= (соз @+ isin 0)? + (cos В + i sin D? + (cos y + i sin y? 
= 3(cos 0+ і sin 0)(соѕ B + i sin B)(cosy +i sin y) 
= (cos 30+ isin 30) + (cos ЗВ + i sin ЗВ) + (cos 3y + i sin 3y) 
= 3[соѕ («+ B+y)+isin(&+ß+y)] 
= (cos 30+ cos ЗВ + cos 3y) + i (sin 30+ sin ЗВ + sin Зу) 
=3 сов (a. В +ү) - i- 3 зщ (0+ B +ү) 
Equating the real and imaginary parts on both sides, 
cos 30+ cos ЗВ + cos 3y = 3 cos (o D +y) 
sin 30+ sin 3B + sin 3y = 3 sin (o D y) 


Parts (1) and (ii) are proved. 


1 1 1 
Now, -4-4Ж-ша!4 1." 
а b с 
= (cos @+ i sin 0)! + (cos В + i sin D)! + (cos y + i sin yy! 
= (cos @— i sin 0) + (cos В — i sin В) + (cos y — i sin y) 
= (cos @+ cos В + cos y) — i(sin oc sin B + sin y) 
=0-i(0) [From given conditions] 
111 
—+—+— 20 > bc+ca+ab=0 ог Xbcz0 
a b с 


=> Х(соѕ В + ѕіп В)(соѕү tisiny)=0 = X[cos(D- y) isin(B- y)] 20 
Equating the real and imaginary parts on both sides 
Ecos (B+) 20 
Zsin(B+y)=0 
Parts (iii) and (iv) are proved. 


Since a+b+c=0 
Squaring а? + D? + с2 +2(ab + bc + ca) = 0 
Вш ab * bc - caz 0 [Proved above] 


а2-12-02-0 ie, Ха?=0 


X(cos 0+ i sin 0)2 = 0 


> 
> X(cos 20+ i sin 20) = 0 
Equating the real and imaginary parts on both sides 
У cos 20 = о] 
У sin 20 =0 


Parts (v) and (vi) are proved 


a+b+c=0 
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or 


or 


. a+b=-c 

Squaring а? + b? + 2аЬ = c? ога? + b? – с? = -2ab 
Squaring again a^ b^ + c* + 2a?b? — 2022 — 22а? = 4a°b? 

> Хай = 2Xp?c? 

> X(cos a+ i sin 0)* = 2X(cos В + i sin В)2(соѕ y + i sin y? 
— X(cos 40+ i sin 40) = 2X(cos 2B + i sin 2B)(cos 2y + isin 2y) 
> Х(сов 40+ i sin 40) = 25[соѕ (28+ 2y) + isin (25+ 2y)] 


Equating the real and imaginary parts on both sides, 
У cos 40, = 2X cos 20В + y) 
У яп 40 = 2% sin 2(B + y) 
Parts (vii) and (viii) are proved 
1- 20 1- 2B 1- 2 
cos 2® | |— cos p , Locos 2y 


Now, sin? æ+ sin? В + sin? y = 
2 2 2 
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3 1 3 1 
= э gnato from part ‘у’ 


3 


2 


1+ с0$ 20 14с0820 1+ cos 2y 
+ + 


Similarly, cos? «+ cos? В + cos? y = 
у. В y 2 7 : 


3 
2 
Hence (ix) part is proved. 
Example 6. If cos ®+ 2 cos В + 3 cos y 20; зїп a+ 2 sin В + 3 siny = 0 prove that 
(i) cos 3 a+ 8 cos 3B + 27 cos 3y = 18 cos (a+ B +y) 
(ii) sin Зо + 8 sin 3D + 27 sin 3y = 18 sin (+ B + y) 
(iii) cos (20- В y) + 8cos(2B — y – о) + 27 cos (2y - a- В) = 18 
(iv) sin (2a—B — y ) + 8 sin(2B — y — o) + 27 sin (2y —&.— p) = 0. 
Sol. Let a = cos &+ isino, b = cos Bc і ѕір В, c = cos y + i sin y 
By given conditions а + 2b + Зс = (cos 0+ 2 cos В + 3 cos y) + Кзш 0+ 2 sin B + 3sin y) = 0 
2 a+2b= -3c 
Cubing both sides 
(a4 2b = -278 
а + 8b? + баЬ (a + 2b) = - 271? 
a + 8b? + 6ab (— 3с) = - 271? 
a? + 863+ 2763 = 18abc 


31 3-1 
— + — (cos 20 + cos 2B + cos 2ү)=—+—.0 from part ‘у’ 
5 Л р y) 275 part *v 


.. (1) 


[Using (1)] 
‚..@ 
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(cos 0+ i sin 0)? + 8 (cos B + i sin B? + 27 (cos y + i sin y)? 
= 18 (cos 0+ i sin О) (cos В + i sin B) (cos y +isiny) 
[cos 30+ 8 cos ЗВ + 27 cos 3y] +i [51 Зо + 8 sin 3B + 27 cos 3y] 
= 18 [cos («+В y) +7 (oc B 4 y )] 
Comparing real and imaginary parts 
cos 30+ 8 cos 3B + 27 cos Зу = 18 cos (o. B + ү); part (i) is proved 
sin 30+ 8 sin ЗВ + 27 sin 3y = 18 sin (0+ B +y) ; part (ii) is proved 
Now, from (2) а? +80 + 27с = 18abc 


Divide by abe; 2 +8 — +27 — = 18 
bc ac ab 
(cos @ + i sin o)? (cos В + i sin p? 
(cos В + i sin B) (cos y + i sin y) (cos & + i sin 0) (cos y + i sin y) 


(cos y + i sin ү)? 


+27 - - = 
(cos & + i sin 0) (cos B + i sin В) 


cis 20 " cis 2B +27 сїз 2ү :: 
cis (B + y) cis (y +) cis (a + В) 
or cis (2a.- B- y) +8 сіѕ (2B -y ^0) + 27 cis (2y -a— В) = 18 

Comparing real and Imaginary parts on both sides 

cos (20- B — y) +8 сов 2B — y — о) +27 cos 2y - a- B) = 18 

sin (2a.— B — y) + 8 sin (2B —y — o) +27 sin (2y — a— В) =0 (iii) and (iv) are proved. 
Example 7. Find the general value of 8 which satisfies the equation 

(cos Ө + i sin Ө)(соѕ 30 + i sin 30) ....... [cos (2r 1)0 + i sin (2r— 1)0] = I. 

Sol. (cos Ө + i sin Ө)(соѕ 30 + isin 30) ..... [cos 2r- 1)0 +i sin (2r—1)0]=1 


= cos [0 - 30 +..... + (2r- 1)0] + i sin [0 +30+..... + (2r— 1)0] = 1 
> cos [1+3+..... + (2r- 1) @ +1 зщ [1+3 +..... + (2ғ– 1)]]02 1 
=> cos 7 (1 +2r- DO +isin > (1 +2r-1)0= 1 
2 
[^ L3,5,...,2r- 1 forman A.P. with r terms. 
. Number of terms _. 
Their sum = шилэх илж (First term + Last term) 


> cos (77 0) +i sin (7? 0)=1. 
Equating the real and imaginary parts on both sides, 


2 - 
шэг 921 > г20=2пт 
sin (7°0)=1 


2пт ; : 
Непсе 0 = 13 where п is any integer. 
r 
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T T 
Example 8. (a) If x, = cos — +isin — , prove that x, x» x, ...... oo =- [. 
2 2 


m ura ши |ы nM Ea ER 
(b) If x. = ти that x, XX; ..X, = 2 ED 2 EXE 
Hence show that x, x, x, ... о = i. (P.T.U., May 2003) 
Sol. (a) x, = cos m +isin m 
2! 2" 


Putting r = 1, 2, 3, ...., we have 


X 


ds brin T isin” 
= 1 х = 1 

(^X 

l 2 2 22 2? 


T .. T 
X,— cos — +isin — and so on. 
| p 23 


ХүХ, Хү... 10 со 


T .. T T "E T .. T 
cos — + i sin cos — tisin — || cos—, tisin — | .... 0 ee 
2 2 2 2 2 2 


T T T 2-2 T T T 
= cos a bua b Е үс to оо | - : sin at. bag — to со 
2 2 2 2 2 


2 
x d 
= cos 2 +isin 2 LLL NM cois infinite С.Р. 
202302 
1-- 1-- 
2 2 
TUR a 
and sum of infinite G.P. — 
-r 
= соѕл+іѕіпл= – 1. 
(5) х,= cos Л +isin B = cos T 
3" rn 3" 
Put r21,2,3,.. 
X XS o cis dis ee cis— 
SM ta eg rtt 3 3 3" 

тл T ‚Л 1 1 
= cis 127 3 = | = cis 1+-+ 7 т 

33 3 3 3 3 3" —1 

X : 1 
which is а G.P. with C.R. = — 
1 
[1-5 | 1 py 
= cis 3 ZZ | faces o Ty 
1 2 3" l-r 
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When n > ee, L3 —0ie., 


T 0 > ; 
=cos — +isin — =0+1.1=1 
2 2 


1 1 
Example 9. /fx + — = 2 соѕӨ,у+ — =2 cos ф, prove that one of the values of 
x M 


m n 


y 


: 1 
(i) L D is 2 cos (тб — пф) (ii) ху" + - is 2 cos (тӨ + nà). 
y x y 
1 
Sol. x+— = 2cos 0 
x 
> Х2-1-02хсо80 = х?-2хсоз 0 + соѕ20 + sin? 0 =0 
> (x-cos 0)2 = – ѕіп20 = х-соз0=+ 1510 = x=cosO+ isinO 


One of the values of x is cos Ө + i sin Ө. 


Similarly, one of the values of y is cos ф+ i sin ф. 


m m 


_ (cos O +i sin Ө) cos mO i sin тӨ 


(i) One of the values of E — 
y" (соѕф+іѕіп ф)”  cosnó-isin пф 


= cos (тӨ — nọ) + i sin (тб — nd) 


, 
m 
X 


-1 
п т 
One of the values of У i.e., É | 


= [cos (m0 — пф) + i sin (т0-пф)Д ! = cos (m0 — пф) — i sin (mO – пф). 
x" E y" 
y x 
(ii) One of the values of x”y” 
= (cos 0 + i sin Ө)” (cos ф+ i sin ф)" = (cos тӨ + i sin m0) (cos nọ + i sin nd) 
= cos (тӨ + пф) + i sin (т0 + пф) 


Hence one of the values of 


is 2 cos (m0 — пф). 


One of the values of i.e. (x"nyny! 


x" y" ? 
= [cos (mO + пф) + i sin (тб + пФ]! = cos (mO + пф) — i sin (m0 + пф). 


Hence one of the values of xy" + 


is 2 cos (19 + пф). 


m n 
xy 


1 x” +1 cos nO 
Example 10. (а) If 2 cos Ө = x + — , prove that - 
х 


x" х cos(n-1)0. 


(b) If xà — 2x cos 0 + 1 = 0 show that x^" — 2x" cos n0 + 1 = 0. 


(c) Find an equation whose roots are the nth powers of the roots of the equation x? — 2x cos Ө + 1 = 0. 
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1 
501. (а) 2с050=х+— or х2-2хсо80-1-0 
х 
2 cos 0 + 4 cos? 0-4 
Solve for x; x= 
2 
2 0 € 2i sin Ө 
ог х= = 180 .. (1) 


Two values of x are cos Ө 41810 and cos Ө - i sin Ө 


Choose any one of the two values 


Let х= соѕ Ө + isinO 
x?" +1 (cos 0 + i sin 0)” +1 
Then 2п-1 = © 2п-1 wos 
x +x  (cos@+/isin Ө) + (cos Ө + isin Ө) 


cos 2n0 + i sin 2n0 +1 
cos (2n — 1)0 +i sin (2n — 1)0 + cos Ө + i sin Ө 


(1+ cos 210) + i sin 210 
[cos (2n — 1)0 + cos 0] + i [sin (2n — 1)0 + sin Ө] 


2 cos? n0 + 2i sin nO cos nO 
2 cos n0 cos (n — 1) 9 + i 2 sin n0 cos (n — 1) Ө 


_ 2 cos пӨ[созпӨ+їзїппӨ] ^ со$лпӨ 
^. 2cos (n —1)0 [cos nO + i sin n0] 7 cos (n—1)0 


Part (a) is proved. 
(b) Solving х2-2хсов80-1-0 wegetx=cosO@+ іѕіпӨ from(1) 
Let x= соѕ Ө + ѕіп Ө 
х2" – 2x" cos n0 + 1 = (cos Ө + i sin Ө)2" – 2 (cos Ө + i sin Ө)" cos n0 + 1 
= cos 2n0 + i sin 210 – 2 cos n0 [cos n0 + isin пө] + 1 
cos 210 + i sin 2n0 — 2 cos? n0 —2 isin n0 cos n0 + 1 
= [cos 2n0 – 2 cos? nO + 1] +i [sin 2n0 — 2 sin nO cos 10] 
= [(1- cos 210) – 2 cos? n0] + i [sin 20 — sin 210] 
= [2 cos? n0 – 2 cos? n0] + i [sin 270 — sin 210] 
= 0+7.0=0=RHS 
(c) Roots of x? — 2x cos 0 + 1 =O are 
cos Ө - ѕіп Ө апа соѕ Ө -isinO from (1) 


Let = cos Ө + isin Ө, В = cos Ө – i sin Ө (Proved in part a) 
We want to form an equation whose roots are œ” and р". 
Quadratic equation is x? — (0 + B^) x + (o В”) 20 | x?-Sx+P=0 


o” + В" = (cos Ө +i sin Ө)" + (cos Ө - i sin Ө)" 
= cos nO + i sin n0 + cos n0 — i sin n0 = 2 cos nO 
о" D" = (cos Ө +i sin Ө)” (cos Ө — i sin Ө)" = [cos? Ө + si? 0] = 1 
Required equationis — x? — 2cosn0x 4120 
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Example 11. Prove that: (1 + sin Ө + i cos Ө)" + (1 + sin Ө—їсоз Ө)" = 2"*! cos” Е 3 COS E | : 


(P.T.U., Мау 2008) 
Sol. (1 + sin Ө + i cos 0)" + (1 + sin Ө — i cos Ө)" 


= Е ЗЕ 4 
4 2 4 2 4 2 


n» nT Ө [ nt nð >.. (m nO nī nO .. (m nO 
= 2" 05" | ——— || cos] —— — |+ i sin| — — — |+ cos i sin 
4 2 L 4 2 4 2 4 2 4 2 
= cos |Z- В а ыг = 2" +1соз | 8 cos| 77 i 
4 2 4 2 4 2 4 2 


1+ 5іп Ө +ісоѕ 0 Y 
Example 12. Prove that ps COS = nO | +isin = пӨ |. 
1+ т Ө – і cos Ө 2 2 


Sol. (sin Ө + і cos Ө)(ѕіп Ө —icos 0) = sin? 0-Р cos? Ө 
= sin? 0 + cos? 0 [- Р=-П 


=1 BU 


E 1 [Using (1)] 


(sin Ө + i cos Ө)(ѕіп 0 — i cos Ө) + sin Ө +i cos Ө i 
1+sin 0—icos Ө 


l+ sin Ө – і cos Ө 


[Note the step] 


_ (sin Ө + i cos Ө) (sin 8 — i cos Ө+1) 
i 1+sin Ө – і соѕ Ө 


| = (sin Ө + i cos Ө)" 
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m m m b 
Example 13. (i) Prove that (a +ib)” + (a — ib)" = а? + b? )?" cos E tan” 2) 
n 


a 
(ii) (43 +" e (3 — =2™ cos E (P.T.-U., May 2004) 
e adem cos E (P-T.U., May 2003) 


Sol. (1) Leta-rcosOand  b-rsinO 


Squaring and adding, = а?+Ь? os r= 4ја? +b 
Ь 

Dividing апӨ= — 2 O=tan! 2 
а а 


т т т т 


(a * ib)" +(a—ib)" = [r(cos0 + isin 0)" + [r(cos0 — i sin ӨЛ" 


m m m m 


r” (cos Ө i sin Ө)" +r” (cos – i sin Ө)” 


m 


m 
PS m 2200 = m 2200 
—-r"|cos—O-isin — Ө |+" | cos — 9 – isin — Ө 
n n n n 


г" БООЖ а? +? yn Е tan! 3 
п п а 


= 2(а? +b" )2" cos Ё tan ! 2) 
п а 
(ii) Let „З = гсоѕ Ө and l-rsin0 


Squaring and adding 4= 2 2. r-2 


соѕ Ө = ai. sin 8 = — 
2 2 


б= 
6 


Now, (Q3 +i)" + (V3 — 0)" = (r cos Ө + ir sin Ө)" + (r cos Ө — ir sin Ө)" 
=r" (cos Ө + i sin 0)" + 7” (cos 0 — i sin Ө)” 
Apply De-Moivre's theorem 
т cos пӨ + i sin nO 
i + cos nO — i sin nO 


= 1": 2 соз ид 


T T 
= 2". 2 созп. 7 =2"+loosn —. 
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(iii) Put l= rcos0 and l-rsinO. 
Squaring and adding 222 л r242 
Dividing tan@=1 2 Ө= 2 


(1-07-41-07-(гсо80-1г8ш0)-(гсо80-1г810) 


=r" [cos n0 + i sin n0 + cos n0 – i sin n0] 


n 
шин! 


- (2) ‚ 2 cos n0 = 2 . 2"? cos P = 22 cos a 


Example 14. If (a, + ib, )(a, + ib,) ...... (a, + ib,) =A + iB, prove that, 
(i) (ар + b?) (a? + b^ is (а? + b2) = А2 + B? 


Ь b B 
(ii) tan! — + tan! — +....+ат!  =tan! — . 
a; a» а, А 
Sol. Let à, +ib, =r, (cos 0, + isin 0). 


Equating real and imaginary parts on both sides г, cos 0, =a; r,sin0, =b; 


Squaring and adding, "|? = aj? + 62 


b, 
Dividing, tan0, = — ог 9, = tan”! A 
a a 
my 2 2 2 ab 
Similarly, ry = а; tbis Ө, = tan — 
а, 
Ь 
r? =a} +b, Ө, = tan! — 
a 
г2-ад2-52, 9, = tan! — 
a, 
Now it is given that (a, + ib, (а. +1.)....... (a, +ib,) = A+iB 
=> r (cos 0, +i sin Ө) r, (cos 9, + i sin 0») ...... г, (cos 0, + isin0,) = Ac iB 
> nr. r [(соѕ 0, + i sin Ө,)(соѕ 0, i sin 0)) ..... (cos 0, +1 т 0,)] = А +iB 
> Efe г, [cos (0, +6, +...... + Ө) isin(0, +0, +...... *0)]- A- iB. 
Equating real and imaginary parts on both sides, 
РГ г, с0$ (0; +6, +...... *0)-A 
Йун» r, sin (0; +6, +...... -0)-8 
Squaring and adding (1) and (2), 
А ба r? [cos*(0, +0,+...... + Ө) + sin? (0; +0, +......+6,)] = A? +B? 
d p ЖЭТ иг = A? + B? 


=> 
=» 
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.. (1) 
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B 
Dividing (2) by (1), tan (0, 0, + ...... +0,) = ES 
4 B 
> 9, +60, +..... +0, = tan" — 
А 
b B 
> tan! L + апт! 2 +... tan! — = tan! — ‚..@) 
a a, а, А 
Example 15. /f(1 + x) = py + px +p, x рух + .... show that 
| E. " о. опт 
(D Po-Pa + Pg v= 22 ба (ii) p, p, + Ps» = 2? sin А 
$01. (1 +x)" = ру+рух + рох? pax? ien 
Put x =i on both sides, (1 +i)" =p) +p,it+ pP + p? + pi* + p? +..... =ру+ір p, ip, * pa ip; +... 
12 Р=-ЬВЕРЕ-ЬЙ=(Р) ТРЕ НЕЙ 
Eo (1 +1)" = (Po-Pa + p, ee )-1(рү-Ра + ps...) .. (0 
Let 1+i=r(cos Ө +1зт Ө) 
Equating real and imaginary parts r cos Ө = 1, rsin Ө = 1 .. (2) 
Squaring and adding, r=1+1=2 Е г= 4/2, 
1 1 
From (2), cos 9 = —2—— , 810--5-- 
r J2 r J2 
Both these equations are satisfied when 0 = " 
T T 
1+i= V2] cos—+isin— 
га 
T тү > пт пт 
> 1 +i) -(42) | cos—+isin—| =2? | cos — +i sin — 
ажиг СВУ [os isin 2] =22 [соз 4 isin) 
2 пт... т А 
From (1), 22 СЕ z) = (р-р, +P4---) +i -P3 + Ds ---) 
Equating real and imaginary parts on both sides, 
5 пт 
Po-Pa + Р = 22 sese Ф 
>. nx 
Pi -P3 Руны = 2? шит ...(ID 


Example 16. If x = cos0 + i sin Ө and 1-с? =пс- 1. Show that 1 + c cos0 = e. (1 + nx) ЦЭ ; 
n х 


Sol. Given 1-c? = nc-1 AL) 
and х= с05 0 +1зт 0 


— = cos0- і ѕіп Ө 
x 


1 
Rise: а |a. ТОНН 
2п X 2n X 
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1 
= £ [l+n-2cos0+n?]= © [ини +200 ‚..@ 
2п 2 п 
1+1- c? 
From (1), n= —— 
с 
Eliminate п from (2), 
Г 2 
1 Па? | +e 
14 41-c | | 
ЕН$= ©. ©, ВЕН | £ +2 соз Ө 
2 С 1+ 1- c | 2 es i-e] 
[ | Ї 2 
с | 1+1 62 «241-8 «ce с 21+ i-e 
= +2 соѕ Ө | = + 2 соѕ Ө 
2 (i+ i-e) 2 15 i-e] 


со 


= 2 зое =1+ссозӨ=1НВ 
|с 


Example 17. /f sin y = i tan Ө, prove that cos Ө + i sin Ө = tan E + у. z 


isinO «шү = со80 1 


501. itanQzsiny => —— = — 
cos 8 1 isinO siny 


со8 0180 1+siny 


By componendo and dividendo, Lm - 
со80-1810 1—siny 


2 V 


2WV 


cos +sin ть 
ог (cos Ө + isin Ө)(соѕ Ө — i sin Ө)! = 2 2 Т 
2 


cos? ы + sin? у 2 cos 
2 2 


2 


y 


cos — + sin — 


ог (cos Ө +i sin Ө)(со5Ө+151пӨ)= 


Vig V 


cos — + sin — 

Or со80-1810 = — 2 2 
cos S. — gin V. 

2 2 


ү 


Dividing the numerator and denominator on RHS Бу cos = we get 


mun (24%). 
4 2 


1+ tan 


cos Ө + i sin Ө = 
1- tan 


о |= |v |< 
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Example 18. /f o, D are the roots of x? — 2x + 2 = 0, then prove that: 


(t+a)"—(t+B)"  sinnó 
a-p sin" à 


@) 


(t+a)" + (Е +В)" _ cos пф 


(ii) ‚ where t + 1 = cot Q. 
«+В sin" ф 
$01. 02-2х+2= 0 
2+./4-8 2+; 
х= 25-р 
2 2 
01-41, -1-1 
(0 (¢+o)” -+p _@+1+0%"-@+1-0" 
a — В 1-1-1-1 
t п __ t ñ” 
= шингэн шэн givent+ 1 = со ф 
21 
_ (cos ф + isin ф)" — (cos 6 — i sin ф)" 
2i (sin 9)" 
_ (cos nọ + i sin пф) — (cos nọ — i sin пф) 


2i sin" $ 
_ 2isinnd _ sinnd 


2isin"  sin"$ 


(ii) Do it yourself. 


Example 19. /f a = сїз о, b = cis P, c = cis, prove that 


IP OM reer?) = 8 соў р COS IM COS шил 
абс 2 2 2 
Sol. (ф+с)(с+а)(а+Ь) _ b+c\(cta)\fatb а) 
abc a b с 
Now, btc (5+2) вт. 
а а а сіѕ Ф cise 
= cis В – 0) + cis (y — о) 
= cos (В – œ) + i sin (В – 0) + cos (y – 0) + i sin (ү — о) 
= 2 соѕ pryc cos = + 2i sin ТОВ cos В-т 
2 2 2 
„йа Pg ри 
2 2 2 
= 2 cos В-т cis йш... 
2 2. 
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+ +9 = 2 
Similarly, е = 2 cos шэн 18 Y 5 В 
a+b a-p о-0-2ү 
апа = 2 cos 
[s 2 
From (1), 
b+ + +b па жү-2 - +@%—2 
н emt цаг Pub Y S Хорь! P di В 
abc 2 2 2 2 
— -2 
Sous Py eee Y 
2 2 
= 8 cos B-Yvy Е y-a 22 а – В 23 B+y-2a+y+a-2B+a+ 8-27 
2 2 2 2 
= 8 cos Цай! СО$ y-a cos =? cis 0 
2 2 2 
Би. со w " cis0=1 
2 2 2 
TEST YOUR KNOWLEDGE 
1. Prove that 
AD 3 521 3 г 4 
(со$ ыш =e н, А Ш =1@) cog гыш al = gin (400+ BB) — i cos (4a + BB). 
(cos 40 + i sin 40) ° (cos 50 + i sin 50) (sin B +i cos В) 
2. lfa-ciso, b = cis B and с = cis y, prove that 
(i) En CE, thes («+ B— y) (ii) aPbIc" + 201 = 2 соѕ (pa 4 qB + гү). 
с аЬ a? pc" 


3. Ifp=cis 20 and q = cis 26, prove that (2-45 = 21 sin (0—5). 
4 р 
4. Ifcosa-cos В + cos y 0 = sin a+ sin В + sin y, show that 
sin? @+ sin? В + sin? y = cos? 0+ cos? В + cos? y = 5. 


5. х= cos @+ївїп 0, у = cos В + i sin В, 2 = cos y +i sin y and x + y +2 = 0, then prove that 
хэ жу! 1-0. 
6. Prove that the general value of 0 which satisfies the equation 


4тт : : 
y where m is any integer. 


п(п +1 


(cos Ө +i sin Ө) (cos 20 +7 sin 20) ..... (cos n0 + i sin n0)-1is 


1 1 
7. 1ЇЇ2с0о80-а- FT 2с08ф-5- DE prove that one of the values of 


1 
(i) ab + M is 2 cos (0 + $) (ii) аРЬЧ + is 2 cos (рд + 9ф) 
a a 


Ppa 
8. Prove that 


(i) [(cos Ө + cos d) + i(sin Ө + sin ф)]” + [(cos Ө + cos d) — i(sin Ө + sin ф)]” 


0-9 ЛЭ п(Ө + ф) 
2 2 
(ii) [(соѕ Ө — cos ф) + i(sin Ө — sin ф)]” + [(cos Ө — cos d) — i(sin Ө — sin ф)]” 


- 9n*1 egg” 
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= 9d gin” Ө a 9 cos шш E #0) 


(iii) (1 + cos Ө + i sin 0)" + (1 + cos 0 — i sin Ө)" = 2”*! cos” — cos — 


: 1+cos 0 isin Ө 
о ( 


п 
—————— | zcosn0-isin nð. 
1+cos 6—isin Ө 


9. иене) s = A iB, prove that 
а Ь с 
А х? x x^ PESE, 
(0) 11+ 1+5 |1+— ] eee = А+ В 
а Ь с 
(ii) tan? ~ + бап Ž +tan? +....={ап 1 — 


10. Ifo, B be the roots of x? — 2x + 4 = 0, prove that o” + В" = 2”*! cos = 


6.4. ROOTS OF A COMPLEX NUMBER 


357 


As already discussed in De-Moivre’s Theorem that when n is a rational number (i.e., fraction positive or 
negative) then cos n0 + i sin n0 is one of the values of (cos Ө + i sin 0)". Now we shall find all the values of 


p 
(cos 0 + i sin Ө)”, where n = q Paare both integers; (р, 4) = 1 and q #0 


6.4(а). SHOW THAT THERE ARE д AND ONLY д DISTINCT VALUES OF 
1 
(COS 6+ / SIN0)?, у BEING A POSITIVE INTEGER 


1 


0 0 Е 
Ву De-Moivre’s Theorem, we know that cos — + isin — is one of the values of (cos Ө + i sin 0)? . 
q q 
1 


Let us find all the values of (cos Ө + i sin 0)“ 
1 1 


(cos Ө + i sin 6)“ = [cos (2ил + Ө) + i sin (2nt + YU = cos 


2nt+O .. 2nn+0 
+isin 


4 
1 


Putting п = 0, 1,2, ...... ,q- lin succession, we obtain the following q values of (cos Ө + i sin 0)? 


6 .. 0 
cos — +i sin — when n = 0 


when и =1 


when n 22 


o, 24-7 Dr0 ‚,‚‚ 2097 Dr £0 
q q 


AD) 
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Since no two of the angles in the g values in (I) are equal or differ by a multiple of 27, therefore, their sines 
and cosines cannot be equal simultaneously. 
-. All the q values obtained in (I) are distinct. 


If we put n = q, we get 


2qn-0 .. 2qn40 0 12: 0 0 .. 0 
COS — — — +isin ————— =cos | 20+ — | +isin | 20+ — | =cos — +isin — 
q q q q q 


This value is the same as the one obtained by putting n = 0. 
Similarly, if we putn =q + 1, q +2, ....... ‚ we will get the same values as obtained in (I) by putting n = 1,2,..... 
1 


Hence (cos Ө +i sin 9) has q and опу q distinct values obtained by putting n = 0, 1, 2, ...... ,q-lin 


2nt+O .. 2пт+бӨ 
COS n 


Working Rule for finding the qth roots of x + iy 
Let х+ iy = r(cos Ө + i sin Ө) 

CHE го! 

(х+ iy)? = ғ (соѕ Ө + i sin 0)? = rf [cos (2nn + 0) + i sin (2нт:-0)19 


1 1 


1 
| 2пт+Ө6 .. azte] 
=r COS — + 1 sin — —— 
q q 
1 


Putting n = 0, 1,2, ....... , q- 1, the q values of (x + iy) are obtained. 


6.4(b). SHOW THAT (COS Ө + / SIN Ө)” HAS д AND ONLY gq DISTINCT 
VALUES, p AND д BEING INTEGERS PRIME TO EACH OTHER 
Р 1 
(cos Ө + i sin Ө)“ = [(cos Ө + i sin 0)"]? 
1 


= (cos pO i sin pe)! [^ pis an integer] 
1 
. 5 2пт + pO . 2nt+ pe 
= [cos (2nm + рӨ) + i sin (2nm + p0)]? = cos Е +isin LTT pY 
q q 
To find all the values of the given expression, putting n = 0, 1,2, ...... ‚ (q— 1) in succession, we obtain the 
р 


following q values of (cos Ө + i sin 9)4 


0 0 
cos P dai P". when и =0 
2 2 
hos EP Л аны when n =1 
4 . 4 
cos M +isin SUR HD when n-2 (D 


os 24 - Dr PO | , i, 2(4 - Dr * po шаал 
4 4 


COMPLEX NUMBERS AND ELEMENTARY FUNCTIONS OF COMPLEX VARIABLE 359 


Since no two of the angles in the q values in (I) are equal or differ by a multiple of 27, therefore, their sines 
and cosines cannot be equal simultaneously. 


АП the q values obtained in (1) are distinct. 


If we put n = q, we get 
2 2 
со$ ы. + isin ear pg = cos СН +isin БИН = cos 29 + isin 08 
4 4 4 4 4 4 


This value is the same as the one obtained Бу putting п = 0. 


2пт + pO 2пт + pO 
SULLAM QU +isin See : 
4 4 


Note 1. To find the distinct values of (cos Ө +i sin 0)", p and q must be co-prime i.e., p and q should have 
no common factor > 1. 


COS 


e.g., (cos Ө + i sin 0)? does not have 12 distinct values but only 4, since (cos Ө + i sin Ө)°!2 = (cos Ө + i sin Ө)? , 


here 4-4. 


Note 2. The q distinct values of (cos Ө + i sin 6)?” are obtained by putting n = 0, 1, 2, ....., q— 1 іп 
2пт + рд . 2пп + рӨ Ө 2лт А Ө 2х 
cos n +isin шиш: = cos (m.m +isin (s.m 
q q q q q q 


| po... 3 | 207... 23 
= | cos — +i sin — | | cos —— +i sin —— 
q q q q 


2 п 
рд . 2пт cis рӨ | С 23 
q q q 


. po | 
= ат, where а = cis — , r = cis —. 


а а 
Thus, Ше q distinct values of (cos 0 +7 sin 0)" are a, ar, ar?, ....... ap! 
Their product =а.аг. а....... art! = ай. т *2* t (4-0 


q-1 q(q -1) 4 
——ü*4-0) . p9 . 27 2 
=а4 г 2 =al,r 2 E 3 С | 
а а 


4/2 4-1 

: . 2т : : 87 

= с15 pe. В | = cis pO . (cis л)# 
q 


= (cos рө + i sin pO)(cos T + i sin л)! = (— 1)9-1 (cos pO + i sin p9). 


360 АТЕХТВООК OF ENGINEERING MATHEMATICS 


6.4(c). SHOW THAT THE g VALUES OF (COS Ө + / SIN Ө)” FORM A GEOMETRICAL 
PROGRESSION WHOSE SUM IS ZERO, p AND q BEING INTEGERS PRIME 
TO EACH OTHER OF (COS Ө + / SIN 0)^* 


Proceeding as in 6.4(b), the sum of q values of (cos Ө + i sin Ө)” is 


1- r? 2 
=а+аг+а?+..... ПРИЕ РА шы EL 
l-r q 
4 
а 1-(<is 2) 
_ Ч _ a(l- сіѕ 2л) _ а1- (cos 27 +i sin 2л)] _ аП—-(1+0)] 24 
i l-r l-r l-r l-r у 


ILLUSTRATIVE EXAMPLES 


Example 1. (a) Find nth roots of unity and prove that these form a geometrical progession. Also show that 
the sum of these n roots is zero and their product is (-1)"—!. (P. T.U., Dec. 2013) 
(b) Solve x’ = 1 and prove that the sum of the nth powers of the roots is 7 or zero, according as n is or is 
not a multiple of 7. 
Sol. (a) We have to evaluate (1)! 
(1)! = (cos 0 +i sin 0)" = (cos 2kr + i sin 2kn)!” 


2k 2k 
а SAT where k=0, 1,2, "t ,Q-1) 
n n 


nth roots of unity are 


2л .. 2л 4t .. 4T бп .. бл 
1,cos — + i sin —,cos — + i sin ‚ СО$ +1510 NER 5 
п п п п п п 
20-1л .. 2-1 
COS ———— +1 sin — —— 
n n 


2 2 
Let cos = +isin = =À 
n n 
nth roots of unity are 
1, À, A2, A2 ....., A”71, which forms а G.P. with first term = 1 and C.R. =À 


Now sum of these roots = 1 + + A2 4 ...... +A”! 


1(1—^” 1-7 
= мэ ‚ where A# lsumofG.P.- guy 
1-2 l-r 

2 2 п 
Now, N= С = + і 51П 3 —-cos2T-- isin2n- 1 

n n 

Sum = шаг -0 
1-3 
(n-Dn B 3 (п-1п 
2 
Their product =1.%,.А2...... 1 1-415283--0-0-1 2 = (os “isin 27 
n n 


= cos 25. ae) +isin A Dc) -cos(n—-l)m-isin (n — 1)л 
n 2 n 2 


=(-1)""! -0-1-1у”. 
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(b) We have to evaluate (1)!7 
(1)!7 = (cos 0 +i sin 0)!7 = [cos (2ил + 0) + i sin (2am  0)]!7 
2nn . 2nn 
= cos E +isin IR where n=0, 1,2,3,4,5,6 


The seventh roots of unity are 


2. 2702. 2m 472 .. An ло. бт 
соѕ О + 1 ѕіп 0; соѕ —— +1 Ѕіп ; COS +isin COS — +isin —; 
7 7 7 7 
8 .. 87 lOt .. 10л 12 .. л 
cos +isin ; COS 7 +isin —— ; cos —— -isin 
The nth powers of the roots are 
211 .. 2nn 4nt .. Ant бий... бит 8an .. Вип 
1; cos —— +isin —— ; cos —— +isin —— ;cos —— +isin —— ;cos —— +isin ——; 
7 7 7 7 7 7 7 7 
10nx .. 10пл 125 .. 12mm 
cos +isin ; COS +781 
12nk . 12п 
ог 1, x, x2, X, x^, х, х®, where x = cos +i = 


If nisnotamultipleof7,xz 1 


7 7 
Reqd. sum = 1 +x +x? + ..... +x? = N. [ С = +isin =з | 
x 


1 1 
— — [1- (cos 2nt + isin 2nm)] = —— [1-1]=0 
1-х 1-х 
Ifnis a multiple of 7, let n = 7 m, where т is an integer. 


. Ann Р 
х= cis EN = cis 2mm = 1. 


Requiredsum = 1+х+4?+.....+х6=1+1+1+1+1+1+1=7. 
Example 2. Find the values of (— 1)”. 
Sol. = 1= соѕл+ і ѕіп л 


(- 1)6 = (cos л + i sin л)!/ = [cos (2rm + л) + i sin (2nm + л)]!6 


= СО$ шаг +isin CEDE. where n=0, 1,2,3,4,5 


Putting n = 0, 1, 2, 3, 4, 5, the required values are 


T .. T .. T Sm .. St 
cos — +isin — ;cos — +isin ; COS +isin : 
6 6 2 2 6 6 
XL: 3n |... ЗТ lin .. lix 
cos — +isin — ;cos — -isin ; cos +isin 
6 6 2 2 
43-24 | T]... Л 
ог — +i. — ;0+i-1l;cos|] T——] +isin| Т---1: 
2 2 6 6 


cos n4 7 +isin "cs ;0 +i- 1) ; cos 2n - 2 +isin 27-35 
6 6 6 6 
T 


43:58... T .. л To. mn —. п .. 
ог ;i;—cos +isin ;— COS i sin ;—i;cos i sin 
2 6 6 6 6 6 6 
413440, eu dep. 2 3-4 cap -Jti 
or E 5 а= р or dE Ён 5 Р 


potes E) ? 3 — 


2 2 2 2 2 7 2 
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3/4 
Example 3. Find all the values of E + xi and show that their continued product is 1. 
(P. T.U., Dec. 2011, 2012) 


1 3 
Sol. Let —+i.— =r (cos Ө + isin Ө) 
2 2 
А : А 1 А 
Equating real and imaginary parts гсо80- 2? r sin Ө = u$ .. (C1) 
: | ,_ 1,3 
Squaring and adding, r= 4 + a =] i r= 
1 1 3 3 
From (1), cos 8 = —=— ;зт0= —-— 
2r 2 2r 2 
Both these equations are satisfied when 0 = - 
1243 
ti = соз — +isin — 


3/4 
1 3i т... ry мэр 
—+—— | = || cos—+isin — = (cos T i sin л) 
2 2 3 3 


2п+1 2п+1 
= [cos (2nx + T) + i sin (2nm + л)] = соз ene DE +isin шил 


Putting n = 0, 1, 2, 3, the required values are 


п... т Зл .. 3л зл... ЭЛ im... TT 
COS +15П ; СО$ +1810 — ;COS --415Ш--1(008-241511-2 
4 4 4 4 4 4 
| 1+1 -1«i -l-i l-i , 1+1 —lżi 
Lên А Я " L6. =) : 
2727-0727 427472 


: т Зл 5л 7m .. [т Зп Sn 7m 
The required product =со$ +—+—+ +1 510 à 4 + 2 + 2 


4 4 4 4 
-с0847-181147-1. 


= 1 М 3 n 1 E 3 n 
Example 4. Prove that | сэн Ч 2 4) has the value —1, ifn = 3k+ 1 and the value 2, if 


n = 3k, where k is an integer. 


Sol. Let ae = гсоѕ Ө, x = гіп Ө 


Squaring and adding —+ 47 Dos ral 
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ЕЕ i 


2 s | = (rcosO + i r sin Ө)" + (rcos0- i r sin Ө)" 


=r" [cos nO + i sin n0 + cos n0 — i sin nO] = 2r" cos nO 


= 2 с0$ 20 
3 


If n= ЗК+ 1 


Then -154431 [71-198 sis ^ е ia т 
2 2 3 3 
=2с0$ шан : =-1 
3 2 


Then [6] d ИС 


2 


= 2 соѕ 247 = 2.1 = 2 


Непсе | 


шэн нээн 


2 | =-lifn=3k+ lie,nisnotamultiple of 3 


=2ifn=3ki.e., nis a multiple of 3. 
1 1 
Example 5. Prove that (а + ib)" + (a — ib)" has n real values and find those of (1 + i43 )' à + (1- i43 yA. 


Sol. Let а= гсоѕ Ө, b-rsinO 
Squaring and adding, а2+р2=/2 у. r2 Ja? +b’ 


b 
Dividing, tanü2 — ~. O=tan! 
а а 


1 1 1 1 
(a +1Ь)" + (a — ib)" = [r(cos Ө + isin Ө)]” + [r(cos Ө — i sin 0)]" 

l 1 1 a 
r^ [cos (2rm + Ө) + i sin (277 + 0)]" + r"[cos (2rn + 0) – isin (2rn + 0)" 


r n 


1 
" 227-0 .. 207-09 2rn+0 .. 22-90 
С05 +1 sın + cos 1 sın 
п п п п 


! 1 
m 2гт + 1 
= г" 2с 27559 2o gh + yp cos EL 
" n 


E 1 b 
= 2(a? + b?)?" cos | (т + tan™! | 
п а 


which is real and will give n real values corresponding to r = 0, 1,2, ...... ‚(п-1). 


Putting a = 1, = 43 and n = 3, the three required values of (1 + i 4/3 )!9 + (1— i43 )! are 
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2(1+3)16 cos FE + ап | 3 ‚ Where r — 0, 1,2 


1 
ie., 2. (27)! cos ЕСЕ r=0,1,2 
+ 
ie., 2.215 cos BUS , where r=0, 1,2 
TT 137 
ie., 248: cos Č ; 243. cos — ; 243. cos —— 
9 9 
TU 
ie., 245 . cos S Wherer=1,7, 13 


27... 2m 
Example 6. /f a = cos ЕЛ +isin — р=а+а +а, с= а + а? + аб, show that b and с are the roots of 


the equation x? + x + 2 = 0. 


2 лү 
$01. а! = (cos 2E +i sin) = соѕ 20 + і ѕіп 24 =1 
Now, b+c=a+8@ +а+а+а+аё= (1 +жа+а +æ a xad + аб) – 1 
_ 1@—а7) E [s erm] 
1-а l-r 
1 
= [1- 1]- 1 2-1 [^ а’=П 
1-а 
апа Ьс = (а + а?  a*)(aà? + à? + a8) = a^ + а + a! +a +а' a8 ra! +а? a 
шаа -14-07-14а414-4-60 
[- а’=1 22 a=a’.a=aetc.] 
= (1 +а+а? +а+аі+а +46) +2 
7 
а РО Е eS 
1-а 1-а 
The equation whose roots are b and c is 
х2 (Ь + с)х+ be = 0 огл? - (- 1)х+2 =0 огл? e x 4 22 0. 
Example 7. Solve the following equations: 
(або +++ +х+1=0 
(bD)x*—x!-x-x-120 (P.T.U., May 2003, 2005) 
(c) x - x! -x-120 (P. T.U., Dec., 2010) 
(d) хх? + x! — 1 = 0. 
Sol. (a) Givenequationis  хб+ + ex +x +х+1= 0 .41) 
Multiplying both sides Бу (x — 1), we have х7-120 .. (2) 
=> х=. 1 


2 2. 
x = (1)7 = (cos 0 + i sin 0)!” = (cos 2пт+ i sin 2707 = cos T +isin Е 


Putting n = 0, 1, 2, 3, 4, 5, 6 the seven roots of (2) are 


NS 2702. 21 47... 4m 
cos О + isinO ;cos — +isin — ;cos — +isin — ; 
7 7 7 7 
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6T .. 6T 8 .. 8 
цаг Mi A жээ dc M 


107 12r 10 
cos — +i $08 40 +isin EN 
8 .. 8n бл 2 бл бп .. бт 
But cos — +isin — =cos | 2m ——— | +15 | 2m —— | =cos — -isin — 
7 7 7 7 7 7 
10x .. 10r 4т, = 4т, 4702. 4m 
cos —— +isin —— =cos | 2m – — | +15 | 27 = cos isin 
7 7 7 7 7 7 


127... 121 27 mE 27 2702. 
cos —— +isin —— =cos | 2m – — | +15 | 27 = COS i sin 
7 7 7 7 
2 2 4 4 
Roots of (2) are 1, cos = + isin ald ; COS 22 + isin on ; COS 8 + РЕШ 
7 7 7 7 7 


ru .. TẸ 
or 1, cos E t isin e Puer AO. 


The root 1 corresponds to x 1 = 0 
-. The remaining six roots are those of the given equation. 


Hence the roots of (1) are given by cos Е + isin - , Where r = 2, 4, 6. 


(b) Given equationis x*^—x?-x?-x4120 
Multiply both sides by x + 1 we have (x + 1) (3^ x? +22 -х+ 1) 20 
ie., х7-1-0 ie, ж№=- 1 = соѕл+іѕіпл 
х = cos (2NT + п) + i sin (2nm + л) 
x= (cos (2n + 1) п+іѕіп (2n + 1) л)! 


8 Sat +isin GUNT. where n = 0, 1, 2, 3, 4. 


х= со 
Putting п =0, 1, 2, 3, 4 five roots ofi? + 1 = 0 аге 


T .. T Зл .. 3л se 
г 


IT  .. T т .. Om 
COS — +1Sin — ,cos — +1810 — 
5 5 5 


T .. T Зл .. 3n 
ог cos — +isin —,cos — +isin —,-1, 
5 5 5 
3n .. 3n T НИ: 
cos isin ‚ COS isin 
5 5 5 5 
T do T Зл mas 
Or the roots are 1, сов 5 t isin 5 , COS 5 t isin EX 


rootx--] corresponds to x c 1 = 0 
ЭГ : ло... T Зп... Зп А : 
The remaining four roots i.e., cos 5 + isin — ,cos E + isin E are roots of the given equation. 


(c) Given equation is х/ +4 +х+1=0 ie, (х +1) + (0 +1) =0 
i5 Q^ 0034 1) 20 NU 
either x441=0 or 4120 
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Now, x*=-1 > 
х= (соѕл+іѕіпл 
= [cos (2nn + T) + i sin (2пл + л)]!* 


(2n + 1л 
n 


x- (– 1)!# 
y^ 


(2n + л 
os 


Putting n = 0, 1, 2, 3, the four roots of 
ж+1=0аге 


T .. T Зл .. 3n 
COS — +1510 — ; cos — +1810 — 
4 4 4 


+isin 


т .. 
COS 27 +15Ш ; COS 


. T .. T Зл .. 3n 
1.е., COS — +15Ш — 5;COS — +1SInN — ; 
4 4 4 4 
.. 3T у 
COS 1511 ; cos 1511 
4 
р 151--141 
Le; —— 5 
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х= (- 1)!3 
,3 


ж=-1 => 
"^ x= (cos 1T+isin л 
= [cos (2nn + л) + i sin (2nn + л)]! 


(2n +1)т (2n + 1)л 
=с0$ 3 +isin 


Putting n = 0, 1, 2 ; the three roots of 
х3+1=0аге 


T .. Л 2 
ыы 


Sm .. 5m 
COS --0415Ш-- 
3 3 


: T .. T т И 
мышы жыш 37 1;cos isin 


1-1/3- 


1ti -1ti 1ti43 


Hence the roots of (1) are - 1, 


ВВ’ 2 
(d) Given equation is x? 23? 4 34-120 
хў (х1) +(х*- 1) = 0 or (Ó-1G*-1) 
x-120 or x*-1=0 
Poe] 


3 


X? = COS T + isin л 


хў = cos (2kn + T) + i sin (247 + x) 


2k+1 .. 2+1 
X= COS П+151 T 
where k= 0, 1,2,3,4 
T .. T .. Зп 
A= COs +i sin ‚ COS +isin 5’ 


Sm .. 5л m .. TM 
COS — +1510 —-,COS — +1810 — 
5 5 5 5 

9t .. On 

COS — +1810 — 

5 5 
л... T 372. Зл 
х= cos — +isin —,COS — +1810 —, 
5 5 
223 Зл .. 3n 
ае а 


T .. T 
cos — -isin — 
5 5 


T .. T 3n .. 3T 
. x=cos — + isin — ,cos — + isin — ,- 1, 
5 5 5 5 


i.e., 2-1 
2 
-0 
х^ = 1 2cos0 + isin 0 = cos 2kr + i sin 2kn 
25... 2km 
x= cos —— -isin —— 
4 4 
k= 0,1,2,3 
krn .. Кт 
= cos — +isin — 
2 2 
where k=0,1,2,3 
x= cos О «i sin 0, 
Т, .. T 
А cos — +isin —, 
2 2 
COS T + i sin Л, 
Зл .. Зл 
cos — +isin — 
2 
x= 1,i,-1,-i 
cur 
s Ls 
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Example 8. Solve x? — 1 = 0 and find which of its roots satisfy the equation х? + x? + 1 = 0. 
Sol. Pels 2 аты 
x? = cos 0 + i sin 0 = cos 2nm + i sin 27 


а to v Т ЖЕ 
12 12 


Р зыйып we puo it 
6 6 


Е . T . 2n . 3л . мс 
x =cis 0, cis — , cis ‚ CIS , Cis , cis : 
6 6 6 6 6 
бл 7л т, 9л 10 1л 
с18 , Cis , cis , Cis , cis , cis 
6 6 6 6 6 6 
: ee . ST 5n 
=1,cis —,cis — , i, cis ,cis ,—1,cis "UL 


| | з 22 | 
CIS ,—1, CIS 

3 

27 T 


= Cos (ан з t isin (ан з 


"ЭРЭ. giat + мо Е ш , where k=0, 1 
2 3 2 3 


T .. T 4n 20 
x=cos — t isin — , cos + isin 
3 3 3 


dais: Heras EP. ПЕ 14iv3 
i i 7 | 2 


=+ 
2 


2 2 2 
Lastfourrootsofx!?— 1 20 аге the roots of x* +x? + 1 = 0. 
Example 9. Prove by the use of De-Moivre' Theorem that the roots of the equation (x — 1)" = х" 


1 
(n being a +ve integer) are 2 +icot d , Where г has the values 1, 2, ......, (n — 1). 
n 


Sol. (x- 1)! =x" А (=) ai 


x 


n 

x- 2 225 

ог | | = cos 0 + i sin 0 = cos 27m + i sin 277 
х 
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Taking the nth root of both sides 


1 


-1 - - 2rm .. 2 
— = (cos2rm +i sin 207)" =cos — - isin 
п 


2 2 
ее е 92-012. ed 
x n 


When r = 0, we have Ы 


=cisO=1 or х-1=х or -12z0,whichis impossible 


Actually the given equation is of degree (и — 1) and not n since x” cancels on both sides. 
: РЕ 1:2:3,: ‚(п—1) 


: 2гт | 
Putting — = 0, it becomes 
n 


1 
— 2]-cos0-isin Ө 
х 


a 1 Ш 1 1 
1— соѕ Ө – isin Ө 


оо о. 4-2 du наг 
2 2 2 2 2 2 


E sin — + i cos — 1 0 
9 2 9 2 9 = 2 EH 
2sin | sin? — — i? cos? — 2 sin — 
2 2 2 2 
1 : ru 
Hence x= 2 1+icot — |, wherer- 1,2, ...... ,(1- 1). 
n 
Example 10. Use De-Moivre’s Theorem to solve the equation (z — 1)? + 2 = 0. (P. T.U., Dec. 2012) 
Sol. (z-152 -z5 
| = j 2. 
—— | = – 1 = соѕл+і Ѕіп л 
2 
= cos Qk - 1) п+1ѕіп (2К+1)т 
2k +1 .. 2k+1 
2—1 cos T -isin 5 T 
= where, k =0, 1, 2, 3, 4 
2 1 
2+1 2+1 
je cos Tisi T-— 
By componendo dividendo - 1 
2 
1 
са 2К +1 2+1 
1— cos T — isin T 
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1 


2 +1 2k +1 
8 T 


10 


T -— 2 sin 


2 sin 


2k +1 
1 Т со 


10 


Putz =0, 1, 2, 3, 4, we get 


9л 
cot — = cot} Л – — |= – mE 
10 0 10 
7л Зл 
cot — = cot} T-— |= – e 
10 | 3 10 
ae = =й 
10 


Hence =й. ов E lid A 
2 10) 2 10 
Example 11. If (3 + х)? – (3 — x)? = 0, then prove that x = 3i tan г= 0, 1, 2. (P.T.U., May 2010) 


Sol. Given (3 + x)? – (3 – х)? = 0 


3 
or шал = |=cis 277 
3-х 
1 
. 2 2 
ог >а = (cis 2rm)3 = cis “ду 1.3 
3-х 3 
ав 2гт 
3+ 
ог ыг 3 
3-х 1 
Apply componendo dividendo 
. Arm 1 
3rtxt3-x. нэ 3 T 


34+x-3+x . 27 
cis — —1 
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2-7... 2rn ru ru 
14 cos —— + i sin —— 2 cos? I clem “соо 
s 3 Эз 3 3 3 
27... 2гп ‚2 FX .. ТП ru 
ii 1— cos i sin 2 sin? 2i sin СО$ 
3 3 3 3 3 
ru mm .. rt 
2 cos — | cos — +i sin — este ae 
3 3 31- 3 3 
m|. T. rmm -i |.. rT гт 
2 sin sin i cos i sin — + cos — 
3 3 3 3 3 
т. rT 
3 cot 3 CIS 3 m 
or = - -icot — 
х —i . FT 3 
cis — 
3 ru 
or x =— — tan — 
i 3 
: ru 
ог x = 3itan сз шша sd. 


2К +1 
Example 12. Show that the roots of (x + 1)° + (x — 1 = Oare+ icot п, (k = 0, 1, 2) and deduce that 


G) (x + D6- x-1622 П Ё xu ed J 
- T ST 5n e п , 3n , ST 1 
(ii) cot cot cot E (iii) sin sin sin - А 
2 12 12 в 12 12 442 
Sol. The given equation is (x + 1)6 = — (х – 1)6 
6 
х-1 . 
= --[]zcism 
1 2n +1 
> * 1. = (cis пб = [cis (2пл+ л)]6 = cis L л, wheren 20, 1,2, ....., 5 
= cos Ө + isin Ө, where Ө = = T 


х+1+х-1 _ с05 0 +151 9+1 
+1-х+1 со80-18 0-1 


By componendo and dividendo 


(1+ cos Ө) + i sin Ө 2 cos? 0/2 + 2 i sin 0/2 cos 0/2 


© -(1-cos0)«isinO  —2sin? 0/2 + 2i sin 0/2 cos 0/2 
Ө соѕ Ө/2 + isin 0/2 1 Ө cos 0/2 +i sin 0/2 


= — cot 
2 — sin 0/2 + i cos 0/2 i 2 cos0/2-isin 0/2 


COMPLEX NUMBERS AND ELEMENTARY FUNCTIONS OF COMPLEX VARIABLE 371 


1 0 i 2п +1 : 2n +1 


= – cot — = СОЁ T --icot л, where п=0,1,2,3,4,5. 
i 2 р 12 12 
: T : Зл 
when n=0, x--icot — when n=1, x--icot — 
12 12 
7 
when п=2, мэ” when n=3, xs “288 gcc sia 
12 12 12 
9л Р Зл : Зл 
when п=4, х= -ісої — --icot|t——— | =icot — 
12 12 12 


| Их | T | T 
when n=5, x=-—icot — --icot|T—— | =icot — 
12 12 


The roots of the given equation are 


T Зл 5 1 
+ ТЕ т + icot — ог + icot T, where к= 0, 1, 2. 


(i) Since the roots of (x + 1)° + (x — 1) = O аге+ icot E ,t icot 3m t icot 3m 


12 
(x 1)6 + (х- 162A x —i cot || x i cot 5 
12 12 


: 3n : 3n | 5n : 5n 
X|x-—icot — || x+1 cot || x—1cot — || x * 1 cot — 
12 12 12 12 
-1| x? - i? cot? ш x? — i? co? M x? - i? cot? zm 
12 12 12 
=A | x? + cot? T x? + cot? m x? + cot? Шш 
12 12 12 
2 


Equating co-efficients of xê, 1 + 1 = А > A= 


(x 1)6 + (x- 622 х2 + co? = TTE ш эга” .. (1) 
12 12 12 


2 
2k +1 
Ви + л). 
r5 12 


Note. Just as È represents sum, II represents product. 


5n 


(ii) Putting x = 0 in (1), 1 + 1 22co£ = cof! 7 сор” 


taking +ve sign with square root since all the angles involved are less than 3 


(i) Puttingx- 1 in (1),26=2 | 1+ co & Lede? 27 || reso? 27 
12 12 12 
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=  cosec? = cosec? — соѕес2 — =25=32 
Lo T 3T .,5n_ 1 _ т. 3л. St 1 1 
> sin sin sin - — sin — sin sin - - . 
12 12 12 32 12 12 № 492 402 


TEST YOUR KNOWLEDGE 


1. Find all the values of 


(i) (1)!° Gi) (- 1)5 (iii) (i) ^ 
(iv) ci)! (v) (32)! (vi) C8)! (РТО. May 2012) 
(vii) (= D^ (P. T.U., Dec. 2003) 


2. Find the 5th roots of unity and prove that the sum of their nth powers always vanishes unless п be a multiple 
of 5, n being an integer, and then the sum is 5. 
3. Find all the values of 
O C1 i5 (ii) а i 3)? 
(ш) (1 4 i)! ^ (P. T.U., Dec. 2010) (iv) (-1+ i3)? . 
Find ай the values of (1 + i 4/3 )*4 and show that their continued product is 8. 
5. If @ is a complex cube root of unity, prove that 1 + @ + 02 = 0. (P.T.U., May 2011) 


«3 - 1) i(J3 +) 
22 

7. Find all the values of (1 + i)! and obtain their product. 

8. Use De-Moivre's theorem to solve the following equations: 


6. Expressp- 14. 


in the form r (cos 0 + i sin Ө) and derive ай the values of p 


(3-120 (ii) x! «120 
(iii) A +P +2 +х+1=0 (iv) xt + х^+ 120. 
9. Solve the following equations: 
() (1 +)" = (1 )" (ii) (5 + x -(5-xp = 0 
(iii) (1-2) 20 
[Hint: Consult S.E. 9] (P. T.U., May 2012) 
(iv) (1 +x} = i(1 - x}. 
: 2n 2n : : (2r - 0л 
10. Show that the roots of the equation (1 + х)" + (1 — x)" = 0 are given by + i tan р, where 
n 
РЕЗ ный 
ANSWERS 
1. (tl ti (ii) — 1, cos T +ўвіп Ш ‚ COS m занал 
5 5 5 5 


(iii) — i, 


3 +1 wa 


goi pin ‚Г=З, 7, 11 
2 12 


12 


(v) 2,2 208 ‚2 22 (vi) 2i, + V3 -i 


win 1 2 
427427 


. m . 47 . бп . 8n 2n .. 27 4m... 
2. 1, cis 5 , CIS , CIS , cis or 1, cos 5 tisin 57 cos 5 tisin 
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(4n + 3)1 
TE чай. ы 


3. (02/5ci ,п=0,1,2,3,4 (ii) 213 [cos isin "| ‚г=1,7,13 


(iii) +2" cis n , where = 1,9 (iv) £242 


"-— Wi 


80202 


TU 
7. 26 cis еШ product = 1+1 


6. r=cis xX ; tcis Im wien res. 29 
12 48 


8. (0 1, cos 20 +i sin 20 , COS ыг tisin IR (ii) – 1, cos ши tisin 11 where r=1; 3:5 
5 5 5 5 7 7 
Iti —1+17 
(iii) cos a +i sin mM where r=2,4 (iv) 3 1+5 
5 5 2 2 
РЭГ ru T 1 ru 
9. (i)itan — , where r=0, 1, 2,...... ‚ (п—1) (ii) Sitan E , where r = 0, 1, 2, 3, 4 
n 
1 1 1 
о Езра (i. duct UT ааг 
2.2 42 12 


6.5(a). EXPRESS COS" 0 IN TERMS OF COSINES OF MULTIPLES OF Ө (n BEING A 
POSITIVE INTEGER) 


Let х= с0$ 9 +1зт Ө, л x” = cos n0 + i sin nO 
1 = 1 "m" 
then — -cos0- isin Ө, & — = cos пӨ – i sin nO 
x x" 
: 1 1 
Adding x+ — =2с05 0; x" — =2 соѕ n 
х х 


p 1 1 
(2 cos 0)' = Б Э = "Сох" + Шөл чан са +"С,х"2. — +... 
X X X 


1 1 
+ "C, RU. 


n 


1 
п 1»; 
Ф C, Xx 


n 2: 
+"С ох _ 


хэ! 


Since in a binomial expansion co-efficients of terms equidistant from the beginning and end are equal i.e., 
"C, 2"C, ;"C, ; = "C, etc. we combine the first term with the last, the second with the last but one and so on. 


Case I. [fn is even 
Number of terms 2 n 4 1 i.e., odd 


There is only one middle term which is left by itself as the last term after grouping in pairs. 


The middle term = Т ="С X сүрт ӨС. x2. 


1 a 1 4 1 
(2 cos 0)” = ae 23 -"C, б + 23 +"С, Ё К +=) + +C 
X X 
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1 1 
But x"+ — = 2cos пб, x"? — =2 соѕ (n- 2) etc. 
x x 


ES 2" cos" Ө = "С. 2 cos n0 + "C, -2cos (n – 2)0 - "C, - 2 cos (n—4)0 +.... +"С 
Hence if n is even 


1 
cos" 0 = cR ©, cos n0 + "С cos (n —2) 0 +”C, cos (n — 4) 0 +... ri и 


2" 


If nis even 


1 n 
Last term of со8"0- — C, 
2 1 
" lac ud. n! "n n! 
T оп п п : гт 1 
2 5 2 DE s r!(n— ғ)! 
2) 2) 
21 п! 
Ни 2 
2 n), 
2| 
Case II. /f n is odd 
Number of terms =n + 1 i.e., even 
There аге two middle terms T,,, and T,,, 
2 2 
" = T na 1 _ T 7 is 
ntl ^ ^n-1 = n-l 23 n-1 п-1 Х n-i - n-1* 
2 2 2 " 2 2 " 2 2 
п+1 п-1 
n- 1 1 1 
200 2 n 2 n E 
Т, єз Т Cua x п+1 — С nl X ntl — C aci 5 
2 2 2 цаг: 2 * 
x? x? 
M n n n ER! 
Using "C, 2"C, , wehave С, = C nn 
2 2 


The two middle terms pair up together 


1 PME ME С 1 
(2 cos 8) ="C, б + =) +"C, б + | +"C, б ЫГ =) uses + "С (s 1) 
х" х х Зэс X 


ог 2" cos" 0 =”Сү,. 2 cos n0 +”С,.2 соз (n — 2)0 +"С.. 2 cos (п-4)0+.....+ "C,  .2cos0 
ET 


Hence if n is odd 


cos" Ө = E ["C, cos n0 + "С cos (п – 2)0 + "С, cos (n — 4)0 +...... + "Cua cos 0] 
2 
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Ifn is odd 


1 
Lasttermof соз"Ө= ——r "C, сов9 
ES 
1 ! 
= "Ст соѕ Ө = : П ‚ сов Ө 
gr at prt n-1 n-1 
2 НИ ! 
2 2 

1 ! 

= . п .cos Ө 


21 mc nae, 
2 HA QT 
Note 1. The expansion of cos" 0 is in terms of cosines of multiples of 0. 
Note 2. Pascal’s Rule to write the binomial co-efficients. 


1 n 
Note 3. We see that cos" 0 will contain factors of the type Ї + 1) . To find coefficients of various powers of x we 
x 


will use Pascals rule of binomial coefficients which is as follow: 


The series of co-efficients in successive powers of x+ — beginning with the power unity are as follows : 
х 


Index (Power) Binomial Co-efficients 


1 1 1 
2 1 2 1 
3 1 3 3 1 
4 1 4 6 4 1 
2 1 5 10 10 5 1 
6 1 6 15 20 15 6 1 
7 1 7 21 35 35 21 7 1 
8 1 8 28 56 70 56 28 8 1 
and so on. 
Each figure is obtained by adding the figure just above it to the figure preceeding the latter (i.e., upper + left hand) 
e.g., 5+10 35+21 
у { 
15 56 


п 
It may be observed that the expansion of (x + | starts with x", the powers decreasing by 2 every time. 
х 


5 
1 10 5 1 

Thus (x + 1| = + 5х + 10х+ — + — + —= ; binomial co-efficients being written by Pascal’s Rule. 
х X x x 


ILLUSTRATIVE EXAMPLES 


Example 1. Express cos? 0 in terms of cosines of multiples of 0. (P.T.U., May 2006, 2014) 
ЯВ 1 ТЄ 
Sol. Let x= cos Ө + i sin Ө, then — = cos Ө — i sin Ө 
х 
1 1 : : 
So that x+ — = 2 cos Ө and x" + — = 2 cos m0, where m is a +уе integer 541) 
x x" 


From (1) we have 


8 
(2 cos Ө) = (s + 3 


x 
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By Pascal’s Rule 


1 1 

1 2 1 

1 3 3 1 

1 4 6 4 1 

1 5 10 10 Э 1 

1 6 15 20 15 6 1 

1 7 21 35 35 21 7 1 

1 8 28 56 70 56 28 8 1 
(2 cos 0)8 = x8 + 8x9 + 28x^ + 56x? + 70 + 56 : +28 : -8 : + : 

X X X x 


= б 23 +8 (+2) +28 (^ 23 +56 б +) +70 
x x x x 
28 cos’ Ө = 2 cos 80 + 8.2 cos 60 + 28 . 2 cos 40 + 56.2 cos 20 + 70 
cos Ө = E [cos 80 + 8 cos 60 + 28 cos 40 + 56 cos 20 + 35] 


- = [cos 80 + 8 cos 60 + 28 cos 40 + 56 cos 20 + 35] 


6.5(b). EXPRESS SIN" Ө IN A SERIES OF COSINES OR SINES OF MULTIPLES OF 
Ө ACCORDING AS л IS AN EVEN OR ODD INTEGER 


1 
Let x = cos Ө + і ѕіп Ө ; then — = cos Ө — isinO 
х 
1 ЭР 
х= — = 21 ѕіп Ө 
х 
1 1 2 
Also, х"+ — -2cosn0 and x"— — -2isinn 
х 


х 
Case I. When n is even. 


1)" 1 1 
(21 sin Ө)" = БН EC D. - TIC xr. -...... 


Number of terms = п + 1, i.e., odd 
There is only one middle term which is left by itself as the last term after grouping in pairs. 


n n/2 
n-— 1 
Middle ет =T, -"C,x 2 Ё : 


n n 


= (=1)2."С„х? к nh 1)2 . "C, 
2 Х 


2 


n/2 
n 


1 a, 1 du d E 
Qi 5іп Ө)" = "C, ~ + 3 -"C, б + =) +"C, E E 23 -...+ CD» ."C, 
X X X 


n n 


> 2". (-1)2 ѕіп"Ө = "Cy.2cosn0-"C,.2cos(n-2)0 +"C,.2cos (п-4)0- ...... + (= 1)2 С, 


п 


Ге =g =С1]?] 
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1 С 
= sin" 9 = —— — —- .2["C, cos n0 -"C, cos (п – 2)0 +"C, cos (n – 4)0 -...... + (= 12 : ей | 
pla (— 1)2 2 
(- ПЕ п п п 5 Ї Ш 
- TET Cy cos nü — C, cos (n — 2)0 + C, cos (n — 4)0 — ..... + (- 1) 5. C, 
2 
niseven .. (—1)" =1, : -= C zi =(-1)? 
C20? CD? 


Case II. When n is odd. 
Number of terms = п + 1 i.e., even 


There are two middle terms T, ,, and T,,, 
2 2 


n-l —— 
ил 2 xe en 
n+1 — ^n-l = п-1.^ л 

+1 —— X 


2 2 2 
ntl nd | nl 
n 2 2 E 2 n 
2 "С.х CD? бек "C, ux 
2 PER 2 
yi ntl 
ser үз 
Т, +з =Т, +1 Cua x ш P 
2 2 2 
п-1 п+1 1 n+l 1 
n 2 2 = 2 n ca 
= C n-l + 4 р п+1 =( р or ? 
ES ES = 
x 2 
ПЕ 1 
п 
(Е "С„,.— 
5 Х 
The two middle terms pair up together. 
1 1 
Ж non n n 1-1. 2 п 1-2, 7. į A. n : n MEE 
Qi sin 0)" ="Cp x" -"C, x’ - +С. ce C 3X E "Сах = С. _ 


т 


| 1 Вэ 
Since x” — — = 21 ѕіп mð 
x 


n-l 


2^.i. (— 12 sin" Ө = "С: 21 ѕіппӨ – "С · 21 ѕіп (п – 2)0 


п-1 


+C, : 21 sin (л—4)0-......+ (—1) 2 - "C, , .2ising 
E 

n nal 

- i" 2i" =)? =i(-1 2 | 


n-l 
1 —— 
= sin" 9 2 — — — —.2| "Су sin n0 — "C, sin (n – 20 +"C, sin (п-4)0-......+ (CI) 2 "C, , sin ] 
2" (12 2 
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n-l 
1 | ml 
= — = (‘в sin n0 — "C, sin (и- 2)0 +” C, sin (п- 4) 0 -...... (—1) 2 "Cua sin ] 
grt | (-1)2- 2 
nl 
(—1) п : п : п : > n : 
= 2 Со sin n0 — "C, sin (n — 2)0 + "C, sin(n— 4)0 — ...... + (-1) C, sin 0 
2 
n-l n-l 
[- nisodd,n-liseven .. (– 1)! =1, = = ( ia -(-1)2 
CD? CH? 


Example 2. Express sin? Ө т a series of cosines of multiples of 9. 


1 
Sol.Let х= cos Ө + isin Ө ; then — = cos Ө — i sin Ө 
х 


1 1 1 
so that x— — =2isin0,x+ — = 2 cos 0 and x" + — = 2 cos тӨ 
Х Х X 


8 
1 
cisino'= (x-2) = х®— 8x6 + 28х*— 5632 +70 = - ын > 


| By Pascal’s Rule 
х x x x» x 


- Ё DEE ка) ка) зе +) 
= 28.18 sin? 0 =2 cos 80—8-2cos 60 + 28 - 2 cos 40 – 56:2 cos 20+ 70 


sin’ 0 = 


Г [cos 80 — 8 cos 60 + 28 cos 40 — 56 cos 20 + 35] 
‘i 


1 
= T [cos 80 — 8 cos 60 + 28 cos 40 — 56 cos 20 + 35]. 
. . 1 | | 1 т 1 п 
Expansion of sin" 0 cos” Ө : We see that sin" Ө cos" Ө will contain factors of the type | х—— xt—|. 
х 
To find coefficients of various powers of х we consider the following example : 


4 2 
1 1 
For example. То obtain the coefficients of various powers of x in the product (+-+) БЭ : 
х 


we have the following rule: 


4 
1 
First write the coefficients of E = | тагом ^ ош of the two indices 4 is greater coefficient of 
X 
Үү 
(+-+) are 1,-4,6,-4,1 | By Pascal's Rule 
х 


4 
1 1 
Then to find coefficients of (x - | (x + | add in the upper number its proceeding number in the same 
х х 


line. First coefficient is always one. Repeat the process, the same number of times as is the index of (x + | ‘ 
x 
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1 -4 6 -4 1 
I 
1 -441 6-4 -446 1-4 0+1 
ie., 1 = 2 2 E 1 
I 
1 ET 228 242 ET 1-3 0-1 
Le., 1 =2 21 4 21 =2 1 


4 3 4 
1 1 1 

Similarly to multiply E + : by (s = | ‚ \е have the following rule. Write coefficients of (x + | 
х х х 


4 
1 1 

and then to find coefficients of |: + | Ё - | ‚ subtract т the upper number its proceeding number in the 
х х 


same line. First coefficient is always one. Repeat the process the same number of times as is the index of 


2 


1 4 6 4 1 
1 
1 4-1 6-4 4-6 1-4 0-1 
Le., 1 3 2 -2 -3 -1 
П 
1 3-1 2-3 -2-2 -3-2 -1+3 0+1 
Le., 1 2 -1 -4 -1 2 1 
Ш 
1 2-1 -1-2 -4-1 -1+4 2+1 1-2 0-1 
Le., 1 1 -3 -3 3 3 -1 -1 
Example 3. Show that 2? sint Ө cos? Ө = cos 60 – 2 cos 40 — cos 20 + 2. (P.T.U., May 2011) 


Sol. Let х= cos Ө + isin 0 ; then 1 -cos0-isin Ө 
х 


1 1 1 
So that x+ — -2cos0, x- — =21 510, "+ —- = 2 соз mð. 
х х х 
1} гү 
Wehave (2isin Ө)* (2 cos 0)? = (s = z) (x + 1) (1) 
х х 


4 
1 

The co-efficients of the various powers of x in (x - | are (by Pascal's Table) 1,—4, 6, — 4, 1. 
х 


4 
1 1 

Multiplying (x - | Бу (x + | twice in succession as shown in the following scheme: 
х х 


= 
ке 
| 
25) 
ы 
ы 
| 
чә 
= 
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= (^ ЭН ZEE 23 +4 
х х х 
= 2 cos 60-2. 2 cos 40-2 cos 20 + 4 
Егот (1), 26. i+ sin* Ө cos? 0 = 2 [cos 60 – 2 cos 40 — cos 20 + 2] 
2 25 sinf Ө cos? Ө = cos 60 – 2 cos 40 — cos 20 + 2. 
Example 4. Expand cos? 0 sin’ Ө т a series of sines of multiples of 0. 


1 
Sol. Let x= соѕ Ө +іѕіп Ө; — -cos0- isinO 
х 
1 1 нэ 1 2 
So that x+ — = 2с0$0, х- — -2isin0, ghe = 2i sin тӨ. 
х х 
p 1} 
Wehave (2i sin Ө)” · (2 cos Ө)? = (+-+) ЦЭ .4(1) 
х х 


х 
1 -7 21 -35 35 -21 7 -1 


7 
1 
The co-efficients of the various powers of x in (s — | are (by Равса 8 Table) 


7 
1 1 

Multiplying (x = | Бу (x + | five times in succession, as shown in the following scheme. 
х х 


1 -7 21 -35 35 -21 7 -1 
1 1 —6 4 -14 0 14 -]4 6 -1 
II 1 -5 8 0 -14 14 0 -8 5. -I 
Ш 1 -4 3 8 -14 0 l4 -8 -3 4 -I 
IV 1 -3 -1 11 -6 -14 14 6 -11 1 3 -1 
У 1 -2 -4 10 5 -20 0 20 -5 - 10 4 2 -l1 


= — 210 — 48+ 1046454 202404205 10, 5, 2.1 
X X X X X X 


4 s | Е J Ё 3 Ё «| Ё «| Ё d 
= |х 2| х 4| х 410| х7---145|х 20| х : 
| х2 ND) $ К: х x 

= 21 sin 120 -2 . 2i sin 100 —4 . 2i sin 80 + 10. 2i sin 60 + 5 . 2i sin 40 — 20 . 2i sin 20. 


From (1), 
212.17. sin’ Ө cos? Ө = 2i [sin 120 — 2 sin 100 — 4 sin 80 + 10 sin 60 + 5 sin 40 — 20 sin 20] 


1 
sin’ Ө cos? Ө = Pj [sin 120 — 2 sin 100 — 4 sin 80 + 10 sin 60 + 5 sin 40 — 20 sin 20] 


-- ER [sin 120 — 2 sin 100 — 4 sin 80 + 10 sin 60+ 5 sin 40 — 20 sin 29]. 
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Example 5. п sinf 0 cos? Ө = Acos Ө + A,cos 30+ A;cos 50 + Acos 70, prove that 


А, +9А, + 25A, + 49A; = 0. 


Sol. Let Ха о EN Nm Май 
х 
1 1 ЭР 
X*—22cos0;x- — -2isinO 

x х 

ү 1} 
(2 i sin 0) (2 cos Ө)? = (+-+) ЦЭ 

х х 


4 
1 

By Pascal's Table coefficients of various powers of x in (s - | аге 1,-4,6,-4,1 
х 


4 
1 1 
Multiplying х - | Бу (x + | three times in succession as shown below: 
x х 


1 эй 6 =й 1 
1 1 53 2 2 -3 1 
П 1 =2 -1 4 -1 -2 
Ш 1 51 E 3 3 -3 


4 3 
1 1 
(5-1) (t) =x! —х?—3х% + 3x4 à : : + : 
х х 


(2i sin 0) (2 cos Ө)? = БЕ J (x + | 3844) e 
х х х 


X 


27 sinf Ө cos? Ө = 2 cos 70 —2 cos 50 — 3 . 2 cos 30 + 3 . 2 cos Ө 


sinf Ө cos? Ө = Е [соз 70 — соз 50 – 3 соз 30 + 3 соз Ө] 


= со8 Ө 3 cos 30 
6 4 
=A, cos Ө + A, cos 30 + A; cos 50 + A, cos 70 
3 3 1 1 
A = ‚ А. = ‚ А = 5 = 
| 60? 64° 5 64 2 64 
3 27 25 49 52-52 -0 


А +9А. +25 А. +49 А. = + 
а 64 


TEST YOUR KNOWLEDGE 
Prove that : 


1. cos/0- 7 (cos 70 + 7 cos 50 + 21 cos 30 + 35 cos 0). 
2. cos$0- Ч [cos 60 + 6 cos 40 + 15 cos 20 + 10]. 


3. sin® @= = (10 — 15 cos 20 + 6 cos 40 — cos 60. 


cos 50 + E cos 70 
64 


(given) 


(P.T.U., Dec. 2011) 
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4. 29sin'0-35sin 0 — 21 sin 30 + 7 sin 50 — sin 70. 
5. 64 (cos? Ө + sin? Ө) = cos 80 + 28 cos 40 + 35. 


6. sin'0cos?0-— 3 (sin 100 — 4 sin 80 + 3 sin 60 + 8 sin 40 — 14 sin 20). 
7. 911060 cos? Ө = эт (5 — 4 cos 20 — 4 cos 40 + 4 cos 60 — cos 80). 


8. cos?0sin?0 = – T (sin 80 + 2 sin 60 — 2 sin 40 — 6 sin 20). 


9. соѕб Ө sint Ө = 3 (cos 100 +2 cos 80 — 3 cos 60 — 8 cos 40 + 2 cos 20 + 6). 


6.6. EXPANSION OF COS лө AND SIN лө (n BEING A +уе INTEGER) 


We know, from De-Moivre's Theorem, that cos n0 + i sin n0 = (cos Ө + i sin Ө)" 
Expanding the right hand side by Binomial Theorem, we have 
cos nO + i sin nO = (cos Ө)" + "C (cos 0)! (i sin Ө) + "С,(соѕ 0)"?(i sin Ө)? 
+"C,(cos 0)? (i sin Ө)? + "C, (cos 6)" 4(i sin 0) +... 
+"C,_,(cos 0) ( sin Ө)" + "С (i sin Ө)" 


[2 .i=— i, if = (2)2 = 1 ава so оп. 


Now, Ё--1,Г-1 
п зэ i = n —n — 
C, ,7"C,2n,"C ="Cy= 1 


cos nO + i sin nO = cos" 0 + "C, cos! Ө sin Ө — "C, cos? Ө sin? Ө — "С, cos"? Ө sin’ Ө + 


2 


aC 60840 sint Ө +....... +i"! п соѕ Ө sin"! Ө + i" sin" Ө 
Two cases arise, according as п is odd or even. 


Case I. [fn is odd, (n 1 is even) 
cos nO + i sin n0 = cos" 0 +i"C, cos"! Ө sin Ө – "C, cos"? Ө sin? Ө — "C, cos"? Ө sin? Ө 
п-1 п-1 
+"C, cos” 0 sint 0 ^ ...... + n.(—1) 2 cosO0sin'*! 0 + i.(-1) 2 870 


п-1 п-1 п-1 
j^ = (2) 2- з (— 1) 2 d" E 11"! = ЦЭ 1) 2 


Equating real and imaginary parts, we get 
cos nO = cos" Ө — "С, cos"? Ө sin? Ө +”C, cos” 0 sin* Ө +....... 


n-1 


+ п(—1) 2 cosOsin^!0  ..(1) 


п-1 
апа sin n0 ="C, сов"-10 ѕіпӨ – "С, cos"? Ө sin? Ө +....... + (—1) 2 sin"0 ..40) 


Case П. [fn is even, [(n — 1) is odd, (n — 2) is even] 


cos nO + i sin n0 = cos" 0 +i."C, cos"! Ө sin 0 – "С, cos"? Ө sin? 0 — i."C, cos"? Ө sin? Ө 


n-2 n 
+"C, cos” 0 sint 0 ^ ...... - i(-1) " ncosOsin'-! Ө + (- 1)2 sin"0 


n-2 n-2 


n n 
fait SiG)? zd)? stage 
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Equating real and imaginary parts, we get 
n 
cos nO = cos" Ө – "С, cos"? Ө sin? Ө + "C, сов" Ө sint 0-....... + (-1)? sin” 8) 
n-2 
and sin n0 = "C, cos"! Ө sin Ө – "C, cos"? 0 sin? Ө +....... -(-D 2 ncos@sin"! Ө .. (4) 


ILLUSTRATIVE EXAMPLES 


Example 1. (a) Expand cos 70 in descending powers of cos Ө. (P. T.U., Dec. 2013) 

(b) Expand sin 70 in ascending powers of sin Ө. 

Sol. We have (cos 70 + i sin 70) = (cos Ө +i sin Ө)”. 

Expanding the RHS by Binomial Theorem, we have 

cos 70 + i sin 70 = (cos Ө)? + "C, (cos Ө) (i sin Ө) + "C, (cos Ө)? (i sin 0)? + 7С, (cos Ө)“ (i sin Ө)? + 7С, 
(cos Ө)? (i sin 0)* 7C; (cos 0)? (i sin Ө)? + "C, (cos Ө) (i sin 0)Ó "C, (i sin Ө)” 


Now, Ё--1,Г-1,Ё--1,(8-1,0-1,0--1 
Taga 4 7, =| 7 = 7 =7 7C =7С = 7.6 =21 
ПЕР. it =-і, С =1, С=С =7, С, = gy c 
7.6.5. 
у= uec =35 
1.2.3 


cos 70 + i sin 70 = cos? Ө + 7i cos? Ө sin Ө— 21 cos? Ө sin? Ө — 35i cos^ Ө sin? Ө 
+35 cos? Ө sin^ Ө + 21i cos? 0 sin? Ө — 7 cos Ө sin® Ө — i sin? Ө 
Equating real and imaginary parts, 
(a) cos 70 = cos’ 0 – 21 cos? Ө sin? 0 + 35 cos? Ө sin^ Ө — 7 cos Ө sin® Ө 
= cos’ 0-21 cos? Ө (1 — cos? 0) + 35 cos? Ө (1— cos? 0)? — 7 cos Ө (1— cos? Ө)? 
cos’ 0 — 21 cos? 0 + 21 cos’ Ө + 35 cos? Ө (1-2 cos? 0 + cos^ 0) — 7 cos Ө (1-3 cos? 0 


+3 cost 0 — cos$ Ө) 


= 64 cos” 0 – 112 cos? Ө + 56 cos? 0 — 7 cos Ө 
(b) sin70=7cos°@ sin Ө – 35 соѕ Ө sin? Ө +21 cos? Ө si? Ө — sin’ Ө 
= 7(1 —sin? Ө)? sin Ө – 35(1 — sin? 0? sin? Ө + 21(1 — sin? Ө) sin? Ө — sin’ Ө 
= 7(1—3 sin? 0+3 sin*0 — sinf Ө) sin Ө – 35(1 — 2 sin? 0 + ѕіп Ө) sin? 0 +21 sin? 0 — 21 sin’ Ө — sin” Ө 
= 7 sin 0 — 56 sin? Ө + 112 sim? 0 — 64 sin’ Ө. 
Example 2. Prove that 2(1 + cos 80) = (х 4х? + 2} , where x = 2 cos Ө. 
Sol 2(1 + cos 80) = 2.2 cos? 40 = (2 cos 40)? .. (1) 
Now, cos 40 = cos^ 0 — ^C, cos? 0 sin 0 + ^C, sin^ Ө 
= cos^ 0 — 6 cos? 0 (1 — cos? 0) + (1 — cos? 0}? = 8 cost Ө - 8 cos? 0 +1 
From (1), we have 
2(1 + cos 80) = (16 соѕ 0 – 16 cos? 0 +2)? 
= [(2 cos Ө) - 4(2 cos 0 + 2]? = (x* — 4x? + 2)”, where x = 2 cos Ө. 


1+cos70 _ 


Example 3. Prove that = (x? — x? - 2x + 1), where x = 2 cos Ө. 
1 + соѕ Ө 
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2 cos? 19 2 соѕ2 2 2 sin? 8 
1+ cos 70 2 2 2 
Sol. = B Ө х 6 
1+ со5Ө 2cos? — 2cos*—  2sin?— 
2 2 2 
ое 1 
_ боз an _ [ sin 40 —sin 30 (1) 
Е 2 0.01. sin Ө Е 
cos — sin — 
2 2 
Now, sin 40 = “С, cos? Ө sin Ө – C, cos Ө sin? Ө = 4 cos? Ө sin Ө — 4 cos Ө sin? Ө 
and sin 30 = 3 sin 0 — 4 sin? Ө 
From (1), we have жшн (4 cos? Ө—4со$ Ө sin? 0 — 3 + 4 sin20)? 
1+ cos 0 
= [4 cos? Ө - 4 cos Ө (1 — cos? 0) - 3 + 4(1 — cos? 0)? 
= (8 cos? Ө — 4 cos?0 — 4 cos Ө + 1? 
= (xX —x?-2x + 1)?, where x = 2 cos Ө. 
6.7(a). EXPANSION OF TAN 9 
—À sin nO — "C, cos" ! 0 sin 0 — "C, cos"? Q sin? Ө + "С, cos" ? Ө sin? Ө... 
ann0- = 
cos nð cos" Ө — "C, cos"? Ө sin? Ө + "C, со" Ө sinf Ө... 
Dividing the numerator and denominator by cos" 0 
tannd = LC an is tan? 0+ uri 0-.. 
1 — "C, tan“ Ө+ "C, tan" 0-... 
6.7(b). EXPANSION OF TAN (0, + 05 + 04 + ...... + 0, 
We know that 
cos (0, +0, +0, +... 0) ) +г яп (0; +0, +0, +.....+0,) 
= (cos 0, i sin Ө,) (cos Ө, + i sin 0,) (cos 0, i sin 0,) ...... (cos 0, i sin Ө) (1) 
ub ‚ sin : 
Now, cos 0, +i sin 0, = cos 0, c | | = cos 06,(1 +7 tan Ө,) 
соз Ө, 
cos Ө, + į sin Ө, = cos Ө„(1 + i tan 0,) 
cos 0, +i sin 0, = cos 0, (1 + i tan Ө.) 
cos 0, + į sin Ө = cos Ө (1 + i tan 0,) 
(1) may be written as 
cos (0, +0, +0, +...... +0,) +151п (0; +0, +90, +...... +0,) 
= cos 0, cos 0, cos 0, ...... cos 0,1 + i tan Ө )(1 +i tan 6.) ...... (1+ (ап Ө) 
= £080, cos Ө,...... cos 0, [1+ іу +178, + 25. + ifs, 1?8„+......] 
where s, denotes the sum of the products of the tangents of the angles 0}, Ө, ...... , 0, taken r at a time. 


Le.,s,-Xtan 0,$,— È tan Ө, їап 9, апа $0 оп. 


COMPLEX NUMBERS AND ELEMENTARY FUNCTIONS OF COMPLEX VARIABLE 385 


= cos 0, cos 0, ...... cos 0,[1 is, —$, — ÍS} + S4 iS — ] 
= cos 0, cos 0, ...... cos 0,[(1 — s, * $, — ...... +151 —53+55—...... )] 
Equating the real and imaginary parts 
cos (Ө, + 0,  ...... +0) = cos 0, cos 0, ...... cos 0,(1 —s, +54...... ) 220) 
sin (0, +6, +...... +0) = cos 0, cos 0, ...... COS O (s, — $4 +55 ...... ) 2449) 


ERR 51-53 +5; Zoe 
Dividing (8) by (2), tan (0, + Ө, + ...... g)e-L- 3-5 v 
1-5, +54 -... 
Example4./f о, В, ybe the roots of equation х? + рх? + qx + р= 0 prove that tan! а + tan! 
В + tan! ү = пп radians, except in one particular case and point й out. (P. T-U., May 2002) 
Sol. Let о= (ап Ө,, B = tan 05, y = tan 0, then 0, = tan! о, 0, = tan! D, 0, = tan! y 
Given equation is x? + px? + qx+ p=0 
Its roots are 0, В, y i.e., tan 0, tan Ө. tan 0,. 
s,7 Хо = ХУ їап Ө, =-р 
s,= Lop = Х tan 0, tan 0, = 4 
53 = оВу= (ап Ө, tan 0, tan 0, =-р 


1-5, 1-4 1-4 


-0 


Now, tan (0; +0, +0,)= 


0 
Unless а = 1 in which case the fraction takes the indeterminate form m 


Leaving out the exceptional case, we have tan (0, + 0, + 0.) =0 
0, +6, +6, = nr radians. 


Hence tan! œ+ tan! В tan! y = пл radians except when q = 1. 


Example 5. /f tan !x + tany + tan < = 5 ; prove that ху + уз + zx = 1. (P.T.U., Мау 2003) 
Sol. Let tan !x- Ө, tan !y = 0, tan !z = 0, 
3 T 
given 0, +6, +0, = 2 


tan (Ө, +0, +Ө,) c tan 2 = оо 


5 —5 
1-3 2e s 1-s,=0 or s,=1 
1-5, 

Or tan 0, tan 0, + tan Ө, tan 0, + tan 0, tan 0, = 1 

ог Xy yz х= 1. 


Example 6. /Го, В, y, Gare the roots of the equation x* — x? sin 20 + х? cos 20 —x cos Ө — sin Ө = 0, prove that 


T 
tan! o, tan! В + tan! y + tan! 62 nx 2 0. 


386 АТЕХТВООК OF ENGINEERING MATHEMATICS 
Sol. Let tan! = Ө, tan! B =0,, tan! y 20, tan! 6-0, 
tan Ө, = о, tan 0, = D, tan0, =y, tan 0, =ô 
Given -nisx!— X? sin 20 + х2 cos 20 - x cos0 -sin 0 =0 
Its roots are 0, В, ү, i.e., tan 0,, tan Ө„, tan 0,, tan Ө, 
$1 = Хо = Xtan 0, = sin 20 
s, = Xo = X tan 0, tan 0, = cos 20 
s, = ХоВү= X tan 0, tan 0, tan 0, = cos Ө 
s, = оВүб = tan Ө, tan Ө, tan 0, tan Ө, = — sin Ө 
581—853  sin20—cos0 
1—8, +54 1-—cos20—sinO 


Now, (ап (0, +0, +0, +0,)= 


2 51 0 соз 0 — соз0  с0з0 (25110 – 1) 
1-(-2sin?0)-sin0  sinO0(2sin0- 1) 


= cot 0 


tan (0, +0, + 0, +0,) = tan (1-8 


0,46, 40, «0, n+ 2-0. 


Example 7. /f 0, Ө„ 0, be the three values of 0 which satisfy the equation tan 20 = À tan (Ө + о.) and be 
such that no two of these differ by a multiple of т, prove that Ө, + 0, + Ө, + а is a multiple of m. 
(P. T.U., Dec. 2002) 


Sol. The given equation is tan 20 = À tan (Ө + о) 


ог 21400 _„ їап0-їалс 
1 - tan? 0 = tan Ө tan а 
> 2 tan 0(1 — tan Ө tan о) = A(1 — tan? 0) (tan Ө + tan о) 
— 2 tan Ө — 2 tan? 0 tan œ= A (tan Ө + tan &.— tan? Ө — tan? Ө tan 0) 
Or À ап? Ө (2— À) tan atan? Ө + (2—A) tan 9 - tan = 0. 
This equation is a cubic in tan 0 and as such, its roots are tan 0, tan 0,, tan 0, 
2-— À) tan a 2-XÀ 
но” зане Bind —, 
А А 
t 
8, = tan 0, tan 0, tan 0, = мша = tan Q 
(2 — А) гап о 
$1 — $3 EE ПЕ. 
Now, tan(0,+0,+0,)= = 
ow, tan (0, +0, +6,) qe (2-3 
А 


_ (2—A)tana—Atano 2(1—2)tana 
i „-2+% =) 
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| : | : : 0 
= — tan 0, except when A = 1 in, which case the fraction takes the indeterminate form 0 А 


= tan (0; +0, +60,) = tan (— о) 
0, +0, +0, =ид-© ог Ө, +6, +6, +Q@=nn, a multiple of r. 
In case A=1, the given equation becomes tan 20 = tan (Ө + о) which gives 
20 = nr + (0 + 0) or 0 = nT + о 50 that the values of Ө differ by multiples of m. 


Example 8. Prove that the equation ah sec Ө — bk cosec Ө = a? — b? has four roots and that the sum of the 
four values of Ө which satisfy it is equal to an odd multiple of n radians. 


Sol. Let tan Э =1 
2 
0 
1— tan? — 2 2 
1-1 1-1 
Now, cos 0 = 2 — 3 < ѕес Ө = 7 
14:44:22: 142 -t 
0 
2 fan 2t +? 
sin 0 = B^ 2 соѕес Ө = 2 
1+ tan? 1+7 i 
Making these substitutions in the given equation, we have 
1+? 1+? 
аһ. = bk. - =а?-Ь? 
1-1 21 
Multiplying both sides Бу 2/(1 – /2) 
2aht(1 + 2) - bk(Y -2)(1- 2) = 2(а2 -bA (1 - P)t 
ог 2aht + 2ah? — bk(1 — t+) = 2(а? – b?y(t – в) 
ог bkt^ + (ай + 2a? - 2Ь?) + (2ah - 2а?+ 2P?)t - bk =0 4441) 


It is a biquadratic in г and hence has four roots. 

Let 0,, 05, O}, 0, be the four values of Ө satisfying the given equation then the roots of (1) are 
Oy an2. tan n Өд. 
2 2 2 2 


Let us denote them by 1, 15 fas ty. 


2ah + 2a? — 2b? 
Br s а р | seina лан ©! ып 2 =0 
bk 2 2 


у=?лу= У tan 


0 2ah — 2а? + 2b" 
$4 = ЭЛ, = У tan 9r tan Ө; tan 2 = а а ср 
2 2 bk 
0 0 — bk 
1 2 3 4 _ = 
S4 = tbtt, = tan 5 tan 2 їап Ї 5 = bk =—1 
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2ah + 2а? — 2b? , 2ah - 2a? +202 4b – 4а? 


2 bk bk _ bk —. midi 
1-0-1 0 
N т NE 
2 2- 2 2 
or 0, +0, +0, +0, = 2n T= (2л + 1)л= an odd multiple of r. 


Example 9. Prove that the equation sin 30 = a sin Ө + b cos Ө + с has six roots and that the sum of the six 
values of 9 which satisfy it is equal to an odd multiple of т radians. 


Sol. sin30= a sin ð +b cosð +c 
3 sin 0 — 4 sin? 0 = a sin ð +b cos Ө +c 
4 sin? Ө + (а- 3) sin 0 + bcos0- c2 0 


3 
| 2 tan0/2 | 2 tan 0/2 1—tan? 0/2 
or 4 -(а-3 


2 2 т 2 
1+їап 0/2 l+ tan^ 0/2 l+ (ап 0/2 


Let tan0/2-2t 


2p 2t j£ 
“5 ded ep aac 
(1 £^) 1+7 1+7 
ог 328 + (2а 6)1(1 + 12)2 + (1-2) (1+ 2)2 + с (1+ 2) = 0 
ог 328+ (2а- 6) (t+ 26 + P) x b(1-2) (1+22+ й) +с(1 +32 +30 +16) = 0 
Or 328 + (2a -6) t+ (4a 12) 8 + (2a - 6) P - b - bf -bt — bf - c 3c + Зс + сб = 0 
ог (c — b) $4-(2a—6) P + (8c - b) + (32 + Да – 12) + (b+ Зс) 2 + (2a-6) t - (b c) = 0. 
Itis sixth degree in? ..  ithas six roots. 
0 0 0 0 0 0 
Roots of this equation are tan l tan 2 , tan 3 tan ы , tan 2 , tan 6 Le., fi b, tas ty, 151, 
2 2 2 2 2 : i 
2 -— 
$,7 Xt, = У (ап Je са 
c-b 
С 20+ 49 
=> тї = s, => 1,11, =— 
2 12 3 1233 eb 
b 3c 2a —6 b+c 
$,7 È tbb, = о, =t hht; =- T 


-b 


Ж Еа 


2 — $5 +54 — 8 
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(a-b) | 20+4a 2a—6 
c-b c—b с- Б 
3c-b | b*3c ctb 


1 
c-b c-b c-b 
_ —2a+6+20+4a-2a+6 _ 32 _ zd dE 
7 c=b-3c+b+b+3c-c-b 0 2 
0 
1+0, +60, +0, +6. + 6, sni 
2 2 
ог 0; +0, +0, - 0,0, 0,— 2пл+л = (2n + 1) х= odd multiple of m. 
TEST YOUR KNOWLEDGE 
1. Prove that cos 60 = 32 cos? Ө — 48 cost Ө + 18 cos? Ө – 1. (P.T.U., May 2012) 


sin 60 - 
2. (a) Express — as a polynomial in cos 0. 
sin 


(b) Prove that шаг! =7- 56 sin? 0 + 112 sin^ Ө – 64 sin? Ө. 
sin 
3. Prove that: 
(i) cos 80 = 128 cos? Ө — 256 cos? Ө + 160 cos* Ө — 32 cos? 0 + 1. 


(ii) a 89 = 128 cos’ 0 — 192 cos? 0 + 80 cos? 0 — 8 cos Ө. 
sin 0 
а 5 
(iii) tan 50 = св кы ‚ Where ¢ = tan Ө. 
1 101 + 51 
(iv) tan 79 = 7810—35 tan? 6+ 21 tan? 0 — tan” Ө 


1— 21tan? 0 + 35 tan^ 0 — 7 гап Ө 
4. Prove that : 


(i) 2"? cos A =1-"С,+”С,-^"С, +... 
TU 
(ii) 2"? sin = ="C, "Cy + C. — ... o 
[ : Put @= 2 їп 150) 


5. Express tan 50 in terms of powers of tan Ө and deduce that 5 гал! Е — 10 tan? E +1=0. 
6. Prove that 1 + cos 9А = (1 + cos A)(16 cost А – 8 cos? А — 12 cos? А + 4cos A + 1)2. 


1 А 
шы : Find the value of саза see solved example 3 
+cos А 


7. Prove that the equation a? cos? Ө + D? sin? Ө + 2ga cos 0 + 2 fb sin Ө + с = 0 has four roots and that the sum of the 
values of Ө which satisfy it is an even multiple of x radians. 


ANSWERS 


_ 5tan 0 — 10 tan? Ө + tan? Ө 
1—10 tan? 0+5 tan Ө 


2. (a)32cos? 0 – 24 cos? Ө + 6 cos Ө 5. tan 50 
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6.8. FORMATION OF EQUATIONS 


We explain this method by examples given below : 


ILLUSTRATIVE EXAMPLES 


: 2n 
Example 1. Form an equation whose roots are cos 9” COS , COS , COS 


; 2n 
(a) Also form an equation whose roots are sec 9” 5ес ‚ Sec , Sec 


. 2т 4n бп 8n 
(b) Also form an equation whose roots are sec? g^ sec? ‚ sec? ‚ sec? 9 and prove that 


tan? E + tan? = + tan? ах + tan? = = 36. 


2пт : . 22 : 
Sol. Let 6 = EN where n is an integer (Zero, positive or negative) 


Now give values to 0 as 0, 1, 2, 3, 4, 5, 6, 7, 8, we see that 


for n=0, с080-0080-1 
2 
for n-l, соѕ Ө = соѕ ын 
9 
for n=2,  cos0-cos xd 
9 
for n=3, соѕ Ө = соѕ ыг 
9 
for n-4,  cos0-cos = 
for n=5, estas т = COS ын ——2Ó 
9 9 
for n -6, eus = COS pO айы Pt 
9 9 9 
for n=7, er 7 = COS 21:25 = С05 — 
9 9 
for п=8, бейш эт pct =й ® 
9 9 9 


We see that for n = 5, 6, 7, 8, we do not get any new value of cos 0. 


2 4 
The only distinct values of cos 0 are 1, cos д ‚ СО$ - , COS Dn , COS 5n 
9 9 9 9 
Consider 90 = 2лл (Resolve 90 into 50 and 40) 


(^ There аге 5 distinct values of cos Ө) 
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or 


or 


or 


or 


or 


or 


or 


or 


or 


or 


or 


or 


or 


50 + 40 = 2nt 
50 = 2nt — 40 
cos 50 = cos (2nt — 40) 
cos (40 + 0) = cos 40 
cos 40 cos 0 — sin 40 sin 0 — cos 40. 
cos 40 (cos 0 — 1) —2 sin 20 cos 20 sin 0 = 0 
(cos 0 — 1) (2 cos? 20 — 1) - 4 sin20 cos 6 (2cos?0 — 1) 0 
(cos 0 — 1) [2 (2 cos? 9 1? — 1] -4 cos Ө (1 —cos?0) (2cos20— 1) 20 
(cos Ө — 1) [2 (4 соѕ 0 — 4 cos? 0 + 1) – 1] -4 cos Ө (2 cos? 6 — 1 – 2 cos* Ө + cos? 0) = 0 
(cos Ө — 1) [8 cos* 0 — 8 co? 0 + 1] — 4 cos 0 [-2 cos* Ө + 3cos20— 1] 20 
8 cos? Ө — 8 cos? Ө + cos Ө— 8 cos* 6 + 8 cos? 6 — 1 + 8 cos? Ө - 12 cos? 6+ 4cos0 20 
16 cos? 8 — 8 cos* Ө – 20 cos? Ө + 8 cos? 0 + 5 соѕ0- 1 = 0 
Put cos 0 =х 
162 — 8x4 20:8 + 8х2 + 5х—1=0 
x = 1 satisfies this equation 
(х DOG + 8x3 - 12:2 -4x + 1) 20 
x = | corresponds to cos Ө = 1 


2 
the value of cos = forn=0 


If we delete x — 1, then the remaining equation 16x* + 8х3 — 12x? — 4x + 1 = 0 will have the roots 


27 47 бл 8n 


, COS , COS , COS ..(1) 


(a) Take x= - їп (1) 
y 


The equation changes to 


16 8 12 4 1 1 1 1 
25-3 5 + 1 = 0 and roots change to А А 1 
у у у у 2 47 бл 8л 
cos cos cos cos 
9 9 9 9 
: 2т, 4T бл 8л . 
The equation whose roots аге sec ‚ вес ‚ вес ‚ sec 18 
9 9 9 9 
yt —4y3 — 12y? + 8y + 162 0 .. (2) 


Change y to x. 
The required equations is 
x-48 – 1202 + 8x+ 16= 0 
(b) In (2) put? =t 
2 4у1- 121+ 88у +16= 0 
(2-12:+16)2= (4-8) y? 
(Р- 121+ 16)2= (4-8) .t 
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Or t^ + 1442 + 256 240 – 3841+ 322 = (1602 — 641+ 64) 
i^ — 407 +240Р — 4481 + 256 = 0 


2n 47 бл 8n 
Its roots аге sec? ‚ sec? ‚ sec? ‚ sec? 
9 9 9 9 
2T 47 бл 8л 
Sum of the roots = sec? T + sec? D + sec? 3 + sec? гэ -40 


2 4 4 : 
1 + tan? = iliran 5 bou. ele T =40 


2 4 
{ап бен + ап? on + tan? шан 36. 
9 9 
| T Зл 5n 
Example 2. Form an equation whose roots are cos 7” COS 7 COS 7 and hence evaluate 
T T 5n T Зл 5n 
sec + sec + sec . Also obtain the equation whose roots are tan? — , tan? , tan? and hence 
7 7 7 7 7 7 
T Зл 5n 
evaluate cof? cof? cof? 
2п+1) л 
Sol. Let 0 = an ‚ where n=0, 1,2, 3, 4, 5,6 
Т, 
Юг n=0, cos0-cos 7 
3n 
for n=1, cos0-2cos — 
7 
5n 
forn=2, cos0-cos ur 
TT 
forn=3, cos Ө = соѕ = =-1 
9л 
forn=4, соз Ө=соз — = cos 7 ыш эи 
7 7 7 
11 
forn=5, соѕ Ө = соѕ == = COS ira ш = cos m 
7 T gi 
13 
forn=6, соѕ Ө = соѕ = = COS 2m- Ling 
7 7 7 
We see that for п = 4, 5, 6, we are not getting different values of cos Ө. 
Distinct values of cos 0 are obtained for 
7 
n=0,1,2,3 ie, cos : ‚ СО$ ш ‚ СО$ OF een s =-1 
7 T 7 7 


70 = n4 1)л 


(- There are only four distinct values of cos Ө -.  Resolve70 into 40 and 30) 
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40 + 30 = (2п + 1)л 
40 = (2n + 1)1 — 30 
cos 40 = cos {(2n + 1)1 — 30} =- cos 30 


ог 2 cos? 20 — 1 = – (4 cos? Ө— 3 cos Ө) 
ог 2 [2 cos? 0 — 1]? — 1 = — 4 cos? Ө + 3 cos Ө 

ог 2 [4 cost Ө – 4 cos? 0 + 1] — 1 = — 4 cos? 0+3 cos Ө 

or 8 cost Ө — 8 cos? 0 + 2 — 1 = —4 cos? 0+3 cos Ө 

or 8 cost Ө + 4 cos? Ө – 8 cos? 0—3 cos0 + 1 = 0 


Put cos = x 
8x4 + 4x3 – 8x7 -3x+1= 0 
x= - 1 satisfies (1) 
(x + 1)(8x3 -4x7 -4x4+ 1) = 0 


2n+1)t TT 
х=- 1 corresponds to cos Ө = cos a for n = 3 i.e., cos ES : 


8x3 — 4x? — 4x + 1 = О has roots 


Зл 5n 
cos , COS , COS 
7 7 7 
1 
Change x to — 
у 
4 4 
E =o bled 
y y y 
or 8-4y-4y +y = 0 
or y 4у2-4у+8= 0 
1 1 : T Зл 5л 
Іс гоо{$ аге 5 7 1.е., sec a ѕес , Зес 
Зл 5л 7 7 7 
cos cos cos 
7 7 7 


T Зл 5л 
зес 7 + sec 7 + sec 7 = sum of the roots 2 4 


Put y? tin (2) 
: ty—4t—4y+8=0 


or (t-4}? y = (4t-8)° 
w= 81-16) = 162 — 641+ 64 
ог P — 242 + 801— 64 = 0 


2 п 2 п 


T 3n 5n T 
2 2 2 here t= sec? — = 1 + tan? — or tan? — 
7 7 7 


It has roots sec 
Putz=t-1 or 1=5+1 (3) 

(z+ 19 -24(z + 1? 80(z + 1)-6420 

23 +302+ 32+ 1-242? -48z 24+ 80z + 80-64=0 

or 2-021:2-35:-7-0 


-1-1. 
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.. (1) 


‚..@ 


6) 


(A) 
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T 3n 5n 
It has roots tan? — , tan? , tan? 
7 7 7 
T 3n 5n 
Now, tan? 5 tan? 5 tan? = Product of the roots = 7 
T Зл 5n 1 
cot? — cot? cot? =—. Proved. 
T 7 7 
TEST YOUR KNOWLEDGE 
2n 4n бт 3 2 В 
1. (а) Prove that cos ‚ COS p cos 7 are the roots of 8х? + 4х? — 4x — 1 = 0. Hence form an equation whose 
2n 47 бл 
roots аге sec ,Sec ‚ вес 
7 T 7 


2 27 > 4n 2 On 


(b) Also form an equation whose roots are sec ‚ sec 2 sec = and prove that 
2 4 
tan? = + tan? аш + tan? BT za 
7 7 7 
: T Зл 5л TT 9n 
2. Form an equation whose roots are cos , COS , COS , COS , COS 2 
11 11 11 11 11 


Hence evaluate : 


: T Зл 5n 7т 
(1) cos + cos + cos + cos + cos : 
11 11 11 11 


, T Зл 5л 7т 
(її) sec + вес + вес + вес + вес 


11 11 11 117 
ANSWERS 
1. (a)? 48 -4x-8-0. (b) x3 — 24x? + 80x — 64 = 0. 


2. 32x5— 16x4 32:8 + 12x? + 6x - 120 (i) 3 (ii) 6. 


6.9. EXPONENTIAL FUNCTION OF A COMPLEX VARIABLE 


Def. The exponential function of the complex variable z = x + iy, where x and y are real, is defined as 
Exp. (0) = е? = e* (cos y + i sin у) = е* cis y 


Note. When x= 0, е? = cos y +i sin y = cis у 

Changing i to — i, e = cos y - isin y = cis (— у). 

Prove that e*is a periodic function, where z is a complex variable. (P.T.U., May 2008) 
Proof. Let т=х+їу 


Then, by definition æ= e+ = ех (cos y + i sin y) = ех [cos (2nm + y) + i sin (2m + y)] 
— exti2nnty) = еб+їу)+2пті = eni 
i.e., е remains unchanged when z is increased by any multiple of 271. 
= æ is aperiodic function with period 274. 


Example 1. Split up into real and imaginary parts: 


gj get" (P.T.U.,May 2014) (і) «5+3, 
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2 В 2 
Sol. (0 ет“ = ес = е3 (cos Ay? +isin 4у2) 
i2 , 
В (229 +40 ) = e? COS 4y? 


Зхул diy? y _ „3ху 


Ша (е е sin 4у? 


(її) (5 + 31)2 = 25 +902 + 301= 16 + 30i [^ d 


2 : | 
еО 307 = e16+30i = 16 (cos 30 + i sin 30) 


Ве [е5+35° ]= е! cos 30, Im [ OU ] =е!6 sin 30. 
Example 2. Prove that [sin (0—0) + e sin Ө]" = sin"? о [sin (®— n0) +е ® sin n0]. 
Sol. LHS = [(sin acos 0 — cos sin Ө) 7+ (cos &-— i sin О) sin 0]" 
= (sin & cos Ө — i sin о sin 0)" = [sin о (cos Ө — i sin 0)]" 
= [sin о. e 9]" = sin" a. ei"? 
RHS = sin”! o [(sin о cos nO — cos & sin nO) + (cos &— i sin 0) sin n8] 
= sin”! о [sin & cos nO — i sin от nO] = sin" о [cos nO — i sin n0] 
= sin" 0. eine 


LHS = RHS 


6.10. CIRCULAR FUNCTIONS OF A COMPLEX VARIABLE 


1. Definitions. For all real values of x, we know that 
e*=cosx+isinx and e*=cosx—isinx 
. . 1х + e ™ . е u e" 
Adding and subtracting, we get cos x= mE ;sinx= 3: 
i 
These are called Euler's Exponential values of sin x and cos x, wherexe R. 


If z =x + iy the circular functions of z are defined as follows : 
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e" +e” . Ze inz е-е 
cos z= ———— —, sin z= ——-—, tanz= = 
2 2i cosz (её +e) 
osz е +e") 1 2 1 21 
cotz- " = i ро, sec z = RC IU cosec z= — SURE S a 
sin Z e Zoo e 2 COS Z е! d e 12 sin Z е! —e ГРА 


2. Euler's Theorem. 
For all values of 0, real or complex, e? = cos Ө +i sin Ө. 


e+e” 29.20 
For ай values of 0, real ог complex cos 6 = x and sin Ө = E m 
i 
i0 , ,-i0 в 0 19 
A e te е-е 2е ; 
cos 0 + i sin Ө = + = БЭЛГЭ 
2 2 2 


Hence, e®=cos@+isin®@ forall values of 0. 
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3. Periodicity of Circular Functions. 

(a) To prove that sin z and cos z are periodic functions with period 27. 
: е 

We know that = sinz- 


If n is any integer, then 


(24202) _ eg Cnm 


sin (z + 2пт) = 


ей р 2nmi _ e* . еті eË —iz 


=sinz 
= sin z remains unchanged when zis increased by any multiple of 27. 
sin z is a periodic function with period 27. 
Similarly, cos z can be shown to be a periodic function with period 27. 


(b) To prove that tanz is a periodic function with period т. 
We know that tan z= 


i(ztnn) | e Cm е* eim е“ g 


If n is any integer, tan (z - nt) = : | = = : 
Пе" + ат) ile? : ei + e* . "ний! 
Multiplying the numerator and denominator by е! 


iz 2птї —iz iz -iz 
e' .e =e е-е 
= — = : B = (ап < 


ile? : eum 2 2 


te^] Ке+е®“) 


=  tanzremains unchanged when z is increased by any multiple of m. 
tan z is a periodic function with period т. 


6.11. TRIGONOMETRICAL FORMULAE FOR COMPLEX QUANTITIES 


Ifzisa complex quantity, prove that 
(i) sin? z + cos? z 21 (її) sin 2z = 2 sin z cos z 
(iii) cos 22 = cos? z - sin? z= 2 соѕ 2-1 = 1-2 sin? 2 
: 2 tan < : : 
(iv) tan 2z = E (v) sin (— 2) = — sinz 
1 — tan* z 
3 tan z — tan? z 


(vi) sin 3z = 3 sin z — 4 sin? z (vii) tan 3z = Э 
1- Зап: z 


d DONA 7 ~\2 
iz TE iz =iz 
Proof. (1) LHS = sin? zt cos? z= | е a | + | ё 5 | 
1 


=-{ (e? + е?®—2)+ 1 (е2 + eK + 2) = iti -]zRHS 


е?тч 


* е2"ті =1-=е- 


=l=e 


2nni] 


—2птї 
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iz -iz iz -iz 2iz —2iz 
ЭР + хэй, 
(i) RUS =2sinzcosz=2, 6 29-29 c Но: 
2i 2 21 
: р гс \ (e ety 
iii) СО8° z—sin* z= 
ши 2 21 
2iz —2iz 
+ 
n еее 2) (еседа 2) = © 2 = cos 2z 
—iz 1 | | 21: ЕН —2iz 
2 cos? z a te 49 122 (е6 +е2+2)-1=° © шсов2д 
2 2 
ek —2iz 
: + 
1—2sin?z=1-2 ый 1+— (eE +e?) = 6 | шсов2: 
2i 2 
Hence the result. 
ag 
ay RHs= 212 ее ее") 
1— tan? 2 i eer Р ене 9)? +(e- е7“)2] 
Е ile” +e") 
Le?” _ е”#) ek = “жан 
Зу. шу Ро, сан, = 8022= НЗ 
iWe“+e“) i(e*+e“) 
i(-z) -i(-z) -iz iz iz -iz 
1 —е е-е е-е . 
v) sin (=z) = = = —— sin z. 
V С) 21 21 21 
3iz -. “ныг х 3 | 5 
(vi) sin 3z = 3: = 23 , where x = e%, y = е7 
i i 
3 
- +3 - 1 : : : "E А 
= (х у) iat. » = - (ед eE) + 3 А е! . e* (е —e*)] 
21 21 
1 . . 3 . . 1 . . 3 . . . . 3 
= » [(2i sin 2)? + 3(2i sin z)] = > [— 8i sin’ z+ 6i sin z] = 3 sin z — 4 sin" z. 
i i 
3 tan z — tan? 
(vii) О се 


1—3 tan? z 
et е“ ей е“ е ет IMP ет“ 
3. „iz -iz „йй -@ 3 „йй —й ЫГ iz -iz 
i(e* +e) i(e* +e) i(e* +e) i |e*+e 


еї -е® 2 ee е“ 2 
i(e^ +e“) e te^ 
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‚ where x = е-е, y = e + еі 


Е Зху2+ x? у? Е xy? +x") E Х(3е “436 7€ +640" а 7 9) 
-2iz 2iz + Зе 2% E 6) 


iy? | у? +3x° Су? +352) 7 iy(e* te^ -2-c3e 
x(4e^* + 4е +4) — (e - e ye eN 
iy4e^* x 4e 2% _ 4) ile” $ е“ е2 FS “жиг Эр 1) 


ЗЕ — ЗЕ © (a-bYa? cb? + аЬу= а? -b 
е? + е7) (а + ba? +b? - а) =а +? 


= (ар 32. 
Example 3. /f o, В are the imaginary cube roots of unity prove that 


43 43 


ae + Век =- e С > х+у2 sin >.) i 


Sol. We know that imaginary cube roots of unity are о and @?, where 


Sra mc 
o= ————, =. 
2 2 
Here a= эээ p. 21-58 


ое + BeP*— ое 


(рх 33, (33, xg 
= ое, 62 че, e 2 =e iae 2 +Ве 2 
Ба fo [oo аан баран Brian] 


= е2 [esp Энэ 2 
a+B=-1, a-pe-i 42 
oe Ве е2 |- cos Bs + i i3) sin 24 


--ев [ones 3 22) 
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TEST YOUR KNOWLEDGE 
1. Ifz-x-iy,find the real and imaginary parts of exp (22). 
Prove that: 
(i) sin (0 + n0) — e sin n0 = e"? sin a (ii) [sin (0+ 0) — e sin 0]" = sin" о. e"? 
3. If zis a complex number, prove that: 
(i) cos (- 2) = cosz (ii) tan (- z) = — tan z 
in 2 
(iii) cos 3z = 4 cos? z 3 cos z (iv) tan z= Е : 
1+ cos 25 


4. Ifz,, z, are complex numbers, show that: 
(i) sin (z, + Z,) = sin z, cos 2, + COS z, sin 2, (ii) cos (<, — Z,) = cos z, cos 2, + sin z, sin 2, 


tan z, + tan < 4+2 1-0 
1 2 1 2 cos 1 2 


iii) tan (z, + <.) = 
(iii) tan (<, + Z,) 2 


(iv) sin z, + sin z, 2 2 sin 
] — tan z tan z, 


= =9sin tZ. 4-4 
(v) cos <, - cos z, = 2 sin «1 * € sin 2—4 
2 2 
5. Show that: 


(i) cos (о + iB) = 5 (еВ + eB) cos a+ К (eP + еВ) sin a 
(ii) sin (a + iB) = 3 (e В + eP) sin a - (eP + еВ) cos а. 
ANSWER 
92.2210; V AV 
1. e% СУ cos 2xy,e* 77 sin2xy. 


6.12. LOGARITHMS OF COMPLEX NUMBERS 


Definition. If œ = e^, where z and о are complex numbers, then z is called a logarithm of œ to the base e. 
Thus log, @ = <. 


1. Prove that log, о іѕ a many-valued function. 
We know that e?" = cos 2nr + i sin 2nn= 1 
Let E = о, then et = ес, е27 = ez | = ® 

by definition log, @ = z + 2nmi, where n is zero, or any +ve or -ve integer. 
Thus if z be a logarithm of œ, so is z + 2nd. 
Hence the logarithm of a complex number has infinite values and is thus a many-valued function. 
Note. The value z + 2nzi is called the general value of log, œ and is denoted by Log, c. 
Thus Log, œ =z + 2nni = 2nmi + log, œ 
If œ= х + iy, then Log (x + iy) = 2nr + log (x + iy). 
If we put n = 0, in the general value, we get the principal value of z, i.e., log, о. 
2. Prove that log (C М) = лі + log М, where М is positive. 
Proof. = М№= № 1) = Җсоѕл+ і ѕіпл) zN.e* 

log (— № = log (№. ейт) = log N + log e" = log N + лі. 

3. Separate log (o iD) into real and imaginary parts. 


Proof. Let 01410 = r(cos Ө +i sin Ө) so that r= Jo? + p? ‚Ө = tan“! В 
Qa 
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Log (0+ iD) = 2плї + log (œ+ i D) = 2плї + log [r(cos Ө + i sin Ө)] 
= 2nni + log (r e9) = 2nni + log r+ log e? = 2nmi + log r+ 10 


= 2nni +106 Jo? +В? + ап"! В = 2nni + 5 log (02 + B?) + i tan"! B 
0 0 
1 2 1р2; iB 
= — log (0 +B°)+i| 2ил + tan — 
2 0. 
R, [Log (0+ iB)] = + log (o? + В?) 
I, [Log (0+ iB)] = 2 пт + tan! В 
0 
Note. Putting n = 0, the principal value of log (0 + iB) = 4 log (о? + B?) + i tan! В А 
a 
ILLUSTRATIVE EXAMPLES 
Example 1. Prove that log (1 + ге!) = E log (1+ 2rcos0 + r°) + i tan” ие. . 
2 1+ г соѕ Ө 
ee 01-90 
Deduce that log (1 + соз Ө + i sin Ө) = log | 2 cos 2 ti 2 
Sol. log (1 + re9) = log [1 + r(cos Ө +i sin 0)] = log [(1 + r cos Ө) + i(r sin Ө)] 
2 log [(1 + r cos 0 + (r sin Ө)2] +i tan! Жи. 
2 1+ г соѕ Ө 
E log [1 + 2r cos 0 + г2 cos? Ө + г2 sin? Ө] + i tan! ESL 
2 1+rcos Ө 
1 д. т sin Ө 
= — log [1 +2rcos0+r-] + itan ^ —— —— — 00, 
2 1+ г соѕ Ө 
Putting r= 1 in (1), 
Ру БЕ оао а E 
2 1+ соѕ Ө 
i 2 sin 8 cos ! 
Le., log (1 + cos 9 + i sin Ө) = 5 log [2(1 + cos Ө)] +i tan"! I 2 
2 cos? — 
27 d gus titan! tan 2 5 bee 200s | “ee 
2 2 "2 
= EN 2598.9. Um log Хав? +1. 5 
2 2 2 2 2 
Example 2. (a) Find the general value of log (- 1+ i3) : (P.T.U., May 2012) 
(b) Prove that log (— 4) = 2 log 2 + (2n + 1) пі. (P.T.U., May 2007) 


Sol. (a) zen =r (cos 9 + i sin Ө) 
rcos 0 = – l and r sin Ө = 43 
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Squaring and adding 


rP=14+3=4 
f= 2, 
1 T 27 
cos 0 = – – = cos | t—— |= cos — 
2 3 3 
: 43 : 2n 
sin0- — =sin] m—— |= sin — 
2 3 
E: 
3 
14753 = 2 е epus т 
3 3 
12" 
= 2е 3 
General value of 24245 
= 2пті + log (-1«i 8) 
i2n 
- E й | 
іл 
= 2птї + log 2 + loge 3 
= оды © 
| 1 
ааа (n) 
+1 
sida ipi 
(b) —4z4(-1)24(cosm- isin n) =4e™ 


Log (- 4) = Log (4e/7) = 2и + log (4e ™) 

= 2nni + log 4 + log ет 

= 2птї + log 4 + іл 

= 1024+ (2п + 1) лі 

= log 27+ (2n + 1) лі 

= 21022 + Qn + 1) лі. 
Example 3. Separate into real and imaginary parts Log (4 + 3i). 
Sol. Let 4+ 3i=r(cos 0 + їп Ө) 
Equating real and imaginary parts r cos 0 2 4; rsin 0 23 
Squaring and adding, 7? = 16 4- 9 = 25 271203 


Dividing, гап0 = 2 л @=tan! 2 
log (4 + 3i) = Log [r(cos 0 + i sin 0)] = Log (ге®) = 2плі + log (re) 
= 2nni + log r + log e? = 2nni + log 5 i0 = log 5 + 2nni + i tan! 2 


В „Пос (4+ 30| = log 5 


т 


І [log (4 - 3] = (т + tan”! 3| | 
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a — ib 2ab 
а? -Ь? 


Example 4. (a) Prove that tan [ 08 — |= 
a+ib 


—ið 


1 
(b) Prove that sin | log = 


1-16 


| is wholly real. 


Sol. (а) Let a+ib=r (cos Ө + isin Ө) 
Equating real and imaginary parts r cos Ө =a, rsin 0 = Б 


b 
Dividing, tan 0 = — 441) 
а 
Also, a—ib- ғ(соѕ Ө — i sin Ө) 
m -Ю 
L.H.S.- tan | i log ы a = tan |i log 6 
r(cos 0 + i sin Ө) e? 
= tan [i log e?/9] = tan [i(— 210) log e] lloge=1 
b 
22 
2 tan Ө 
= tan 20 = =—@ [Using (1)] 
1— tan? 0 Ёс b Ё 
42 
"245 
gp 


tiesa ine] 


b in 511 
CO: аш | ES NITET 


: ne rmm 
ilog 


(1+ sin 0) — i cos Ө 


=sin 


| 2 

| Е ЗЕ 3 
x us 4 2 4 2 4 2 
=sin 41108 


2 cos? Tee 2| sin 2 9 ees] Т 2 
4 2 4 2 4 2 


=sin 


= sin 


which is wholly real. 
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Example 5. Express log (log i) in the form А + iB. 


T : 
501. i= cos 27 i sin rus eim? 
i . . in/2 . . T " T 
ogi- 2171-1086” --2071-1 5 =i(4n+ 1) - 
» р T > " T 
Log (Log i) = Log [ +1) d = 2ттї + log [ +1) d 


= 2mni + log i4 log (4n + 1) 2 


T 
= 2mni + log e"? + log (4n + 1) Ё i = cos А + і 5іп : =е? 


T T T T 
= 2mmi-i — +100 (4п + 1) = =log (4п+ 1) = +i(4m+1) —. 
тті +i © (án * 1) © (An +1) i(4m + 1) 


ti 2 
Example 6. (a) Show that log > = 2i tan! >. 
x — іу x 


1+ іх 


1 
(b) Provethat їап! х = E lo, 


8 ний (P.T.U., May 2007) 
i 1-1х 


Sol. (a) Let x-rcos0, y-rsinO 


xX +y =r and tang = > 
х 


. xs i0 
+ + j 
log ЖУ =1 ЕС ОШ = log —— -loge?? = 210 
х= iy r (cos 0 — i sin Ө) e? 
-2itan- 7. 
Х 
(b) Let 1= rsin0, x-rsinü .. 2=1+22, (ап =х. 
Hi Eq 
2i 1— ix 
" l4 гсо80-1г8Шш0 1 б cos 0 +i sin Ө 
НЬ? rcosO-irsinO 21 P созӨ—7зшӨ 
1 So j "NE 
= — log =— loge?” = — 2i8-0 = tan” x. 
2i ^g? 21 2i 


6.13. GENERAL EXPONENTIAL FUNCTION 


The exponential function а is defined by the equation а = e784, where a and z are any numbers, real ог 
complex. 


Since Log a = 2nīi + log а 
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The general exponential function a? = e? 984 
а©= ети + log a) 
Hence a‘ is a many valued function and its principal value is obtained by putting n = 0. 


Example 7. (a) Prove that i! is wholly real and find its principal value. Also show that the values of ï form 


aG.P. (P.T.U., Dec. 2007, May 2010, Dec. 2013) 
(b) Prove that log i! 2 — E + z) T. (P.T.U., Dec. 2002) 
Sol. (a) ji = е! bog i [By definition] 


2 ell2nni + log i] — ети + log (cos 7/2 + i sin 7/2)| 


ВИ gni loge] - ей2ти+т/2] = е? (4п+0д/2 = g n2 


which is wholly real. 

The principal value of 2&7? (putting n = 0) 

Putting n = 0, 1,2, ....... the values of i! are e ™2, e932, 9-912. 
which form а С.Р. whose common ratio is e°". 

(b) Log i- ilogi 


=[2пт i-logi] = E + 105 [s 5 +isin 5 


T 
iZ 1 
=i| 2nni + loge ? | = LJ =? (+) 


2 
nsi). 
2 


Example 8. /f i°*® = œ+ iB, prove that œ + В? = e (*"*D vB. 


Sol. «+ ip = jut iB = ев! ip = еб9+18) 1081 
= el% + iB)[2nni + logi] — „(® + iB)[2nni + log (cos л/2 + sin л/2)] 


= plat iB)2nni + loge”? | — “(гж iB)[2nni  in/2] — o B(4n + 1)л/2  io(4n + 1)л/2 


= e Вт + 12. оіо(4п + 1)л/2 — o-B(4n + 1)л/2 [es (4n +1) Е + ѕіп (4n + 1) | 


[7 е =соѕ 6+ isin Ө] 
Equating real and imaginary parts 
0 ол 
о е0" + В? cos (An + 1) - ; Вее к sin An 1) 77 


Squaring and adding, 


od + B? = en Di cos (4п +1) E +sin? (4n +1) z] = gn fr 
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Example 9. Considering only the principal value, prove that the real part of 
(1+ inf 578 dene cos (5+ 13 108 2) . 

So. (1+ KBIH = “Оч log doi B) _ е5 es e) tan! 3] 

о tiD; log4+in/3] = oll tiv3)G-2log2-+in/3) 


e(log2—n/ V3) +i(n/3+ V3 log2) E glos 2- n5 g 3 log2) 


T 
= (1082 (153 E Е + 43 log 2) tisin (" + 43 log 3 


= 2, 715 E E T 43 log 2) +isin Ё + 3 log 2) ВЭ 


—  Realpart of (1+ i 3y t5 is 2e™ cos Ё -4/3 log 2) . 
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eeo foo] 


Example 10. /f pou А + iB and only principal values are considered, prove that 
B 
(dag om (b) A2 + В2 = е8". 
2 A 
Sol ЁТ“ LAB => ЇА+В = A +iB 
Now, А+В=Ё+ = el^ +iB)logi (Taking principal values only) 


= e(A+iB)log (cos n/2+isin n/2) _ (A+B) log(e™) 


= е(А +їВ)(їт/2) — „—(Вл/2) +i. (An/2) 


Е i E AT . AT 
= е Вл/2 VAL =g Вл/2 cos — + i sin —— 
2 2 
Equating real and imaginary parts 


AT 
A =e BO) cos — 


B=e8@ sin ар 
2 


Ат В 
Dividing (2) by (1), tan — = — 
g (2) by (1) a 


А: ‚2 А 
Squaring and adding (1) and (2), A? + B? = Вт [sos B + sin? z) =е Вт 


2 ан”! (4) 
Example 11. If (a + ib)? = m**®, then prove that 7 = 3 а. 
х log(a +b) 


when only principal values are 


considered. (P. T.U., Dec. 2006) 
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Sol. (ач ib? = m* 
Taking log of both sides, log (a * ib? = log т" 
ог plog(at+ib)= (x+iy)logm 
1 E ee T : 
ог р | 5 05 (а +6) +іїап —| = xlogm-iylogm 
а 
(Considering only the principal values) 
Equating real and imaginary parts xlogm= + р1ов (а? + Pb?) ‚..@ 
19 .. 
ylogm= ра — sea (Ii) 
a 
y p tan! 4 2 tan” 2 
Dividing (ii) Бу (i), = a = a 
x — 4рїюв(а +6?) log (а? +b’) 
Example 12. /f tan log (x + iy) = а + ib and a? + Б? + 1, then prove that tan log (x? + у?) = —— 
l-a -b 
Sol. tan log (x + iy) = a + ib ...{i) 
> tan log (x- iy = a — ib .. (ii) 


Now, tan log (х2 + у?) = tan log (x + iy)(x — iy) 
tan log (x + iy) tan log (x — iy) 


= tan [lo t iy) +10 iy)] = 
[log (x + iy) + log (х iy)] 1 — tan log (x + iy). tan log (x — iy) 


Е at+ib+a-—ib Ш 2а 
1-(а-1БХа-15) 1—a?-b 


5 ,where а2+ 22% 1. 


Ji ALAA 
Example 13. Show that (Vi) =е 4/2 cos шавь +1ї зїп A 


442 442 
1 Td -1 
Sol. м)“ _ bes (9 _ ETT i 


T 
К . T 5 
We know that i= cis 5 =е? 


Ш 

% . 
ьа 
AR 

И 

© 


ulti T T 


T 
m 
=е%\ е4 =e? e 42 


Il 
© 
EN 
m 
© 
22 


T 
T ae т... di 
EA COS + 1 Sin ——|. 
442 | 442 а 
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(1 m ij iy 
Sol. First take (1 + i+? 


(1 * jew els ажин? — e+ iy) 108 (1 +i) 


= o i B, prove that опе of the values of tan? 


1 
Example 14. /f - D TX + y log 2. 


One of the values of 
1 
log (1+7) = logl 1o il 4 i tan! 1 oe Jx + y? + tan” 2] 
х 


=log (2 +15 


оныт) (se) ree 2 +42] 


(1+i*= e =е 


| өвч я) ! i ЭН ! zz] 
e 


( 1 += 
Changing i to — i 
| | өв 2-221-4 rez 7 
(1-1/77- е 
УЛ i| ylo ш 
"ELE | rm). E в? + ‘a EL 


(=i? i (se 5-2) | ytog 27 = 


4 
е 


7 2ylog2/2 +17 i ylog2 4 57 
i 2 й 2 
=e =e 


0+1 В = cos (уван + 110223 


a= EJ and B=sin ваа! 


É = Ed 
a 2 
+ В 1 : 
Гап — = — Tx + ylog2 is one of the values. 
0 
Example 15. Find modulus and argument of (1 + i). (P.T.U., May 2003) 
Sol. (1+1 = гео 001-0108 (140) 


1 1 
ja [os ПТ + itan! d _ дый E 


E jog Je (S toga) G i24] (E- 12] 
=e =e .€ 


1 T 
—log2+— 
ME :) cos 251552 +isin Е оо 
4 2 4 2 


408 


Real part of (14i-iz 
Img. part of АЕ! = 
Modulus of (+= 


Argument of 


4m + 1 
Example 16. Prove that Log i= 2 
бо 40-41 


501. 


We know that 


(+i) = tan! 
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(Re)? + (Im)? 


1 T 
2| —log2+— 
Е ) сов? 5 122 + sin? m (рээ 
2 4 2 


Img. part 
Real part 


4 
T T 
QU. pled? „4 Jo et 
sin Ё A log 2) 
zj 4 2 T 
= tan = log 2. 
д l 4 
cos| — — — log2 
4 2 


» where m,nare integers. 


it 


Log, i= 2mm i+ Log i 2mm i+ Log e? =2mni+i 7 


= (Am +1) = where mis any integer 


Similarly, Log, i in the denominator 


= 2ппі+ Log i z (4n +1) x ‚ Where п 15 any integer 


Log;i- 


in 
4m + 1) — 
( ) 2 


| 4т+1 


in 
4n + 1) — 
( 2 


"40-17 


TEST YOUR KNOWLEDGE 


1. Find the general value of 
(0 log (~i) 

(iii) log (— 3) 

Prove that 


(i) ilog (=) = л 2 tan! x 
xci 


Наэ 
(iii) Ë = е 2 


(ii) log (14 i). 
(P.T.U., Dec. 2002) 


3 42 
a —b 


а? +b? 


(ii) cos ! log f +ib 


а—1Ь 


| 
J 


(iv) Log i/2 — (2 + 
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3. Show that 


(i) log (1 + i tan à) = log seca+ia (ii) Log = =2i| nx — tan ! 1 
(3-1 3 
4. Prove that sin (log ï) = – 1. 
5. If log log (х + iy) =p + iq, show that y = x tan [tan q log 4/х2 + y? ]. 


(a + 16)?" 


6. Ргоуе that the principal value of (a ib) is cos 2 (pa + q log r) + i sin 2 (pa + q log r), where 
a-i 
r= Ja? +b’ and a = tan! 2 ь 
а 
xD 


7. Prove that - 


y" — sin (log 2) 4 i cos (log 2). 
—1 


8. Prove that the real part of the principal value of 20505015 е 8 cos E log 2) : 


4 
ANSWERS 
, ті 1 | T 
1. (i) (4n-1) E 5 (її) 2 log 2 + i(8n + 1) z 


(iii) log 3 +i(2n+ 1) x 


6.14. (a) HYPERBOLIC FUNCTIONS 


x -Х 


(7) For all values of х, real ог complex. The quantity = is called hyperbolic sine of x and is 


written as sinh x and 
e+e* 
(ii) The quantity — is called hyperbolic cosine of x and is written as cosh x. 
x -Х x -x 
А е-е e+e 
Thus sinh x = ———— ; cosh x = ——— 
The other hyperbolic functions are defined in terms of hyperbolic sine and cosine as follows : 


x x 


sinhx е-е 


coshx ве 


tanh x = - -; coth x 2 — - 
cohx ее” sinhx gg 
1 2 1 2 
sech x = - ; cosech x = — = 
cohx е*+е* sinhx ехе 
fae? 11 ete? 141 
Note. sinh 0 = ———— = —— =0; cosh 0 = ————— = —— = 1 
2 2 2 2 
| e+e* e-e* | 
cosh x + sinh x = + =e; 
2 2 
: e& xe? е-е“ | 
cosh x — sinh x = mue. 
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6.14(b). RELATIONS BETWEEN HYPERBOLIC AND CIRCULAR FUNCTIONS 


10 ið id —i0 
e+e | e —e 
cos 8 = — — — ; sin0z ————— 
2 2i 
Putting Ө = ix in these equations, we get 
| ell) + еті) e? 4 e 
cos (ix) = - = cosh x 
2 2 
. | ell) = e 69 e* 2 e = (e* = g*) р (e* = ey | ех e ©. 
sin (ix) = - = — = | = | =i. =isinh x 
21 21 21 21 
. sin (ix) isinhx ., 
tan (ix) = V ) = =itanhx 
cos (ix) cosh x 
| cos (ix cosh x ісоѕһ х : 
cot (ix) 2 — = : == --icothx 
sin (ix) isinhx j* sinhx 
| 1 
sec (ix) = —= = sech x 
cos (ix) cosh x 
: 1 i А 
cosec (ix) = ———— = — Sus = – і соѕесһ x. 
sin (ix) isinhx i^ sinh x 
0-0 0 , 6 0  -0 
MÀ : е-е е + e —e 
By definition, sinh Ө = ———— ;cosh0 = ——— — ;tanh0- “8.26 
2 2 e te 
Putting 0- ix, we get 
ix _ eu ей = e” ей E ей 
sinh (ix) = =. - -isinx;cosh(ix)2 ————— -cosx 
2 2i 2 
ix —ix 
| | e —e 
Ix -ix 
| e —e | j sinx , 
tanh (ix) = —— ——7-i.— 2i CE = і tan х. 
e te^ e Fe COS x 
2 


6.14(с). PROVE THAT HYPERBOLIC FUNCTIONS ARE PERIODIC AND FIND 
THEIR PERIODS 


x =% 
: | е-е 
(i) We know that sinh x = S 
х+2птї —(х+2птї) 
" у е = А : 
sinh (x + 2071) = ‚ Where п is any integer 
| | "ГЭР е-е". 
= i [ех е?" ех ет] = — [ех 1-е“. |= um = sinh x 


Thus sinh x remains unchanged when х is increased by any multiple of 271. 
Hence sinh x is a periodic function and its period is 27. 


x -Х 
- e +e 
(ii) cosh x = ———— 
2 
х+2птї —(х+2птї) 
Е +е : : 
cosh (x + 2птї) = 2 ‚ Where п is any integer 


x -Х 
: : y e +e 
5 [e* е2 + e™ е2] = i [e*. 1 +e*. 1] = ——— 
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Thus cosh x remains unchanged when x is increased by any multiple of 271. 
Hence cosh x is a periodic function and its period is 271. 


е^ _ e* 
(iii) tanhx- RE 
e te 
х+пті -(xnmi) 
tanh (x + nmi) = —— — ——  — —- , where n is any integer 
xni —(x4nmi) 
€ te 
e : em _ e? . gr M 


x пм —птї 


ee +e" .e | 
Multiplying the numerator and denominator by е" 


2nni = - 
ММ 2 © ete 


x 


x 
ее 


ех . giri se 


Dm = tanh x [^ e?" = cos 2nn+isin 2nn= 1] 
` e be 


Thus tanh x remains unchanged when x is increased by any multiple of лї. 
Hence tanh x is a periodic function and its period is ri. 


Note. cosech x, sech x and coth x being reciprocals of sinh x, cosh x and tanh x respectively, are also periodic functions 
with periods 27i, 274 and лї respectively. 


6.15. FORMULAE OF HYPERBOLIC FUNCTIONS 


1. Prove that (a) cosh? x — sinh? x = 1, (b) sech? x + tanh? x = 1, (c) coth? x - cosech? x = 1 
Proof. (а) For all values of 0, сов20--81120- 1 
Putting 0 = ix, ме get cos? (ix) + sin? (іх) = 1 


or (cosh x)? + (i sinh x)? = 1 [^ cos ix = cosh x ; sin (ix) = i sinh x] 
ог cosh? x - sinh? x = 1 [- Pz-1] 
(b) We know that cosh? x - sinh? x = 1 


Dividing both sides by cosh? x, we have 
1 - tanh? x = sech? x > sech? x + tanh? x = 1 
(c) We know that cosh? x — sinh? x = 1 
Dividing both sides by sinh? x, we have 
coth? x — 1 = cosech? x => сой x - cosechà? x =1 
2. Prove that (a) sinh (x € y)-sinhxcosh y + cosh x sinh y 
(b) cosh (x € y)=coshxcoshy+ sinh x sinh y 


tanh x + tanh y 


tanh (x € у) = —— — — — — 
© «+ у) 1+ tanh x tanh y 


Proof. (a) sinh (x € у) = - sini(x+ y) E sinh x = l sin 1 
i i 


I ig : ИКИ 
= ~ (5іп іх соѕ іу cos ixsin iy) 
i 


1 
= — (isinh xcosh y+ cosh x. i sinh y) 
i 


[^ siniO-isinh0;cos;0 = cosh Ө] 
Hence sinh (x + y) = sinhx cosh y + cosh x sinh y 


412 


АТЕХТВООК OF ENGINEERING MATHEMATICS 


(b) cosh (x+ у) = соѕі(х+ y) [55 


cosh x = cos ix] 


= cos ix cos iy Ж sin ix sin iy = cosh x cosh y x i sinh x. i sinh y 
= cosh x cosh y x (- sinh x. sinh y) [- 2z-1] 


Hence cosh (x + y) = cosh x cosh y + sinh x sinh y 


(c) tanh(xt у) = 


sinh (x t y) sinh xcosh y + cosh x sinh y 


cosh (x € y) ~ cosh x cosh у tsinh x sinh y 


Dividing the numerator and denominator Бу cosh x cosh y 


tanh x + tanh y 


tanh (x +y)= 
1+tanh xtanh y 
2 tanh 
3.Provethat(a) sinh2x-2sinhxcoshx- — — 7— 
] — tanh* x 
1+ tanh? 
(b) cosh 2x = cosh? x + sinh? x = 2 cosh? x-1- 1 +2 sinh? x= — 2 А 
1—tanh* x 
2 tanh 
(c) tanh2x- — — 
1-4 tanh* x 


Proof. (a) We know that 
Putting Ө = іх, we get sin(2ix) = 2 sin (ix) cos (ix) or 


or 


Also, 


Putting 0 = ix, we get 


or 


(b) We know that 

Putting 0 = ix, we get 
or 

We know that 

Putting Ө = ix, we get 


Cor. 


We know that 
Putting Ө = ix, we get 


or 


Cor. 


We know that 


Putting Ө = ix, we get 


sin 20 = 2 sin Ө cos Ө 
i sinh 2x = 2 . i sinh x. cosh x 
sinh 2x = 2 sinh x cosh x 


21 
sin 20 = -o 

1+ tan“ Ө 
2 tan i. 2.i tanh 

siii Qix)- ы - 1 tan. - 
l-tan^ix 1+(tanh x) 
2i tanh 2 tanh 

i sinh 2x = -- | Or sinh 2x = —— _ 
1- tanh* x 1- tanh“ x 


cos 20 = cos? Ө —sin?0 
cos (21%) = сов2(їх) — sin? (ix) or cosh 2x = (cosh x)? — (i sinh x)? 
cosh 2x = cosh? x + sinh? x 

cos 20 = 2 cos? 0 — 1 
cos (2ix) = 2 cos? (ix) — 1 or cosh 2х = 2 cosh? x - 1 
cosh 2x +1 

2 

cos 20 = 1 —2 sin? 0 

cos (2ix) = 1—2 sin? (ix) 


cosh 2x = 1—2 (i sinh x? = 1+ 2 sinh? x 


cosh? x = 


sinh? x= cosh 2x - 1 
2 
1 - tan? 
шиг 
1+ (ап Ө 
1—tan? (ix) 1— (i tanh x? 1+ tanh? 
cos (2ix) = а ва = or cosh 2x = — 271 
1+tan* (ix) 1+ (itanh x) 1 — tanh* x 
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2t 
(c) We know that tan 20 = ш. 
1- tan^ Ө 
2 tan (i 
Putting Ө = іх, we get tan (21х) = CO. 
1- tan* (ix) 
itanh 2x = 2i tanh x 5 = 21 En 
1— Gtanh x) 1+ tanh* x 
2 tanh 
anae mE 
1+ tanh? x 


4. Prove that (a) sinh 3x = 3 sinh x + 4 sinh? x. 


3 tanh x + tanh? 


(b) cosh Зх = 4 cosh? x — 3 cosh x (c) tanh 3x = 5 z 
1+3 tanh^ x 
Proof. (a) We know that sin 30 = 3 sin 0 — 4 sin? Ө 
Putting 0 = ix, we get sin (3ix) = 3 sin (ix) — 4 sin? (ix) 
ог i sinh 3x = 3i sinh x — 4 (i sinh х)? 
ог i sinh 3x = 3i sinh x + 4 i sinh? x г. В 
ог sinh 3x = 3 sinh x + 4 sinh? x 
(b) We know that cos 30 = 4 cos? 0 — 3 cos Ө 
Putting 0 = ix, we get cos (3ix) = 4 cos? (ix) — 3 cos (ix) 
Or cosh 3x = 4 cosh? x — 3 cosh x 
3 tan 0 — tan? 
(c) We know that tan 30 = нв - 
1—3 tan“ Ө 
З tan (ix) — tan? (i 
Putting Ө = ix, we get tan (3ix) = an) (5) 
1—3 tan“ (ix) 
: dors 3 
" itanh3x= 3-itanh x- (i = x) 
] - 3(i tanh х) 
А " 3 3 
m bus 3.itanh x+i шаг X or tanh3x= 3 tanh x + шэг х 
1+3tanh* x 1-3tanh^x 
5. Prove that: 


(i) 2 sinh A cosh B = sinh (A + В) + sinh (А-В) 

(ii) 2 cosh A sinh B = sinh (A + В) – sinh (А-В) 
(iii) 2 cosh A cosh В = cosh (А +В) + cosh (А-В) 

(iv) 2 sinh A sinh B = cosh (А + B) – cosh (А-В) 

Proof. We shall prove only the last result. 

The first three are left as an exercise for the student. 

We know that 2 sin x sin y = cos (x — y) — cos (x + y) 

Putting x = iA ; y = iB, we get 2sin (iA) . sin (iB) = cos i (A - B) - cos i (A +В) 
ог 2 .isinh A .i sinh В 2cosh (А — B) – cosh (А +В) 
ог — 2 sinh A sinh B = cosh (A — В) - cosh (A + B) 
ог 2 sinh A sinh B = cosh (А + B) - cosh (А-В) 
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6. Prove that: 
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асн pend 22225 C-D 


D — 
(ii) sinh C — sinh D = 2 cosh E sinh === 


р 
(iii) cosh С + cosh D = 2 cosh =t cosh 


C-D 


C+D 
(iv) cosh C - cosh D = 2 sinh 2 sinh 
Proof. We shall prove only the last result. The first three are left as an exercise for the student. 
x+y . у-х 
—— sin ——— 


We know that cos x — cos y = 2 sin 


Putting x = iA and y = iB, we get 
А+В В-А 
cos (iA) — cos (iB) = 2 sin С 5 | sin ( 2 | 


> cosh A — cosh В = 2i sinh LI . i sinh 825 
=—25їлһ x sinh 825 ыы 


[^ sinh (— x) = – sinh x] 
7. Prove that: 
tanh x + tanh y + tanh z + tanh x tanh y tanh < 


tanh (x + y + 2) 
1+ tanh x tanh y + tanh у tanh z + tanh z tanh x 


tan © + tan В + tan y — tan о. tan В tan у 


Proof. We know that, tan (&+ В + ү) = 
1 — tan о tan В — tan [ tan y — tan y tan о 


Putting a= іх; B = iy ; y = iz, we get 


tan (x) + tan (iy) + tan (iz) — tan (ix) tan (iy) tan (iz) 


ее GO BO 


i tanh x+ i tanh y + i tanh z — i tanh x.i tanh y. і tanh z 


i tanh (x +y * 3) = 
` l1-itanh x.i tanh y — i tanh y .i tanh < — i tanh z.i tanh x 


tanh x + tanh y + tanh z + tanh x tanh y tanh 2 


or tanh(x+y+z)= А 
1+ tanh x tanh y + tanh у tanh z+ tanh z tanh x 


ILLUSTRATIVE EXAMPLES 
Example 1. Separate into real and imaginary parts 


(a) sin (x + iy) (b) cos (x + iy) (P. T.U., Dec. 2004) 
(c) tan (x + iy) (d) cot (x + iy) 
(e) sec(x + іу) (P.T.U., May 2004) (f) cosec (x + iy). 
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Sol. (a) sin (x + iy) = sin x cos iy + cos x sin iy 
= sin x cosh + cos х. i sinh y = sin x cosh y + i: cos x sinh y 
(b) COS (x + iy) = cos x cos iy — sin x sin iy 
= cos x cosh y – 51п х · i sinh = cos x cosh y - i: sin x sinh y 


sin(x+iy) 2510 (x + iy) cos (x — iy) 


(c) tan (x + iy) = | 
cos (x +iy) 2 соѕ (х + iy) cos (x— iy) 
sin 2x + sin 2iy ч 2sin А cos B= sin (A + В) + sin (А-В) 
7 cos 2x + cos 2iy 2 cos A cos B= cos (A +В) + cos (A – B) 
_ sin 2x+i-sinh2y _ sin 2x i sinh 2y 
cos 2х + cosh2y соѕ 2х + cosh 2y cos 2x + cosh 2y ` 
(a) tires ees (х + 5) z 2 cos (x+ 5) эш (x— 5) 
sin (x +iy) 2sin (x + iy) sin (x — iy) 
sin 2x — sin 2iy ч 2cosAsin В = їп (А + B) — sin (A — B) 
^ cos 2iy — cos 2x 2 sin A sin B = cos (А - B) – cos (А + B) 
_ sin 2x—i.sinh 2y _ sin 2x | sinh 2y 
cosh 2y—cos2x cosh 2y — cos 2x ` cosh 2y — cos 2x 
1 2 —i 
(o sec (x+ iy) = —- = 
cos (х + іу) 2 соѕ (х + іу) cos (х – iy) 
_ 2(соѕ x сов iy + sin xsin Ту) _ 2(cos x cosh y + sin x- i sinh y) 
COS 2х + cos 2iy cos 2x + cosh 2y 
2 cos x cosh y + 2 sin x .sinh y 
= 1 . 
cos 2х + cosh 2y cos 2x + cosh 2y 
1 2si = 
(f) cosec (x + iy) = = шигээ 


sin (x + iy) — 2sin (x + ty) sin (x — iy) 


2(sin x cos iy — cos x sin iy) 2(sin x cosh y — cos x i sinh y) 


cos 2iy — cos 2x cosh 2y — cos 2x 


2 sin x cosh y .  2cosxsinh y 


= + 2 
cosh 2y — cos 2x cosh 2 y — cos 2x 


Example 2. Separate the following into real and imaginary parts : 


(a) sinh (x + iy) (b) cosh (x + ty) 
(c) tanh (x + ty) (d) coth (x + iy) 
(e) sech (x + iy) (f) cosech (x + iy). 
Sol. (а) sinh (x + iy) = E sin i (x + iy) [^  isinh0-sini0] 
i 


i 
= 2 sin (ix — y) 2 — i (sin ix cos y — cos ix sin y) 


= – і (i sinh x cos y — cosh x sin y) = sinh x cos y + i cosh x sin y 
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(b) cosh (x + iy) = cos i (x + iy) [^  cosh0 = cos i0] 


(c) tanh (x + iy) = 


= COS (ix — y) = cos ix cos y + sin ix sin y = cosh x cos y + i sinh x sin y 

1 
— tan i (x + ѓу) [^ itanh Ө = tan i0] 
i 
E Gti БЕ sin шог БИТ” 2 sin up y) cos fet y) 
i COS (ix — y) 2 cos (ix — y) cos (ix + y) 

sin2ix—sin2y _ , isinh2x-—sin 2y 

` cos 2 ix + соѕ 2y cosh 2x + cos 2y 
sinh 2x | sin 2y 
і. 


= + | 
cosh 2x + cos 2y cosh 2x + cos 2y 


(d) coth (x + iy) 


(е) sech (x + iy) = 


(f) соѕесһ (x + iy) = 


cosh (x +iy) соѕі (x + iy) . cos (ix— y) 
_ Еф. 


sinh (x + iy) : Ми (х=й) sin (ix — y) 
i 
. 2sin(ix- y)cos(ix— y) . sin2ix+sin2y  , isinh2x- sin 2y 
— zj =i. 
2 sin (ix + у) sin (ix — y) cos 2y — cos 2 ix cos 2y — cosh 2x 
— sinh 2x 2: sin 2y 
i5 
cos 2y — cosh 2x cos 2 y — cosh 2x 
sinh 2y 7 sin 2y 
cosh 2x — cos 2y cosh 2х — cos 2y ` 
1 _ 1 
cosh (х+їу) cosi(x+iy) 
1 _ 2 cos (ix + y) _ 2(cos ix cos y — sin ix sin y) 
cos (ix— y) 2cos (ix + y) cos (ix — y) COS 2їх + cos 2y 
2(cosh x cos y — i sinh xsin у) 2cosh x cos у .  2sinhxsin y 
cosh 2x cos 2y cosh 2x + cos 2y cosh 2x + соѕ 2y ` 
1 1 Ш i 
sinh (x + iy) sin (ix — y) 


1... Р 
= т i (x + iy) 
i 


2 sin (ix + y) 


i: 
2 sin (ix + y) sin (ix — y) 


. 2(sinixcos у + cosixsin y) , 2( sinh xcos y + cosh x sin y) 
i- =j 


cos 2y — cos 2ix cos 2y — cosh 2x 


2 sinh x cos y "n 2 cosh x sin y 
Ч 


cos 2y — cosh 2x cos 2y — cosh 2x 


2 sinh x cos y .  2cosh xsin y 


= cosh 2x — cos 2y cosh 2x— cos 2y ` 
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Example 3. If u = log tan E t 2) , then prove that: 


(i) tanh = tan И (P.T.U., Мау 2006) (ii) cosh u = sec Ө 


(iii) tanh u= ѕіп Ө (iv) sinh и = tan Ө. (P.T.U., Dec. 2005) 


0) 0 2- ilog c 2 +i z) (P.T-U., May 2003) 


Sol. и = log tan еро 
4 2 


1+ tan — u/2 1+ tan — 
(i) e“=tan E 4 8| > enun. 2 > f >- 
` -и/2 
ца 1 — tan — 5 1- tan B 
2 
By componendo and dividendo 
ul? -ui iiime — 1- tan 9 
е-е 2 2 u 0 
и/2 -и/2 Е 9 9 = tanh 2 =tan 5 
е 1+ tan — |+] 1— tan — 
2 2 
1+ tanh? _ 1+ tan? 5 
(її) cosh и = = Ө [Using part (7)] 
1 — tanh? 1 1— tan? 
2 2 
- : = sec Ө. 
со8 Ө 
и 
2 tanh — 
2 tan 0/2 
(iii) We know that tanh и= 2 - ын [Using part (7)] 
Таваар. leta 0/2 
2 
= sin 0. 
и 
2 tanh — 
21 2 
(iv) We know that sinh u- 2 - | [Using part (7)] 
l—tanh? dta 0/2 
2 
= tan Ө. 
(v) From (i) part tanh шэн tan 9 (prove it) 
р 5 5 р 
е!8/2 _ 618/2 
1 iu 22 109 _ свв 
і tan 2 c9? + g i92. i Q92 + e 10/2 


2 
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iu 

tan — i0/2 — 19/2 
- 2 e —e 

~ 10/2 -i90/2 

e +e i0/ 


(By componendo-dividendo) 


1 41 и А 5 5 : 
ап 5 _ ei?! 6719/2 , iem _ 10/2 
= iu Q9, 4-90 _ ме? | ,-ien 
2 
п iu 2%? T 
tan + = : =е' 
4 2 267 0/2 
10 = log tan But 
4 2 
1 
0= — log tan Aic 
1 4 2 
0--ilogtan ша | 
4 2 
Example 4. /f sin (А iB) =х + iy, prove that 
E 2 
@ — (P.T.U., Dec. 2002) 


+ 
cosh’ B sinh” B 
(ii) х2 cose? A — у? sec? А = 1. 
Sol. (i) x + iy = sin (A + iB) = sin A cos iB + cos A sin iB = sin A cosh В + i cos A sinh B 


Equating real and imaginary parts on both sides 


x= sin А cosh В; y = cos A sinh B .. (0 

From (1), мне sin А; - У =cosA 

cosh B sinh B 

2 2 

Squaring and adding, + -sin А +505? А = 1 

cosh? В sinh? B 
(ii) Also from (1), : = cosh B ; = sinh B 

sin cos 
2 2 


Squaring and subtracting, = cosh? B – sinh? B = 1 


sin? А cos? A 
or х2 созес? А – y? se? = 1. 


Example 5. /f x + iy = cosh (и + iv), show that 


2 2 
(i) 5 c У х= = 1 (ii) x? sec? v — у? cosec? у = 1. (P.T.U., Jan. 2010) 
cosh u sinh” и 
Sol. x + iy = cosh (u + iv) 
= cos и + iv) [^ cosh Ө = cos i0] 


= cos (iu — v) = cos iu cos v + sin iu sin v = cosh u cos v + i sinh u sin v 
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Equating real and imaginary parts, x = cosh и cos v ; y = sinh u sin v ...(D 
(i) From (1), ЕЕЕ — COS Y, = =sinv 
cosh u sinh u 
x у? 
Squaring and adding, + =cos*v+sin? у= 1 


cosh?u sinh? u 


(ii) From (1), = sinh u 


= cosh и; 
OS V sin v 


Squaring and subtracting, x? sec? v — у? cosec? v = cosh? и — sinh? и = 1. 
Example 6. If x + iy = tan (A + iB) ; prove that 
(i) х2 + у? + 2х со: 2A = 1 


(ii) xà + y? - 2y coth2B + 120 


Sol. (i) x- iy = (ап (A + iB) 
Changing i into — i, we get x — iy = tan (A — iB) 
Now tan 2A = tan [(A + iB) + (A – iB)] 
_ tan(A +18) + (ап (А-В) _ (x*tiy)t(x-iy) _ 2x 
© 1—{ап (А + №) кап (А-В) 1-(x-iy)(x-iy) 1-(x + у?) 
ог s = or 1-032--у2)-2хсо:2А 
cot2A  1-(2 + y?) 
ог х2 + у2 + 2хсоѓ2А = 1 
(її) tan (21В) = tan [(A + iB) - (A — iB)] 
_ tan(A t iB) - tan(A- iB) (x*iy-(x-iy) _ 2iy 
— 1+ 10 (А + №) п (А-В) 1+(x+iy)(x-iy) 1+x +y 
ог itanh 2В = — а8 or І = : 
1+х Фу coth2B 1-4х Фу 
or 1 4 x? +у? = 2y coth 2B 


Hence x? + y?— 2y coth 2B + 1 =0. 


| 1 
Example 7. If tan (0 + id) = cos 2 + i sin о = e*, prove that Ө = ES + 2 and b= - log tan E + z) : 


(P. T.U., Dec. 2007) 


Sol. tan (0 + id) = cos a + i sina .. (1) 
Changing i into — i, we get 
tan (Ө — id) = cos a – i sin & ...(2) 


tan (Ө + i) + tan (Ө — iQ) 


Now, шош =. 


(cos & + i sin &) + (cos & — i sin О) 


1— (cos & + i sin œ) (cos & — i sin 00) 


2 cos а 2 cos а 


1- (cos? o. — i? sin? a) 1- (cos? a + sin? о) 
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2cosa  2cosQ T 

- = = со = {ап — 

1—1 0 2 
T 

REIES [- tanO@=tann => Ө=лт+о] 
т m 
or = —+— 
2 4 
Also tan 2id= tan [(0 + i$) - (0 — i9)] 


tan (Ө + i$) — tan (0—2) _ (cos & +i sin О) — (cos & — i sin 0) 
1+ tan (Ө + №) tan (0 — if) 1+ (cos 9+ i sin о) (cos & — i sin 0) 


2i sin Ф 21840 .. 
= 5 3 = =isin © 
1+ (cos? & + sin^ 0) 1+1 
їїапй 2ф= ising ог tanh26-sin о 
ВИ g^-g _ sin & 7 "АРТ ны 1 
Заг t 1 2-2 sing, 
Ву componendo and dividendo 
2e”? 1+ ѕіп о 1+ sin a 
z = | ог etu — 
2e??  |—sina« 1—sin o 
2 
20 .20 a. a a . a 
cos’ — + sin^ — +2 cos — sin cos — + sin 
"m e^ = 2 2 2 2 — 2 2 
29 ND, х. Q 0 . Q 
cos +sin 2 cos — sin cos sin 
2 2 2 2 2 
Я Qa 
cos —+sin— 1+ tan — a 
or ez 2 2 - 2 (ап | —+— 
ao . a a 4 2 
cos sin 1- tan 
2 2 2 


Taking logarithms of both sides log е2 = log tan Е + Э or 2ф = log tan E + Э 


1 T oO 
= — logtan |—+— |. 
? 2 Е | 4 3 
Example 8. Separate into real and imaginary parts log sin (x + iy). 
Sol. Log sin (x + iy) = log (sin x cos iy + cos x sin iy) 
= log (sin x cosh y + i cos x sinh y) 
= log (0+ iB), where a= sin x cosh y, В = cos x sinh y 
1 
= — log (0? + B2) + i tan! В 
2 7 
соз x sinh 3 


1 
= — log (sin? x cosh? у + cos? x sinh? y) + i tan! | — 
2 sin x cosh y 


1 Е= cosh2y +1 1+ соѕ 2х соѕһ 2у – 1 
= — log + 


. А + і ап! (cot x tanh 
2 2 2 2 IE ша 
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or 


юк Nie 


log Е (2 cosh 2y — 2 cos | + ап” 


1 (cot x tanh y) 


1 
log E (cosh 2y — cos | + i tan! (cot x tanh y). 


in 


Example 9. (a) Find all values of z such that sinh z = ез 


(b) Ета all the roots of sinh z = i. 


(c) Find all values of z such that 42 sin z = cosh В+; 


Sol. (a) Let Z=x+iy 
in 


sinh (x+iy)= e? 


i : i T "EXE 
sinh x cos y + i cosh x sin y = cos 3 +isin E = 
Equating real and imaginary parts, 


sinh В ; D real. 


1 1 
sinh x cos y= — = sinhx= 
2 2 cos y 
cosh x sin у= уз = coshx- v3 
` 2 2 sin у 
Squaring and subtracting (1) from (2), 
1 
cosh? x — sinh? x = 3 5 5 
4sin^y 4соѕ y 
3 1 1 


1= 


4 sin?y 4cos” у 
4 sin? y cos? y = 3 cos? y – sin? у 
4 sin? y - 4 sint y = 3-4 sin? y 
4 sint y- 8 sin? y+3= 0 


8+ 64—48 8+4 


sin? y = 
4 8 8 
12 4 
sin? y = Pa sin? y = — 
8 2 8 
im 925 | 
sin“ у = 2 is impossible 
sin? y = I siny=+ ES 
s B t 
шаг 1 
siny# — — 
42 


1 


2 


Ғоггеа у; ѕіп2у< 1 


If sin у is —уе, then from (2) cosh x is also —уе which is impossible 


: 1 ‚Л 
siny= —— =sin — 


А/2. 4 


general value of y= nr + (- 1)" us 
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.. (1) 


‚..@ 
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Case I. /f n is even 


T | | 1 
Then y = ид + 4 ‚ cosyist+ve 02) when n is even cos (nz + Ө) = cos Ө and cos y = л 
2 


| 1 ЭС 1 =F | 1 [1 15 JB +1 
= —= be = E 8 + Б og 
sinh x ЯЛ 2 x=sinh [5 5 2 5 


cosh x = 243243 Ё secos з elo oy = =log v3 +1 
2 л 


1 
z= x+iy=log v3 + emt) 


T 
Case П. /f n is odd, y = пп – 1 ,cosyis-ve 0 11718004... соѕ (пл- Ө) =—соѕӨ and 


COS у = COS | NT Ш = — COS d = : 
P 4 4 48 


From (1) and (2) sinh x = – 5 ,coshx- i 


From (1) and (2) 


x= sinh"! (x) = log cz m = log Б 


z=x+iy=log a 9 


(5) sinhz-i 
Tte MESS. 
— siniz=i or siniz-i^--1 
i 
or sini(x+iy)=-1 or sin(ix-y)--1 
sin ix cos y — cos ix sin у= – 1 
or i sinh x cos y — cosh x sin y =— 1 
Comparing real and imaginary parts 
sinh x cos y = 0 441) 
cosh x sinyz1 ...(2) 
From (1) either sinh x 2 0 or cos у= 0 
Le., x=0 
Substitute in (2), we get 
T T 
sin y= | = sin — & у= 2пт+= — 
2 2 
Le., у= пт+(—1)”" 2 But yz 2т- 7 


Case I. /f n is even 
T 
у= m+ 5 E y-2nn- < then from (2) cosh x=- 1 


: T „(21 +1 
z= 0+ї|пт+—|=ї T 
| 3 | 2 | 


which is impossible 
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Case П. [fn is odd 


T T 
y= nī- — к у= 2пт+ — 
2 2 


z= 1223 -. From(2)coshx= 1 


= Ез x x=0 
2 


F T 1 T А 
g= (вм z - i mn z ,Where mis even 


which is same as in case I. 


2n +1 
Hence, z-i TI Tif nis even 
=i 2-1 gitnis odd. 
2 
(c) 42 sinz= cosh В + i sinh B 
1 1 
sinz= —= соѕһ В + —= sinh В (^. cos iB = cosh B, sini В = i sinh В} 


4 4 


. T : п... 
а cosi В + ооз sini 


sin (Z+) 


z2 nx 4 (1) (Z+) 


= [arren d +В (- 1)"; пє I. 


sin 2х tanu 


Example 10. // tan (x + iy) = sin (u + i v) prove that (P.T.U., Dec. 2003) 


sinh 2y ~ tanh v ' 
Sol. tan (x + i y) = sin (u + i v) = sinu cosh v + i cos u sinh v 
Change i to - i 
tan (x - i y) = sin u cosh v — i cos u sinh v 


Adding tan (x + i y) tan (x— i y) = 2 sin u cosh v 
Subtracting tan (x + i y) - tan(x- iy) = 2 i cos u sinh v 
tan (x - i y) + tan (x — i y) tan u 


Dividing the two - 
tan (x - i y) - tan (x — i y) i tanh v 


sin(x+iy)  sin(x-iy) 


cos(x+iy) cos(x-iy) 1 tanu 


sin(x+iy) sin(x-iy) i tanh v 
cos(x+iy) cos(x-iy) 
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"m sin(xtiy+x—iy) _ 1 tanu : sin (2x) _ 1 tanu 
sin (x+iy—x+iy) Ту sin (2i y) i tanh v 
sin 2x 1 tanu sin 2x tan u 
or = r = 


= o 
isinh2y i tanhv sinh 2y tanh v 


6.16. INVERSE TRIGONOMETRICAL FUNCTIONS 


As for a real variable x, we define inverse sine function as y = sin™! x when x = sin y 
Similarly we define inverse sine function for a complex variable z as 


@= sin! z when z = sin 0) 


е® — e ? 
Now, z= sin @= E г (by def. of sin 0) 
i 
ог 25 =е®-е® 
А : : 1 

Solve for e'® 2iz= e'9— = 
ог (2iz) е'®= е?®— | 
ог е219 (215) е®-1=0 


| 2.42 +4 
ei = шинж хи 41-2 


io = log (іс + 4/1 22) 


only +ve sign is taken’: + 4/1 22 is 


iw = log (iz+ 4/1- 22) 
covered by double value function 4/1— z 


1 
@= — log (iz + le) 
i 


w= sin z--ilog (iz 1—4”) 


sin"! zis defined for all values of z except 


ize 1-2? =0 ie,  iz2-J1-z? 
2 


or (22-1-2 or -2=1-2 or 0-1, whichis impossible 


sin! z = -ilog (iz+ 1-52) 


Similarly other complex inverse functions are defined by the following : 


cos! z = -ilog(z4 J1- z? ) 


B i 1+ i 1-2 : 
tan z= log — = — log - 52+ +1 
2 l=iz 2 i-z 


1 2 1 1 M itz? -1 
cosec™ z = sin — =- i log| —— ——— |; = 0 
< < 
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We will give proofs of tan! z and cosec ^! z 


i a 1+ 41-22 
бес z = cos — --ilog| —— — — 
< 2 
1 i < +1 : 
cot!z- tan! — = log —— ,z# ti 
2 2 -i 


1 


;zz 0 
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Remaining three i.e., cos! z, sec! z, cot! z students can easily prove themselves 
sin 0 
Let tan! z = 0 z = tan O= 
cos 00 
e m e iz Е e E QUU 
„Ф| „io о ] 29, {io 
ie" +e) e +e 
Apply componendo-dividendo 
: До] 
1+1 Ё 26) = ею 
1-й Qe 
Taking log of both sides 
1 1+5 
210)-- log - 
1- iz 
1 1+1 -i lc iz : : 
œ= — log — =— log - IWhen iz# 1 or zz -i 
2i 1-й 2 1-п 
=i i(—i + 2) i i-z i 1-2 | 
ог 0 = log —— E - log - ; where zzi 
2 И: z) 2 i+z 2 1-2 
i 1+5 i 1-2 
Непсе, tan!z- log —— ог log ——, z# +i 
2 1-1 2 1-1 
i+ Je -1 
To prove cosec! <= —ilog ‚ 21% 0 
z 
1 
Let cosec! z = 0 z = cosec 0 = — 
sin © 
1 
<= de io т We iac 
-e e —e 
2i 
ог ze ze? 21 = 0 Multiply by e 
or їе29-:-2169-0 ог де?Ч®) — 2j ef) _;—() 
| 21+ 402 +427 o dt42-1 
Solve for e’®; Єё9---1-----, г>) ог е® = 
2z 2 
: . : ic ale -1 
Taking +уе sign e 
z 


Taking log of both sides, 


2 

i+ fz -1 

10 = log —————, 
Z 


АТЕХТВООК OF ENGINEERING MATHEMATICS 


426 
: 2 
1 + -1 
а. 
i @ 
TEN E 
it fz -1 
or œ= —ilog , z# 0. Proved. 
2 


6.17. INVERSE HYPERBOLIC FUNCTION 


For a complex variable z: 


(а) To prove sinh7! = log k +22 + 1) 


Let sinh! z=@ z = sinh 0 
Ф —,-0 
z- ЕЕС ог 22-69--- 
2 e 
Or ё29-2:05-1-0 
224/427 +4 
Solve for e? = CE == =Z+ 22 +1 (Taking +уе sign only) 
o-log(z-4z? +1) or sinh!z=log (z+ Jz? +1) 
(b) To prove cosh! z = log (2+ 4/27 —1) 
Let cosh!z-o Л z= cosh 0 
(0) m) 
2- E Or 27=e° 5 
2 e 
Or е?° 25 е9+1=0 
(Taking +ve sign only) 


е®= EE i — 1:2-1 


w= log (z+ fz” -1) 


Solve for ед) 


or cosh"! z = log (z+ 4/22 -1). 


1 1 
(с) Торгоуе tanh-!z= 5 log - sz# +1 
-=z 


o 079 
Let tanh! z=@ z= tanh a= ——— 
e те 
z e"-e? 
1 е+е?® 


Apply componendo-dividendo. 


[0] 
1-2 2е = 20 


1-2 269 
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-Iez 1-2 


28 or  20-log —, where zz] 
1-2 1-2 
1 1 
Q= log. z# 1 
2 =@ 
: 1 1-2 
We can also be put in the form — — log ——, \Веге <= —1 
2 1-2 
1 1- 
Q= “Лор =, wherez# +l 
2 1-2 
1 1- 
tanh"! z= tee 5 wherez# + 1 
2 1-2 


Readers can easily prove the remaining inverse hyperbolic functions 


1 1+ 1+ =2 
ie., cosech™! z = sinh! — = log sce 0 
< < 
1 1441-z? 
sech“! z = cosh! — =log 3z# 0 
< 2 
+1 
coth z = tanh"! 323 log ший. 12521, 
z 2 z-1 
Example 11. Separate into real and imaginary parts 
(i) tan! (x + iy). (P.T.U., May 2006) 
(ii) cos"! (e®) ; Ө is an acute angle (P.T.U., May 2002, 2003, Dec. 2010) 
Sol. (i) Let tan“! (x + iy) = u + iv (Ф) 
then tan! (x іу) = u — iv ..Q) 


Adding (1) and (2), we have 


tiy)t(x-i 
2u = tan! (x + iy) + tan”! (х iy) = tan! (£ i» ox 5) = tan"! — 
1— (x t iy) (x= iy) l=x =y 
1 2 
2 Real part u= — tan! - 5 
2 1-х -y 
Subtracting (2) from (1), we have 
2iv= tan"! (x + iy) — tan! (x — iy) 
Sent Dr iy) = 8 Ziy) = tan`! = 
1+ (x+ iy) (x- iy) 1+х' +y 
21 21 
=> tan 2iv = —+* = itanh2v= — 57 
1+х ty 1+х +y 
1 
= Imaginary part у= — tanh! =l 
2 1+x +y 
1 2x і 2у 


1 
Hence, tan! (x + ѓу) = (апт + 
2 leg? ay 2 lex’ ay 
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(ii) Let cos"! (е9) = x + iy 
e? = cos (x + iy) = cos x cosh y – i sin x sinh y 
cos Ө + i sin Ө = cos x cosh y – i sin x sinh y 


Comparing real and imaginary parts, we get 


COS x cosh y = cos 0 .. (1) 
sin x sinh y = — sin Ө ...(2) 
Squaring and adding cos? x cosh? y + sin? x sinh? у = 1 


(1 — sin? x) cosh? y + sin? x sinh? у = 1 


ог cosh? y — sin? x (cosh? y – sinh? у) = 1 
or 1 + sinh? y—sin? x= 1 “sin? x= sinh? у ‚..@) 
Squaring (2), ме сес sin? x sinh? у = sin? Ө 
sin? х. sin? x = sin? Ө [From (3)] 
(sin? x? = sin? 0 “sin? x=sin@ [+ve sign only > Ө is acute] 
sinx = sin Ө E: х= sin"! („іп Ө) 
From (2) sin x sinh y = —sin 0 


йпӨ ѕіпһу= -sinO ~. sinhy=— JsinO ~. ycsinh' (- тб) 
у= log [- віп Ө + УЛ sin Ө ] 2 log [ Л + sin Ө - sin Ө ] 
real part = sin! ( sin Ө ) 
Imaginary part = log [ JL sin Ө ын sin Ө | 
Непсе cos! (e9) = sin! (ysin Ө) +ilog (/1+ sin Ө - sin Ө) | 


Example 12. If sin! (и + iv) = a + if, prove that sin? о and cosh? В are the roots of the equation 
x? — (1+ и? + V?) х+ и? = 0. (P.T.U., Мау 2004) 


501. sin! (u iv) = a+ ip 


u + iv = sin (0+ iB) = sin acos (iB) + cos asin (iD) = sin & cosh В + i cos œ sinh В 
Comparing real and imaginary parts, 
sin æ cosh В = и .. (1) 
cos & sinh В = v .. (2) 
1 cu? * y? = 1 + sin? acosh? В + cos? a sinh? В 
= 1 + sin? a cosh? В + (1 — sin? о) (cosh? B – 1) 
= 1 + sin? a cosh? В + cosh? B — 1 – sin? a cosh? В + sin? о 


= cosh? В + sin? © .. (3) 
Equation whose roots are sin? 0, cosh? В is 
x? — x (sin? о + cosh? В) + sin? о cosh? B 20 [Using x? - 5x +P = 0] 
ot х2—х(1+и2+›?)+и?=0 |.. of (1) and (3) 


Hence sin? о, cosh? В are the roots of 


х2 х(1+и2 +2) + и? = 0. 
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Example 13. Find all the values of sin ! 2 treating 2 as a complex number. (P. T.U., Dec. 2004) 
Sol. We have 

sin! z-- 1106 (iz+ 41— z? ) 
Forz-2; sin! 2=—ilog (21+ 1-4) 


$ sin! 2-- ilog (21+ 43i) = – ilog (2+ 43 )i z- i {log (2+ V3 ) + log i} 
We know that 
log i= loglil+i[2nn+argi], where nis an integer 


1 
= 105 1+1 2пт+^ =ї|2п+—|т7 
2 2 


sin!2--i les (2. +./3) + TI d 


4n +1 
=-ilog(2+ 43)- P ni 
: 41 4п +1 E 2 
=— i соѕ 2+ ——— T | cosh™ 2 = log [2+ 42 -1]zlog (2+ 43) 
by def. 
4n +1 
Hence sin12- Ах — і cosh”! 2. 


TEST YOUR KNOWLEDGE 


1. Prove that 
(1) (cosh x + sinh х)” = cosh nx + sinh nx ; n being a positive integer. 


3 
(11) E = cosh 6x + sinh 6x. 
1 — tanh x 


1 
2. Ify-logtanx, show that sinh ny = 5 (tan” x — cot” x). 
3. {апу = tan atanh В and tan z = cot atanh В, prove that tan (у 42) = sinh 2p соѕес 20. 
4. Тар Ө = tanh x cot y and tan ф = tanh x tan y, prove that = ажоо : 
8120 cosh 2x — cos 2y 
5. Ifccosh(0 + ib) =x + iy, prove that 
(i) x? sech? Ө + y? cosech? Ө = c? (ii) x? sec? ф— y? cosec? ф= c?. 
A  sin2x 


6. Iftan(x*iy-A-iB,showthat —=— 
B sinh2y 


7. (Кэш (Ө +19) = p(cos 0 + i sin 0), prove that 
1 
(0) р? = 5 (cosh 2— cos 20) (ii) tan a = tanh фсої Ө. 


8. Ifsin (0+1) = cos a+ i sin 0, prove that cos?0-- sina 
9. сов (0 +19) = cos a+ sin 0, prove that 


(i) sin?@=+ sina (ii) cos 20 + cosh 2ф= 2. 
10. Ifsin (0 + 1ф) = tan a+ i sec о, show that cos 20 cosh 2ф= 3. 
sin (0-0) 


11. Ifcos (0 + 10) =R(cosa+isin 0), prove that e?» = ————— . 
sin (Ө + о) 
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| | a 1 
12. Iftan (0 + 1ф) = tan a+ i sec о, show that e%=+ cot 5 and 20 = С + Э T OL 


+i in u + i sinh 
13. Prove that: tan САЛ ДИ аша шы 


2 cosu-coshv' 
14. Іар (х + іу) =cosh (о + 18), prove that tanh atan В = cosec 2x sinh 2y. 
15. IfCtan(x-iy)-A-iB,provethat tan2x- EE Р 


16. Provethat (1 + cosh х + sinh х)"= 2" cosh” ios B + sinh x) 1 
17. Ifcosh«x = вес Ө, prove that 


(i) tanh? - = tan? 2 (ii) х = log tan E E 2) 1 


18. Iftan - - tanh 5 ‚ prove that 


(i) cos x cosh u = 1 (ii) tan x = sinh и (iii) u = log tan E + i : 
[Hint: see S.E. 3 (2), Gi), (iv) parts]. 
19. Ifx-2cosocoshf,y = 2 sin о sinh В, prove that sec (a+ if) + sec (a — iB) = = 25 
x t y 
xi y? 
20. Ifsin[log(A + iB)) = x + iy, show that ——— ———— = 1, where A? + B? =е2и. 
sinu соѕ и 

21. Separate into real and imaginary parts : 

(i) ecosh G +15) (її) sin? (x + iy) (iii) log cos (x + iy). 


22. Iftan(x+iy)=0+i0,provethat 02-0- бий усан А | 
cosh” y —sin* x 
23. Ifx+iy = cos (и + iv), show that 
(i) (1 +x)? + y? = (cosh v + cos и)? (ii) (1-х)? + у? = (cosh v — cos и)?. 
24. Ifcos!(u + iv) = 0+ if, prove that cos? wand cosh? В are the roots of the equation 


x? — (1 +u? +у2) x e i2 2 0. 


25. Prove that (i) tan"! (e/9) = а log tan LN. : 
2 4 2 4 2 


(ii) sin (cos Ө +i sin Ө) = cos! (,/sin 8) +i log (sin 8 + Ji+sin®);0<0<5 
(P.T.U., Dec. 2006, 2012, May 2014) 
[Hint: sin~ (cos Ө + i sin Ө) = sin! (e) ; consult S.E. 1102) 
26. Find tanhxif5 sinh x — cosh x = 5. 
[Hint: Divide both sides by cosh x, square, replace sech? x by (1 — tanh? x) and solve for tanh x] 
27. fcos (х + іу) = 0+ ip, show that 


(i) x? sec? a— y? cosec? a= 1 (ii) x? sech? В + y? cosech? В = 1. 
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ANSWERS 


21. (1) e * 05У [cos (sinh x sin y) + i sin (sinh x sin y)] 


1 
(її) 5 [(1 — cos 2x cosh 2y) + i sin 2x sinh 2y] 


1 
(iii) 7 log E 2x + cosh 2y)] — i tan” (tan x tanh »| ; 


6.18. С + iS METHOD OF SUMMATION 


This method can be applied in finding out the sums of the series of the form 
d, COS H+ a, cos (0+ В) + a, cos (0+ 2B) - ...... 
and dy sin 0+ a, sin (0+ В) +a, sin (+ 2B) +...... 
only when the sum of the series ay + a,x + a,x ане is known. The above series may be finite or infinite. 
Method. Let C =a cos 0+ a, cos (0+ B) + a, cos (0+ 2B) + ...... 
and $ = ау зш + a, sin (0+ В) +a, sin (0+ 2B) +...... 
If we want to find the sum of the sine series, the series of cosines is called the companion or auxiliary 


series. In case, the sum of the cosine series is required, the series of sines is called the companion or auxiliary 
series. 


Multiplying the series of sines by i and adding to the sum of cosines, we get the series of complex numbers as 
C+iS = ay (cos 4+ i sin 0) + a, [cos (a+ В) + isin (0+ B)] + a, [cos (0+ 2B) +i sin (0+ 2В)] +... 
= dy e + a e ** 8) + а po 2B +...... [^ соѕӨ +іѕіпӨ = e] 
= elt [ag +a, eB + а, eB + ...... ] 
= e? [ay * ax t aX? +......], where x= eB 
= e. fx) 
The series represented by f(x) can be summed up if it is in any one of the following forms : 
(i) series in G.P. or its modification. 
(ii) Binomial series or one which can be reduced to it. 
(iii) exponential series, i.e., depending on the expansion of e* or e* 
(iv) series which take the form of the expansions of either sin x, cos x, cosh x or sinh x. 
(v) logarithmic series depending on the expansion of log (1 x) orlog (1 — x). 
(vi) Gregory's series. 
The sum so obtained can be expressed in the form X + ГҮ, where X and Y are real. Equating the real and 
imaginary parts, we get C and S. 
The following results will be frequently used: 
1. Sum to n terms of an A.P. 


à t (at d) t (a 2d) +...... *[a*(n- Dd]- 7 [2a + (n - Па]. 


2. SumtontermsofaG.P а+аг+а?+...... заг = 


Sum to infinity of a G.P. (when r « 1 numerically) = 
-r 


3. e? = cos 0 +іѕіп Ө 4. е 2 cos0 – іѕіп Ө 
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2 3 2 3 


5. Р РИ оо бе +... со 
2! 3! 2! 3! 
3 5 2 4 
7. sinx=x- ^-+5—-—...... оо 8. совке ен оо 
3! 5! 21 4! 
x 5 x 4 
9. sinhx=x+ —+— +...... оо 10. coshx = 14 —+— +...... оо 
3! 5! 1 4! 
1. log (1 ххх 12. log (1-3) Eo E 
є log(1-x)x- —4—-— +... oo . lo х)--|х42-41-41--4 дов 
5( ) 2 3 4 4 2 3 4 
3 5 T 
13, tn rir a. +... со 
3 5 7 
3 5 7 1 1+ 
14. tanh х=х+ L4 4% +... ю= log —* 
3 5 7 2 1-х 
-1 -1 -2 ў А 
15. (1+ х)" = 1 +пх+ пиа, ааа rss + х" when nis а ve integer. 


2! 3! 


(1+х)' = 1+их+ 


= | = 1) (п-2 : фо : 
ИТ ) xb n ны ) B4 —€— co when is a negative integer ог а fraction and х | « 1 


n(n 41) 2 n(n +1) (п +2) 3 


(1-x)"21-nx- т 


п(п +1) О. п(п +1) (п +2) d 


(1-x)"21-4nx-* e Т 


(1-xy!214x4x?4X33 +... 


Note. The students should bear in mind that in forming auxiliary series, sines or cosines of multiple angles (i.e., 
of the form sin 10, cos nO) should be replaced by cosines ог sines respectively whereas sines or cosines with powers, if 
any, will remain the same. 


ILLUSTRATIVE EXAMPLES 


1. Series depending on expansion of e*, e* 


cos Q cos 20, cos ЗО, 


Example 1. Sum the following series 1 + + z F 3— tee оо, 
с05 0 2!/соз a 31!с057 О, 
cos 0. cos 20, cos 30, 
Sol. Let С-1- + zo хо аян оо 
cosQ 2!cos°a 31!со8 a 
sin O sin 20, sin 30, 
5= 0+ + + +...... со (See Note above) 


cosa 21со8 9 3!сов a 


C+iS=1+ (cos &+ і sin 0) + ———,— 


cos Q 21соѕ а 


х (cos 20+ i sin 20) 


1 i 
Яо a (cos 30+ i sin 300 +...... со 
3!cos 0 
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12 loe : en. ! eo 
cos Q 2!cos? a 3!cos? а 


ра со [* со80-1880-00) 


: 1 : 1 : 
1 + sec сс! + | sec? о. e? + - sec? q. e) + 


: 1 | 1 : 
1+ (sec a. e'?) + 51 (sec a. ei"? + m (sec 0. ё/0) +...... оо 


Ш 
- 
+ 
N 
+ 

| 
+ 

| 
+ 


NN со, where z = sec 0. е! 


E sec a. e'* sec «(сов @ + i sin a) 
=e =e =e 


= el titana— үс! tana о [cos (tan o) + i sin (tan 0)] Їл 
Equating real parts, we get C = e cos (tan о). 
Example 2. Sum to infinity 


еі = cos Ө +i sin Ө] 


2 
(i) sin a+ x sin (0+ D) + - sin (+ 2B) +..... 
52 
(ii) cos a. x cos (o. В) + 2 cos (a+ 2B) + 


x!cos20 x’ cos 30 
(iii) 1 + xcos0 + T + - +...... (P.T.U., Dec. 2003) 
(iv) соѕӨ + ѕіпӨ cos20 + ш cos 30 +...... (P.T.U., Dec. 2002) 
2 


Sol Let $ = іп a+ xsin (0+ B) + = sin (®+ 2B) + 


2 
and C= cos ace x cos (+В) +57 cos (0+ 2p) + 


= eit ec git, охе? шыш ох (cos B + isin B) 

= еій + x cos B+ixsinB — охсоѕ В — oi(o x sin B) 

= е*°% P[cos (0+ x sin В) + i sin (œ+ x sin B)] 
Equating imaginary parts S= e*c95P , sin (0+ x sin В) 
Equating real parts C= e**95P cos (æ+ x sin В). 
(i) and (ii) parts are proved. 


240) 
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2 3 
iii) Let C= 12xcos0 + 3 - 292 =" Fonda 


. x!sin20  x?sin30 
S= хѕіпӨ + + Tess оо 
2! 3! 


2 3 
C+iS= 1+x(cos@+isin®)+ ET (cos 20 + i sin 20) + a (cos 30 + i sin 30) + ..... 


= 1+хе9+ — е9 + — C804 со 
2 3 
= 1+#+ т - со, where xe? = t 


её = e - ex(cos О +isin Ө) — ex cos 8 el sin 0 
= @*°®%® [cos (x sin Ө) + i sin (x sin 0)] 
Equating real part, we get C= e**959 cos (x sin Ө). 


. 2 
(iv) Let C= соѕ Ө + ѕіп Ө соѕ 20 + шинэ. +..... оо 


1.2 


ND! А 
S= 5іпӨ + ѕіпӨ sin 20 + зи вш +...... со (See Note art. 6.18) 


2 
C+iS = (cos Ө + isin Ө) + sin Ө (cos 20 + isin Ө) + n (cos 30 + i sin 30) +..... со 


‚2 
р : . sin^O . 
= e? e sin0 . e/?9 + —— еі39 + 


pe elo +sin Өе 


" А x + H « 9 
оід + sin Ө (cos Ө +isin®) — вш cos 0 + i (0 + sin? Ө) Ч еіп 9 cos Ө . ei (9 + sin 0) 
= e8in®cos® [Cos (0 + sin? Ө) + i sin (0 + sin? Ө)] 
Comparing real parts on both sides 
C= eiin8c059 cos (Ө + sin? Ө). 
2. Series depending on expansion of sin x, cos х and sinh x, cosh x 


Example 3. Sum the series sin О, С Ё 7 28) + эм Е Ы В. со. (P.T.U., Мау 2004) 


sin (® + 28) sin (o + 4D) 
2! ш 4! 


Sol. Let $ = зщ 0 
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cos (о + 2B) соѕ (a + 4B) 
2! Ц 4! 


C= cosa 


C+iS= (cos а+ isin o) - =. [cos (0+ 2B) + i sin (a+ 20)] 


+ T [cos (0+ 4B) + i sin (0+ 4D)] - ....... 


= е® .е «+?Ю + — ейо+аВ) 
! 
28 Ai 2 4 
9 о 213 | ёЇ- “8? 2211 poseen 


= e cos x = (cos Q + i sin О). cos (ей) 
= (cos 0 + i sin 0) cos (cos В + i sin В) 
= (cos 0+ і sin o)[cos (cos В) cos (i sin В) — sin (cos В) sin (i sin В)] 
[^ cos (A + В) = cos A cos В -sin A sin B] 
= (cos 0 + і sin 0)[соѕ (cos B) cosh (sin B) — sin (cos B) . i sinh (sin В)] 
= [cos ®со$ (cos B) cosh (sin В) + sin o sin (cos В) sinh (sin B)] 
+ i[sin & cos (cos B) cosh (sin B) — cos o sin (cos B) sinh (sin B)] 
Equating imaginary parts 
$ = sin о cos (cos В) cosh (sin B) – cos о sin (cos B) sinh (sin В). 
x? cos 20 х“ cos 40 
2! 4! 


Example 4. Find the sum to infinity of the following series 1 + 


2 4 
Sol. Let бэ ES E гээ 


х? ѕіп 20  x*sin 40 
21 4! 


2 4 
C+iS=1+ - (cos 20 +i sin 20) + 7 (cos 40 + i sin 40) +... 


10 


| 
= 
+ 

| 
* 

© 
4 

| 
* 

© 
+ 


к =1+—+ PT +....., Where y = xe 


= cosh y = cosh (xe9) = cosh [x (cos Ө + i sin 0)] 
= cosi [x (cos Ө + isin 0)] = cos [ix cos Ө —x sin Ө] 
cos (i x cos Ө) cos (x sin Ө) + sin (i x cos Ө) sin (x sin Ө) 


cosh (x cos Ө) cos (x sin Ө) + i sinh (x cos Ө) sin (x sin Ө) 
Equating real parts Cz cosh (x cos Ө) cos (x sin Ө). 
3. Series depending upon Binomial Series 


1 1.3 1.3.5 
Example 5. Sum the series 1 - — cos Ө + cos 20 cos ЗӨ +..... оо. 
2 2.4 2.4.6 


(Р.Т.О., ес. 2011, Мау 2012) 
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Sol. Let c=1-ł1 cos 0 + I; cos 20 Dm cos 30 +..... 
2 2-4 2-4-6 
Биг sin Ө + E sin 20 Do sin 30 +....... 
2 2.4 2.4.6 


C+iS= 1-5 (cos 8 + isin) + 2 (cos 20 + isin 20) — 


1.3. 
2.4 


: (cos 30 + i sin 30) -+..... 


1-3 2620 1-3-5 еэ + 


Xx ‚ where x = e? 


х+ х 
2 “24 246 
-(14ху77-(1-с9у17-(1-сов0-180)172 


T2 ө Q2 өү? ӨӨ -1/2 
= | 2 cos^ — +1: 2 sin — cos =| 2 cos X| cos — + į sin — 
2 2 2 2 2 2 


-y2 0 0 
- Ё cos | [co — —isin | [De-Moivre's Theorem.] 
2 4 4 
cos — 
Equating real parts, C = ————— . 
n 
2 cos — 
\ 2 
Example 6. Sum the following series n sin © + seg sin 20+ И SOF s оо 
1.2 1.2.3 
(P.T.U., Dec. 2004, 2013) 
Sube Ве пы great шан 
. 1-2-3 
Let С= 1+псо$ + шивж aid с ы ш cos 306--....... со 
. 1-2-3 
С-18-1-п6 + aS) ео аа а go 4.. uu со 
1.2 1.2.3 
1 (1 _ ey" 


-(1- gio) = : х | 
( (1- e!'*)? (1-е'%)" 
_ П- (соѕо – і ѕіпо)]" _ [@- соѕо)+ isina ]" 


dos zr t asp (2 - 2 cosa)" 


_ [2 sin? 0/2 + 2i sin 0/2 cos o/2]" 
2" (2 sin? 0/2)" 


_ 2" .sin" 0/2 [sin 0/2 + i cos o/2]" 
(2" sin" 0/2) (2 sin 0/2)" 
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| cos (7/2 — 0/2) + i sin (7/2 - 02) | 


2" sin" 0/2 


1 | п- 
——|созп 
2" sin" 0/2 


Comparing imaginary parts on both sides 


n(r — o) 
20120 
2" sin" 0/2 


4. Series depending on G.P. 


S= 


Example 7. Sum the series 1 + x cos 0+ x? cos 20+ x? cos 30+ ....ton terms where x is less than unity. Also 
find the sum to infinity. 


Sol. Let C= 1 + хсоѕ @+ x? cos 20+ .... +x! cos (п- 1) 0. 
S=0+xsina+x? sin 20+ ...... +x! sin (n-1) 
С +15 = 1 + х(соѕ a i sin 0) + x? (cos 20+ i sin 20) + ..... 


= 1+ хе'® + x?e? ...... ttl, gitn-Do 
=1+у+у? +...... y , where y = xe* 
B Ое у") _ 1— x^ e" _ 1—х”-е"® 1- ye © 
Е ~ ian | 


l-y 1— xe l-xe™ 1-xe™ 


1— xe 2 х" ee 3 gr . ge Do 


iO, —і0 2 iO, —iQ 
l- x(e* +e") + x^ e.g 


nd 


1 — x(cos Q — i sin 00) — x" (cos по + i sin nA) + x" [cos (n — D0 + i sin (n — 1)0] 


1-—x:2cosa+ x? 


п+1 


1— xcos о — x" cos na + х" cos (п – Da 


Equating real parts С = 


1— 2х cos a +x? 


xis numerically less than 1 
x^, х"! 0 as n Soo, 


E : 1-х (cos 9 — i sin c 
For sum to infinity С+ = ( ) 


1- 2x cos a + x? 


Equating real parts, C= 1— x cos Q 


1-2хсов a+ x? 


Example 8. Solve the series : sin & + sin (0+ В) + sin (0+ 2B) + sin (0+ 3B) +... sin (a+ п— Г) 
(P.T.U., May 2008, Jan. 2010) 


Sol. Let $ = sin oc sin (0+ D) + sin (&+ 2B) +... sin (a+ n — 1) 


C= cos Q+ cos (0+ В) + cos (0+ 2B) +... cos (+ n-1 p 


С + 15 = (cos 0+ i sin 0) + [cos (a+ B) + i sin (œ+ B)] + [cos (a+ 2B) + i sin (a+ 2B)] 


+... [cos (0+ п—1 B)+isin (0+ n-1 B] 
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EP IPIE gi 71D 
= eit [1+ eB 4 "7B d 0795] 


which is a G.P series with first term 1, common ratio e? and number of terms = n 
| _ „В 1," 
C+iS= е ene 1 Using S, = aü-r) 
1-е? 
Multiply and divide by 1 — e~! 


c @- ei) (l-e 8) e? Г 2 eB _ е 4 ныг 


C+iS | | : : 
аву) ет 


ёс " g e P = gi +B) + gi &+n-1B) 


2—2cosB 


cos 0 +i sin © — cos (0 — В) —i sin (a — В) — cos (a + nB) — i sin (© + np) 
7 + cos (o. n — 1) +i sin (0 л-1р) 
4 sin? В/2 


Comparing imaginary parts 


s= sin 0 — sin (© — B) — sin (ox + n) + sin (a - n 1B) 
4 sin? B/2 


os [27a В 2 cos enn =p sin B/2 
2 2 2 
4 sin? B/2 

2s P cos(a P со [а + 271) 

2 2 2 

4 sin? В/2 
эч (o. 7 p)sn p E 
p 


sin — 


2 sin B/2 


5. Series depending upon the expansion of log (1 + х) or log (1-х) or tan"! x. 
Example 9. Sum the series 


(a) cos 0 — 4 cos 20 + 4 cos 30 — ...... co(b) sin Ө — 4 sin 20 + 4 sin 30 — ...... оо 
Sol. Let С = cos 0 — i cos 20 + + cos 30 - ...... со 
S= sin0— 2 sin20 + 1 sin 30 — ds со 


C+iS = (соз Ө+ї5їп Ө)— 2 (cos 20 + i sin 20) + + (cos 30 + і sin 30) –..... ео 


= е® 1 е2® + 1 ee сошХ- аг шаал со, where x = e? 
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= log (1 + х) = 105 (1 + e®) = log (1 + cos Ө + i sin Ө) 
sin Ө 


1 
= — log [(1 + cos 0)? + sin? Ө] + i sin! ———— 
2 1+cos 0 


E log (x iy) = 1log (x^ + у?) +i tan! © Here x=1+ cos @ ;y-sin o 


‚ Ө 0 
1 сво соз 5 
=. log [1 + 2 cos Ө + cos? 0 + sin? Ө] + i tan! = 


A509 9 
2 
1 ot Ө 
= — 1022(1+со$Ө)+ itan^' | tan — 
2 2 
І 20) 0 | 3 E 
= |] 2.2 ын — a] 2 cos — сэ 
2 zi cos JE og 2 TRO 
Equating real and imaginary parts 
0 0 
Czlog|2cos — 204 $ = — ...(2 
e( s) (1) ? (2) 


Example 10. Sum the series sin acos В — 4; sin? acos 2В + 2 sin? acos ЗВ-....о — (P.T-U., May 2003) 
Sol.Let C= sinacos B- 1 sin? acos 2B + 1 sin? осоѕ ЗВ - ...... 
m . . 1 . 2 Ф 1 . 3 . 
5 = sin asin B- 7 sin asin 23+ = sin? asin 3B -....... 


С+ї$= sin о.е? T sin? 0. eP + + sin? o, e?! —...... 


=x- LL -..... wherex=sina. e 
= log (1 + x) = log (1 + sina. е) = log [1 + sina (cos В+ i sin B)] 
= log (1 + sin cos В + i sin asin В) 


sin о sin В | 


1 
= — log [(1 + sin & cos В)? + sin? asin? B] + i tan! - 
2 1+ sin о cos В 


sin & sin В | 


1 
= — log [1+2 sin acos В + sin? æ (cos? В + sin? B)] + i tan! - 
2 1+ sin о cos В 


1 
ас log (1 +2 sin «соз В + sin? о) + (ап! | 


sin о sin В | 


1+ sin о cos В 


1 
Equating real parts С = 5 log (1 +2 sin & cos В + sin? о). 
2 1 3 1 5 2 
Example 11. /f C = соѕ Ө — Е] cos? 0 cos 30 + - cos? Ө cos 50 — ..... ee show that tan 2C = 2 соѓ Ө. 


Sol. C= cos0.cos 0- i cos? 0 cos 30 + А cos? 0 cos 50 –..... 
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Let $= cos 0 sin - = cos! @ sin 38 — cos* 6. sin 50 — m 
ALS E x 
C+iS= cos0.e?— 3 cos 0. e? + 5 cos? 0. e? --........... =x- — + ——-.......... 
where х=совӨ.е® 
= tan! x = tan! (cos 0 . е!) 

C+iS= tan! [cos Ө (cos Ө + i sin 0)] ...(1) 
Changing i into - i, 

C-iS= tan! [cos Ө (cos Ө — i sin 0)] ..40) 
Adding (1) and (2) 


2C= (ат! [cos Ө (cos Ө + і sin Ө)] + tan“! [cos Ө (cos Ө — i sin Ө)] 


cos Ө(соѕ Ө + i sin Ө) + cos 0(cos Ө — i sin Ө) 
1— cos Ө(соѕ Ө +; ѕіп Ө) . cos Ө(соѕ Ө — i sin Ө) 


E 2 cos? 0 EN cos? Ө 
- tan 2 2 m ши = 
1— соѕ“ Ө(соѕ“ Ө + sin^ Ө) 1- соѕ 0 


= tan 


2 
= tan! Ё = 3 = (ап! (2 cot? Ө) 


sin? Ө 
Hence tan2C = 2cot? 0. 
e? e? 
Example 12. Sum the series : e" cos B— Pa cos 3p 4 Sx Pests оо (P.T.U., Dec. 2005) 
За. 50 


Sol. Let C= e*cos B- F cos ЗВ + e cos 5В....... оо 


| e? | e | 
$= сне g мазе з sin 5p ....... oo 


3 5 
e? e 


о 
С +18 = а (cos ЗВ + i sin 3В) + = (cos 5D +i sin 5p) ....... oo 


За. 50. 
в € е | 
= ее —___ еВ 7 ei оо 
3 5 


eo B) е209+18) 


= geri с. оо 
3 5 
3 5 
x x р 
=. ор where x = e%+ iP 
3 5 


= tan! x = tan! (e** № = tan“! [e (cos В + i sin B)] 
= tan! (e* cos В + i e* sin В) 
1 2, 1 2 
We know that tan! (x + iy) = — tan! - zti— tanh! —— ШЕ 
2 1-x^- y 2 1+х Фу 
[Proved in example 11 (7) art. 6.17] 
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1 2е° cos 21 267 sin 
= — tan! 5 5 B —— +i = tanh! 5 5 В — 
2 1-е cos” B— e^? ѕіп В 2 1 e? (cos? B + sin“ В) 
о 
1 j 2е cosp — , 2€" sin B 
= — tan |- 628 +1 tanh 14628 
+e 
1 26" cos В 
: UE, 
Comparing real part C = 3 tan 1.26 
1 2 cos 
ог C= ап! — В s 
e? —e 
cos 1 cos 
= tan"! цэ tan! — Б 
е®—е° 2 sinh © 


2 
1 
ныг гал”! (cosech о соз В). 


6. Method of Hyperbolic Series 
In Hyperbolic series, C + iS method is not applied. To sum up a series of hyperbolic sines or cosines. 
X a -Х x 2 -Х 
(i) Replace sinh x by == and cosh x by E: 
(ii) Separate the series in e* and e". 
(iii) Sum up each of these series by using results of standard series. 
(iv) Put the result in terms of hyperbolic sines or cosines. 


Example 13. Sum the series 


(a) sinh a- 4 sinh 20+ 4 sinh 30,- ..... со 
(b) 1 + x cosh a+ x? cosh 24+ x? cosh 304 ...... to n terms. 
Sol. (a) sinh o.— 2 sinh 20+ 4 sinh 30......... оо 
ue 1 £9.69, gh og 
= 5 5 5 ын 3 z со 
= 1 (ед 1 е?®+ 1 E na оо) 1 (e 9 1 ety 1 e? sis оо) 
= 1 108 (1+е9) – 1 1ог(1+е©) 
Pe О ыг 
й е? ( 2 +e? | 
| 105 T - log “Си шү 5 log ей = — 
е? Ё +е : 
(b) 1 + х cosh © + x? cosh 20 + x? cosh 30+ ...... to n terms. 
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=F .[2+дх(е®+ 9) + xe? + e?) + (e? + е 34) +... to n terms] 

-4 (1 + xe%+ х2е2%+ ..... to n terms) + (1 + ex * + 17674 ...... to n terms)] 
1 1 1 _ x" en 1 1 M x" e . . 

= ( ) + ( ) (each series being а С.Р.) 
2| 1-xe* 1— хе" 


1 A= xee xe) + 0— x" е "®)1— xe?) 
2 A- xe*) - хе“) 


1 r9: x(e* + Е) E x" (375 + g 94 gt te De те e 091 


2 1- xe" +e") + x? 


1 2-x.2cosh a. — x" .2 cosh na + x" *! .2 cosh (n — la 


2 1— x.2cosh a + x? 


n+l 


_ 1—xcosh о — х" cosh na + х" cosh (n— Da 


1— 2x cosh a+ x? 


TEST YOUR KNOWLEDGE 


Sum of the following series : 


1. 


10. 
11. 


12. 


13. 


ѕіп 20 sin 3a 


sin & + ——— +—— +... оо, 

2! 3! 

2 3 

COS Q cos” Q cos” Q 
cos Œ + cos 20+ cos 30 + cos 40 + ..... со, 

у DN 
cos 0 + ML cos 20 + ш Ө cos 30 +..... оо, 4. cos 0. = GIO m GP S оо, 

cos 20 соѕ 40 Я ѕіп ЗӨ sin 50 
1+ + + ..... оо, 6. sin Ө +— -..... оо, 
2! 4! 3! 5! 

i o; 1.3 . 1.3.5 
— sin 0+ — sin 20 + sin 30 + ...... со 
2 2.4 4.6 
x sin & + x? sin 20 + x? sin Зо +...... oo, Ix | < 1. 


cos? @ + cos? © cos 20 + cos? cos ЗО + ..... оо, 
sin & cos & + sin? & cos 24 + sin? 0 соз ЗО + ...... со, 


sin o sin В + sin 20 sin? В + sin Зо sin? В +...... оо, 


1 
sina+ — sin2a+ — sin 30+ | sin 4а + saves со, 
2 2 2 


2 3 
c cos 8+ 7 cos 26+ — cos 30 +...... оо, 
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2 3 
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14. csina- ыг sin 20 + ын sin ЗО ...... со, 
2 3 
15. cos?a- — cos? a cos 20 + i cos? 0 cos 3%-...... оо. 
, Y, : 1. А 
16. sin20- > sin 20 sin? 0 + 3 sin 30 sin? Ө — ..... оо. 
3 5 
с с 
17. ccosa+ = cos За + = cos 50 + ..... оо, 
с сў 
18. csina+ = sin 30 + = sin 50 + ..... оо, 
e? e? 
19. e*cosB- — cos 3B + — cos 5B - ...... оо, 
3 5 
1 1 
20. cosha- 3 cosh 20 + a cosh 30 +...... оо, 
21. xsinho + x” sinh 20, + х? sinh 30 + ...... ©. 
ANSWERS 
1. eS ® sin (sin О) 2. 69598 cos (œ + sin & cos 0) 3. gin 05050 cos (0 + sin? Ө) 
4. cos (®— В) sin (cos В) cosh (sin В) — sin (о — В) cos (cos В) sinh (sin В) 5. cosh (cos 0) cos (sin 0) 
. T-A 
эн xX sin & 
6. соз (cos Ө) sinh (sin Ө) сЕ. Е = 
2000 1—-2xcosQ +x 
2sin — 
2 
9. 0 10. 5119 (cos & — sin ө] 1 sin a sin В | 
1] — 2sin & соз & + sin“ 0 1—2cos a sin В + sin“ В 
4 sin о 1 2 E csin Q 
12. — — — 13. - — log(1-2ccos Ө + c^) 14. tan ————— 
5-4сов80 2 1-СС080 
1 in? 1 ? 
15. — log (1 + 3 cos? a) 16. tan"! е A 17. — log Pee ee ый 
2 1+ sin 0 cos Ө 4 1-2ccosa+c 
18. t tan"! 2 ш 19. - E tan"! (cosech о cos В) 20. log| 2 cosh m 
2 1-с 2, 2 
21. x sinh a = 
1— 2x cosh a + х 
REVIEW OF THE CHAPTER 
1. De-Moivre's theorem: (i) If is any integer, positive or negative, then (cos Ө + į sin 0)" = cos пӨ +i sin nð 
and (ii) if п is a fraction +ve or —ve, then one of the values of (cos Ө + i sin Ө)" is cos n0 + i sin nO 
Note: (i) cos Ө + i sin Ө is represented by cis Ө 


(ii) (sinO--icos0)"z sinnO0-icosnO 
(iii) (cis Ө,) (cis 05) ... (cis 0,) = cis (0, +0, +... +0,) 


10. 
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(cos Ө + i sin 0)", where (р, q) = 1 has q and only q distinct values and the q values form а С.Р. whose 
sum is Zero (p, q being integers). 
То express cos” Ө in terms of cosines of multiples of 0, take x = cos Ө + isin Ө ; 


1 1 1 п 1 п 
— -cos0-isinO,x* — 22cos0 2. (2 соѕ Ө)" = E + z) ; Expand E + | by Binomial 
х х х х 


a "T 1 
Theorem and collect the terms equidistant from beginning and end and use x" + — =2 cos nð. 
x 
То express sin" 0 in terms of cosines or sines of the multiples of Ө 


1 
Take x = cos Ө + i sin Ө, — = cos Ө — i cos Ө 
х 


1 1 п 1 п 
х= — z2isin0 апа (2 i sin Ө)" = [x = : . Expand [x = | by Binomial theorem and collect the 
х х х 


гай а 1 ЭР” 
terms equidistant from beginning and end. Also use х" - — = 2 sin nd. 
x 


To express cos 6 and sin n@ in terms of powers of sin Ө and cos Ө use De-Moivre's theorem cos пӨ + i sin nO 
= (cos 0 i sin 0)" ; Expand by Binomial theorem and compare real and imaginary parts, we get cos 
n0 and sin n0. 


Stabs "с tan@—"c; tan? 0+ "с; tan? Ө... 


1— "c, tan? Ө + "c, tan* Ө... 


9 — 83 +55... 


Gi) tan (0, +0, +... +0,)= ‚ where s, denotes the sum of the products of the tangents 


1— s3 +54... 
of the angles 0,,0,, ..., 9, taken г at a time. 
Exponential function of a complex number: Exp z = е =e*t!” = ехе? = e* (cos y + isin y) = е* cis y. 
Period of e* is 2r i. 
Circular functions of a complex number: If z = х + iy, then circular functions of z are: 


iz —iz iz -iz iz 


ete" е-е её - е sin 2 
cos z= —— — — ,sinz 2 ——— — ,tanz- - —= 
2 i i(e* +e”) cosz 
epum —iz 
cosz i(e^-e ^) 1 2 
cotz- — == Z SEC Z= == = 
sing е-е" cosz e+e" 


1 2i 


соѕес z= ER 
sin z е Е е" 

Euler'stheorem: У 0, real or complex e? =соѕ Ө + ѕіп Ө 
Period of sin z and cos z is 27 

Period of tan z is л. 


Logarithms of complex numbers: (i) If œ = e*, where z and w are complex numbers, then z is called 
logarithm of œ i.e., z= log, œ. It is many valued function. The general value of log, @ is z + 2nmi and 
is denoted by log, œ. Thus log, œ = 2плї + log œ. 


(ii) log, (a+ iB) = 5 log (02 + В?) +i [207+ tan“! В/О. 
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1l. General exponential function: The general exponential function a? is defined by a? = е21% 4, where a 
and z are any numbers real or complex. 
a= епт i+ loga) 


12. Hyperbolic functions: For all values of x, real or complex ; 


: е е 
sinh x = ————., cosh x 2 ———— 


tanh х = | coth x 2 — 
coshx е*+е * snhx е*—е* 
1 2 2 
sech x = = : cosech x = — —— 
cohx е’+е* е-е“ 


Period of sinh x and cosh х is 274 
Period of tanh x is лі 
13. Relation between hyperbolic and circular functions: 


sin (ix) = i sinh x sinh (ix) = i sin x 

cos (ix) 2 cosh x cosh (ix) 2 cos x 

tan (ix) 2 i tanh x tanh (ix) 2 i tan x 

cot(ix) = —icothx coth (ix) = – i cot x 

sec (ix) 2 sech x sech (ix) 2 sec x 
cosec (ix) = — i cosech x cosech (ix) 2 — i cosec x. 


14. Inverse trigonometrical functions: 
If zis acomplex number, then 


: | : i i 1+1 : 
sin! z=—ilog [ :44-2| cot! z= tan! – = – — log -z*ti 


1 а z? 
cos! z--ilog Ї +41- 3 sec"! z= cos" —=—i log ;5#0 
z z 


1-12 i 1-2 : 41 “эт 
— = — log - ;z* ti|cosec z= sin 
1-й 2 1-2 2 РА 


i 
tan!z- lo 
5 5 


15. Inverse hyperbolic functions: If zis a complex number, then 


1 1+ 41+ 22 
sinh! z= log (z +\/ + i cosech"! z = sinh"! — = log ;zz0 


1 1+ - 2? 
cosh"! z = log Ї -ү2- i sech™! z = cosh"! — = log ‚#0 
z z 


1. 1+2 1 1: ы 
tanh“! z= — log —— ;zz +1 соё! z = tanh"! === log *— iE XL 
2 1-2 z 2 2-1 


446 


АТЕХТВООК OF ENGINEERING MATHEMATICS 


16. Summation of series: 
To find sum of the series of the form 
dy COS (t a, cos (0+ В) +a, cos (0+2 D) +... 
and dy sin 0+ a, sin (0+ B) +a, sin (t. 2 B) +... 
Take C =a, cos 0+ a, cos (0+ В) + а, cos (0+2 В) +... 
S = ау т 0+ a, sin (0+ B) + a, sin (+2 B) +... 
Write C iSza,ei"-c a, e (B +а„!® +28) +... 
- e" [ay a, eB +a, ei B+ wal 
= ес [ag aux * ax?  ...], where x= e'f 
-e ТОО 
The series f(x) can be summed up by following methods (i) С.Р. series, (її) Binomial series, (iii) Exponential 
series, (iv) expansions of sin x, cos x, tan x, sinh x, cosh, (v) logarithmic series, and (vi) Gregory's 
series. 
SHORT ANSWER TYPE QUESTIONS 
l. (a)State De-Moivre's theorem and prove it for the most fundamental case. 
[Hint: See Art. 6.3] (P. T.U., Мау 2004, Dec. 2005, Мау 2014) 
| х-у .. 9-4 
(b) If x 2 cis 0, у = cis 0, show that =i tan (P.T.U., Dec 2012) 
x+y 2 
[Hint: S.E . 3(i) art 6.3] 
Е QU AT 
2. Prove that (1 + i"-(1—i)'- 2? cos 529 (Р.Т.О.,Мау 2003) 
[Hint: (i) S.E. 13 (iii) art. 6.3] 
3. Solve the following equations using De-Moivre's theorem 
Ox- -x-x4120 (P. T.U., Dec. 2002, May 2003, 2005) 
[Hint: Solved Example 8 (5) art. 6.4] 
(ii) x! + x 4-120 
[Hint: S.E. 8 (c) art. 6.4] 
(iii) хб +? x^ x? 42° +х+1=0 
[Hint: Solved Example 2 (a) art. 6.4] 
4. Ifsina+sin B + sin y = = cos & + cos В + cos y, then prove that 
(i) cos? & + cos? В + cos? y = 3/2 (P. T.U., May 2003) 
[Hint: Solved Example 5 (ix) art. 6.3] 
(ii) cos 30, + cos ЗВ + cos 3y = 3 cos (a+ В + y) (P. T.U., Dec. 2002) 
[Hint: Solved Example 5 (i) art. 6.3] 
5. Prove that (v3 + i)’ «(9 = i)’ -2"" cos гэ (P.T.U., May 2004) 
[Hint: Solved Example 13 (ii) art. 6.3] 
6. Use De-Moivre's Theorem to find roots of 2 + 1 = 0. 
[Hint: 25 = – 1 = cis л = cis (2пл + л), z= cis l T, where n = 0, 1, 2, 3, 4] 
1 2n 
7. If2cosð=x+ — , prove that iiu = ИВ : 
х x" +x cos(n-1)0 


[Hint: Solved Example 10 (a) art. 6.3] 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


T "EU 1 1 
Ifx 2cos — +i sin — show that ХХ) Ху... X, = COS 2 1---11-18ш 2 1--- 
Д 3! 3" 3 п 2 з" 2 3" 


Hence show that x, x, Ху... œ = i. (P. T.U., May 2003) 
[Hint:Solved Example 8 (Р) art. 6.3] 


Prove that (1 + cos Ө + i sin Ө)" + (1 + cos Ө — i sin Ө)" = 2"+! cos" 2 cos E $ 
[Hint: Consult Solved Example 10 art. 6.3] 
If о is the complex cube root of unity prove that 1 + @ + 0 = 0. (P.T.U., May 2011) 
1 
Find all the values of (i) (1 + i)4 (P. T.U., Dec. 2010) 
1 
(ii) (- 8i)s . (P.T.U., May 2012) 
[Hint: Consult Solved Examples 4, 5 art. 6.4] 
(1, BY 
(iii) > + x i (P. T.U., Dec. 2011, 2012) 


[Hint: S.E. 3 art. 6.4] 


(a) Find nth roots of unity and prove that these form a С.Р. Also show that the sum of these п roots is zero and 
their product is (- 1)'-!. 
[Hint: Solved Example 1(a) art. 6.4] 


(b) If (3 +x)? – (3 — х)? = 0; Prove that x = 3i tan E ;r=0,1,2 (P.T.U., May 2010) 


[Hint: S.E. 10(а) art. 6.4] 
m 
Find all the values of (- )4 . (P.T.U., May 2003) 
[Hint: Consult Solved Example 2 art. 6.4] 
Find all the values of (— 1 + )?”. 
[Hint:—1+i=rsinO+irsn@ у. r= J2,0= an 
3n 2/5 
(— 1+ i5 = r” (cos Ө + i sin Ө)25 = 2/5 E (2m + 3 


= 2155 cis 2 БЕЗЕ 1,2,3,4] 


(a) Prove that (cos? Ө = " [cos 7 Ө + 7cos5 0 + 21cos 30 + 35 cos 56] (P.T.U., Dec. 2011) 
(5) Express сов" Ө in terms of cosines of multiples of Ө (P.T.U., May 2006, 2014) 
[Hint: Solved Example 1 (ii) art. 6.5] 
(a) Prove that cos 60 = 32 cos? Ө — 48 cost Ө + 18 cos? 0 — 1. (P.T.U., May 2012) 
(b) Expand sin 70 is powers of sin Ө. (Ни: S.E. 1 (b) art. 6.6] (P.T.U., Dec. 2013) 
т 0 : и 9 
If u = log tan ET + р ; prove that (7) tanh 5 = tan 5 (P.T.U., May 2006) 
[Hint: Solved Example 3 (i) art. 6.15] 
(ii) Ө - — i log tan E T z) (P.T.U., May 2003) 


[Hint: Solved Example 3(v) art. 6.15] 


(a) Find the general value of (—1 + i3) (P.T.U., May 2012) 
[Hint: S.E. 2(a) art. 6.12] 


448 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 
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(b) Prove that Log (— 4) = 2 log 2 + (2n + 1) лі. (P.T.U., May 2007) 
[Hint: Solved Example 2(b) art. 6.12] 
Solve the equation е2! = 1 +i (P. T.U., Dec. 2012) 
Hint: 2z -1-log (1+ i) = log 42 +i. сөрөн ккк) 
Prove that (cosh x + sinh x)" = cosh nx + sinh их (P.T.U., May 2007) 
Hint: LHS (cosh х + sinh xy = Ё ын + E > | = e" 
RHS cosh их + sinh их = = + £ > Lag 
(a) What is 7 (P.T.U., May 2010, Dec. 2013) 
[Hint: S.E. 7(a) art. 6.13] 
(b) Find the value of log, (P. T.U., Dec. 2002) 
(Hint: Solved Example 16 art. 6.12] 
Find all the roots of sinh z = i (P.T.U., May 2003) 
[Hint: Solved Example 9(b) art. 6.15] 
Find all values of sin! 2 treating 2 as complex number (P. T.U., Dec 2004) 


[Hint: Solved Example 13 art. 6.15] 
Separate real and Imaginary parts of the following : 


(i) e»t [Hint: Solved Example 1(ii) art. 6.9] (P.T.U., May 2014) 
(ii) log [log i] [Hint: Solved Example 5 art. 6.12] 
(iii) sec (x +i y) (P.T.U., May 2004) 
(iv) cos (x +i y) [Hint: Solved Example 1 art. 6.15] (P. T.U., Dec. 2004) 


(v) sin (x * i y) 


(vi) sinh (x +i y) 


(vii) cosech (x + i y) [Hint: Solved Example 2 art. 6.15] 
(viii) log sin (x +i y) 
(ix) cos! (е®) [Hint: Solved Example 8 art. 6.15] (P. T.U., May 2003) 
(x) tan! (x i y) [Hint: Solved Example 11 art. 6.17] (P. T.U., May 2006) 
(xi) log(4 +3 i) (P. T.U., Dec. 2010) 
(xii) sin“! (£9), where Ө is acute. (P. T.U., Dec. 2006, 2012, May 2014) 
Prove that the following: 
(i) sinh"! z = log ( + 42 + | [Hint: Solved Example art. 6.17] (P. T.U., Dec. 2002) 
у 1 1-2 А 
(ii) tanh! z = a log ] ;z#+ 1 (Hint: Solved Example art. 6.17] 
=@ 
(iii) sin! z 2— ilog Ё +41- 2| (iv) tan! z= 510 ша s ;zzti.[Hint: See art. 6.15] 
1-2 


Find modulus and argument of (1 + i) 

[Hint: Solved Example 15 art. 6.13] 

(i) Prove that e* is periodic function, z is complex number. (P. T.U., May 2008) 
[Hint: Consult art. 6.9] 

(ii) Prove that sin z, cos z, tan z are periodic functions and hence find their respective periods. 

[Hint: See art. 6.10] 


COMPLEX NUMBERS AND ELEMENTARY FUNCTIONS OF COMPLEX VARIABLE 


ANSWERS 
1+1 -1+ 1+/3 
3. (Ù cos T duin us cos ш tisin am (0-1, { = 25 
5 5 5 5 427 2 
(iii) 1, сай eia AG 
7 7 
6. 1, ЭР Ын cos рай 
5 5 5 
1 t : 
A ru 151 -1+і 
П. (0 +28 cis —; r=1,9 (ii) 21,+ 43-i (iii) =, 
16 4 427 V2 
= 1+1 -1+і 
12. cis амтат БЕТ, 2,3: 13. ==. а 
7 в 
1 
14. 25 Кыш LL :n-20,1,2,3,4 15. (b) = [cos 80 + 8 cos 60 + 28 cos 40 + 56 cos 20 + 35] 
16. (b)7 sin 0 — 56 sin? Ө + 112 sin? Ө — 64 sin? Ө] 
18. (a) log2+i 2C q А Ш 
3 24 8 
4п+1 
21. (ae 2 (5) аш ш. ; т, п are integers 
4п 
2п+1 
22. «= C gi ifniseven 23. E rendi 
= ET гэртэй 
24. (0 R= еЗ cos 4у2; Img = e? sin 42 


В = log (4n + 1) 2 :Img = (4n +1) 2 


R= 2cosxcoshy | _ 2sin x sinh y 
cos 2х + cosh 2y ' 5 cos 2х + cosh 2y 


R = cos x cosh у; Img = — sin x sinh y 
R=sinx cosh y ; Img = cos x sinh y 


R = sinh x cos у; Img = cosh x sin y 


2 sinh x cos у is — 2 cosh x sin y 


cosh 2x — cos 2y ' 4 cosh 2x — cos 2y 


1 1 -1 
R= 7 log (5 cosh 2y ur cos 2] ; Img = гал”! (cot x tanh y) 


R=sin! \/sin0 ;Img -log | sino — Asin e| 


R=log5;1=2nn+ гал! 


R = cos! /ѕіп Ө; Img = log (sin 0-- J1--sin Ө) 


T 
26. 126545 1092. 
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